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Preface

This review book, used in conjuction with free online YouTube videos, is designed to help students
prepare for exams, or for self-study. The topics covered here are most of the standard topics covered in

a first course in differential equations.

The chapters and sections of this review book, organized by topics, can be read independently. Each
chapter or section consists of three parts: (1) Theory; (2) YouTube Example; and (3) Additional Practice.
In Theory, a summary of the topic and associated solution method is given. It is assumed that the student
has seen the material before in lecture or in a standard textbook so that the presentation is concise. In
YouTube Example, an online YouTube video illustrates how to solve an example problem given in the
review book. Students are encouraged to view the video before proceeding to Additional Practice, which
provides additional practice exercises similar to the YouTube example. The solutions to all of the practice

exercises are given in this review book’s Appendix.

For students who self-study, or desire additional explanatory materials, a complete set of free lecture
notes by the author entitled An Introduction to Differential Equations can be downloaded by clicking
HERE. This set of lecture notes also contains links to additional YouTube tutorials. The lecture notes
and tutorials have been extensively used by the author over several years when teaching an introductory

differential equations course at the Hong Kong University of Science and Technology.
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1 First-order differential equations

1.1 Separable equations
Theory:

A separable first-order ode for y = y(z) can be written in the form

with initial conditions ¥(zo) = yo. To solve a separable equation, treat ¥" = dy/dz like a fraction and

multiply by ¢(y)dz to obtain

Then integrate both sides to obtain

/: 9(y)dy = /g: f(@)dz.

Perform the integrations and solve for y when possible. If there are multiple solutions for y, choose the

one that satisfies the initial condition.

YouTube Example:

To review separable odes, click HERE, which solves

(I+y)y ==z, y(0)=0.

Additional Practice:

Solve the following separable odes for y = y(z).

y' =y, y(1)=0
y—xy =0, y(1)=1
e Vy +e¥ =0, y(0)=0

y' + (sinz)y =0, y(n/2)=1
y=y(1-y), y0)=yo (yo>0)

M e
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1.2 Linear equations
Theory:

A linear first-order ode for ¥ = y(x) can be written in the form

Y + plx)y = g(z),

with initial condition y(zo) = yo. To solve a linear equation, if necessary multiply by an integrating

factor given by

u(x) = exp (/;p(x)dl’>

to obtain

(n(2)y(x))" = n(@)g(x).
Then integrate to obtain

y(z) = ﬁ <Z/0 + /?0 M(m)g(x)da:) .

YouTube Example:

To review linear odes, click HERE, which solves

zy' +y=e€", y(l)=0.

Additional Practice:

Solve the following linear odes for y = y(x).

22y =1-2zy, y(l)=2

aty Aty =e", y(l) =—1/e

Y +2xy =1z y(0)=1/2

(14 22y + 22y =22, y(0)=0
Y+ y=a+be?  y0)=0 (A>0)

R
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1.3 Exact equations
Theory:

An exact first-order ode for ¥ = y(z) can be written in the form

M(m,y) + N(x,y)y’ =0,

or equivalently,

M (x,y)dx + N(z,y)dy = 0,

where for some function f = f(x,y), the functions M(z,y) and N(z,y) satisfy M =df/0x and

N = 0f/0y. An exact ode can therefore be rewritten in the form

of | ofdy _,

Ox + oydr
or equivalently,

%f(%y(x)) =0.

Integrate to obtain

flz,y)=c,
where ¢ is a constant.

To test whether a given differential equation is exact, compute §*f/dxdy in two ways to obtain the

necessary condition
OM /dy = ON /Ox.

If this condition is satisfied, determine the function f(z,y) by first integrating with respect to x

the equation

of _

to obtain an equation in the form

f(z,y) = F(z,y) + h(y),
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where h(y) is the constant (independent of x) of integration. To determine h(y), differentiate with

respect to y to obtain

W) = Na) - 5

Then integrate to obtain h(y). Absorb all the constants of integration into the final constant c.

YouTube Example:
To review exact odes, click HERE, which solves
22y + (2% — y*)y = 0.

Additional Practice:

Show that the following odes are exact and find the general solutions.

1. (22 -3y)+(2y —32)y’ =0
2. (22 + 2wy —y?) + (2% — 22y —y*)y' = 0

Y ’
L Inz)y =0
3. o +(nz)y
4. (ax +by)dx + (bx + cy)dy =0
(cos 6 + 2rsin? @)dr + rsin 0(2r cos§ — 1)df = 0

14 Bernoulli equations
Theory:

A Bernoulli first-order ode for y = y(z) can be written in the form

y +p(x)y =q(x)y", n#0,1

To solve a Bernoulli equation, write as

—-n, ! 1-n

y "y +plx)y " = q(x),

and let
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Differential Equations
with YouTube Examples First-order differential equations

Substitute into the Bernoulli equation to obtain the linear equation

u' + (1 =n)p(@)u = (1 - n)q(x).

Solve this equation using an integrating factor and then transform back to y.

YouTube Example:

To review Bernoulli odes, click HERE, which solves

zy +y = x%y>.

Additional Practice:

Solve the following Bernoulli odes for y = y(z).

L ozy +y=2%", y(1)=1
2. ) +y=y°
3. 2%y —y® =2y
4. 2y +yP ==z, y(1)=1
5 ¥ =y(l-y), y(0)=uyo
Ijoined MITAS because o e e s

I wanted real responsibility www.discovermitas.com
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1.5 First-order homogeneous equations
Theory:

A first-order homogeneous ode for ¥ = y(z) can be written in the form

Yy =Fly/x)

for some function F. To solve a homogeneous equation, let

u=y/x.

Then

y = xu +u.

Substitute into the homogeneous equation to obtain the separable equation

xu' +u = F(u).

Solve by separating variables and then transform back to y.

YouTube Example:

To review homogeneous odes, click HERE, which solves

22y = 2 + xy + y2.

Additional Practice:

Solve the following homogeneous odes for ¥y = y(z).

(z—yy' =z+y
(z+ty)y' =z—y
Y’ =y+ Va2 +y?
(@* +y*)y =2y
zyy' = a® +y?

ok D
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1.6 Riccati equations
Theory:

A Riccati first-order ode for ¥ = y(x) can be written in the form

y' = P(z)y* + Q(z)y + R(x).

If a particular solution y = Y (z) of this equation is known, then to solve a Riccati equation, let

with derivative

ul

It

Substitute into the Riccati equation to obtain

ul

Y’ :P(x)(Y+%)2+Q(:L')(Y+ i)JrR(x).

ol
Expand the quadratic, and use the equation satisfied by the particular solution y = Y (z),
Y' = P(2)Y? + Q(x)Y + R(z),
to transform the Riccati equation into the linear equation
v+ (Q(z) + 2P(2)Y (z))u = —P(x).
Solve using an integrating factor and then transform back to y.

YouTube Example:

To review Riccati odes, click HERE, which solves

1 1
! 2 _ —
Yy +xy __J,‘37 Y(.’t)— 72
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Additional Practice:
Solve the following Riccati odes for ¥y = y().
1. oy =y?> —y—2

a) Y(z)=2
b) Yix)= -

a) Y(z)=1
b) Y(z) = -2
3.y =22 + %, Y(x) = i
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2.1

Theory:

Second-order differential
equations with
constant coefficients

Homogeneous equations

A homogeneous, second-order, constant-coeflicient ode for = = x(t) can be written in the form

a¥ + bt + cx = 0,

where a, b, and ¢ are constants. To solve, try

x(t) = e,

where r is a constant to be determined. Substitute into the ode and cancel the common exponential

function to derive the characteristic equation

ar? +br+c¢=0;

and factor or use the quadratic formula to obtain the two roots. Consider the following three cases.

1.

Two real roots. Write the roots as » = 1,72 and the general solution as

2(t) = cre™" + coe™t.

Complex conjugate roots. Write the roots as » = A + iu and its complex conjugate, and the

general solution as

z(t) = e* (Acos ut + Bsin put) .

One real root. Write the root as r and the general solution as

x(t) = e (c1 + cat) .
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YouTube Example:

To review the case of two real roots, click HERE, which solves
i4+46+3x=0; z(0)=1, £(0)=1.

To review the case of complex conjugate roots, click HERE, which solves
Z—2&+5x=0, z(0)=1,x(0)=1.

To review the case of one real root, click HERE, which solves

44 +42=0; «(0)=1, (0)=1.

Additional Practice:

Solve the following homogeneous odes for = = x(t).

1. Two real roots:
a) £+3t+2x=0, z(0)
b) £ -3¢t +2x=0, z(0)

0, #(0) =1
1, #(0) =0

2. Complex conjugate roots:
a) -2 +2x=0, z(0)=1,%(0)=0
1

b) &+ 2i+2c=0, z(0)=0,#(0)=

3. One real root:

a) 2+2t+x=0, z(0)=1, z0)=0

b) # -2 +2=0, 2(0)=0, #0)=1
2.2 Inhomogeneous equations
Theory:

An inhomogeneous, second-order, constant-coefficient ode for 2 = () can be written in the form

aZ + bi + cx = g(t),

where g, b, and ¢ are constants, and ¢(¢) is nonzero. To solve, use a three-step method.
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Differential Equations
with YouTube Examples Second-order differential equations with constant coefficients

1. Find the general solution x4 (t) of the homogeneous ode

al + bz + cx = 0.
Note that zx(t) must contain two free constants.

2. Find a particular solution z,(¢) of the inhomogeneous ode. Use the method of

undetermined coefficients described below.

3. Write the general solution of the inhomogeneous ode as the sum of the homogeneous and

particular solutions,

z(t) = zn(t) + zp(t),
and use the initial conditions to determine the two free constants.

The general form of ¢(¢t) commonly presented is

cos (Gt
sin 5t

g(t) = Ct"e™ {
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where 1, « or # may be zero. Sometimes a sum of such functions is presented. Find particular solutions

for each term in the sum separately and add them, or treat the sum as a whole.

To find a particular solution, try the trial function

z(t) = (aot" + art" ' + -+ a,) e cos Bt

+ (bot™ + bit" "t + -+ +by,) e sin Bt

where the a’s and b’s are the undetermined coefficients. Substitution into the differential equation should

result in a sufficient number of algebraic equations for the undetermined coefficients.

If any term in the trial function is a solution of the homogeneous equation, then multiply the trial

function by an extra factor of ¢ (or #* when the characteristic equation has repeated roots).

YouTube Example:

To review how to find particular solutions for some common inhomogeneous terms, view the following.

For an exponential function, click HERE, which solves

F+i+ax=6e"2

for a trigonometric function, click HERE, which solves

T+ 2+ x =sin2t;
and for a polynomial, click HERE, which solves
i+ i+ a =t

To review how to find a particular solution when the inhomogeneous term is a solution of the

homogeneous equation, click HERE, which solves

F+ 3% + 2z = 2e~ L.

To review the three-step solution of an inhomogeneous ode initial value problem, click HERE,

which solves

F4+4i+3x=e", 2(0)=1, 2(0)=0.
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Additional Practice:

Find the particular solutions for the following inhomogeneous odes.

1. Exponential inhomogeneous term:
a) & +3%+ 22 =e?
b) & +3i+2z =2

2. Sine or cosine inhomogeneous term:
a) I+ 3%+ 2x = sin2t
b) Z + 3% + 2z = cos2t

3. Polynomial inhomogeneous term:
a) &+ 3@+ 22 =2t
b) &+ 3%+ 2z =12+ 2t

Solve the inhomogeneous ode for = = z(t).

4, i+3i+20=e2 2(0)=0, #(0)=0
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3 The Laplace transform

Theory:

Define the Laplace transform of a function f(t), denoted by F(s) = L{f(¢)}, as

F(s) = /0 T et ()t

Performing this integral for various functions f(¢) results in the table of Appendix A. In particular, the

first and second derivatives of z(t) are transformed as

L{z(t)} = sX(s) — x(0), L{&(t)} = s*X(s) — sz(0) — &(0).

To solve a constant-coefficient, inhomogenous differential equation for = = z(t) of the form

aZ + bi + cx = g(t),

where z(0) and i(0) are given, Laplace transform the differential equation for =(t) into a solvable
algebraic equation for X (s), and then inverse Laplace transform X (s) back into z(¢). To find x(¢) using

the table, use the techniques of partial fraction decomposition and completing the square.

Typically, the Heaviside step function, u.(t), and the Dirac delta function, §(¢ — ¢), are encountered when
studying the Laplace transform technique. Both functions may appear in the inhomogeneous term and

are used to model piecewise-continuous and impulsive forces.

YouTube Example:

To review how to solve a standard inhomogeneous ode using the Laplace transform techique, click
HERE, which solves

F+2t+5x=et 2(0)=0, 2(0)=0.

To review how to solve an ode with a piecewise-continuous inhomogeneous term, click HERE,

which solves

t ifo<t<l,

T4+3T+ 22 =
{1 ift > 1;
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To review how to solve an ode with a Dirac delta-function inhomogeneous term, click HERE, which solves

i+2ita=6(t—1), 2(0)=1, &(0)=0

Additional Practice:

Solve the following inhomogeneous odes using the Laplace transform technique.

1. #+22+5bz=e2 2(0)=0, #(0)=0

1—t ifo<t<l,

2. i4+3t+2x= .
0 if t > 1;

3, i42+x=6(t—1), x(0)=0, &0)=1
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4 Power series solutions

Theory:

A power series solution around = = 0 can be used to solve a linear, homogeneous equation for ¥ = y(z)

of the form

P(z)y" + Q(z)y' + R(x)y = 0,

where P(x), Q(x) and R(z) are polynomials or convergent power series with no common polynomial
factors, and P(0) # 0.

To solve, try

o0
y(x) = Z anz™,
n=0
with
oo oo
y'(z) = Z na,z™ 1, y'(z) = Z n(n — 1)a,z" 2.
n=1 n=2

Now write the sum P(z)y” + Q(x)y’ + R(x)y asasingle power series by shifting summation indices either
up or down to match powers of x. Then set the coefficient of each power of x to zero. Determine a recursion
relation for the unknown coefficients a. . Solve this recursion relation to obtain two independent power
series, each multiplied by a single free constant (usually ao and a1). Write the general solution of the
differential equation by summing these two power series. If initial conditions are specified, determine

the values of the free constants.

YouTube Example:

To review how to find a power series solution, click HERE, which solves the Airy differential equation

given by

y' —zy=0.

To review how a power series substitution may yield a polynomial solution, click HERE, which solves

the Hermite differential equation given by

y' —2xy + 2 y =0,

where A is a constant. Polynomial solutions occur when A = n is a nonnegative integer.
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Additional Practice:

1. Find two independent power series solutions to the following differential equations, where
the highest power of x to be computed is specified.
a) ¥V +ay+y=0 (2
b) v'+ay —y=0 (z°)
o ¥ +y+ay=0 (2°

2. The Chebychev equation is given by

(1—2?)y" —ay +a’y =0,
where « is a constant.

a) Find the first three terms in each of two power series solutions.
b) If & =n is an integer, then one of the power series solutions becomes a polynomial. Find
the polynomial solutions for n = 0,1, 2, 3.

c) The Chebychev polynomials are the polynomial solutions 7),(z) normalized so that
T,(1) = 1. Find Ty(z), Ti(z), Ty(z), T3(z).
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5 Cauchy-Euler equations

Theory:

The Cauchy-Euler equation for y = y(z) can be written in the form

a?y" + axy' + By = 0,

with « and B constants. Here, assume that = > 0. (To obtain solutions with z < 0, replace x by

—z.) To solve, try

y(x) =",

where r is a constant to be determined. Substitute into the ode and cancel the common power law factor

to derive the characteristic or indicial equation

2+ (a—1)r+p8=0;
and factor or use the quadratic formula to obtain the two roots. Consider the following three cases.

1. Two real roots. Write the roots as » = r1,r, and the general solution as

y(z) = crz™ + cox".

2. Complex conjugate roots. Write the roots as » = XA + iz and its complex conjugate, and the

general solution as

y(x) =2t (Acos(plnz) + Bsin (pInz)).

3. One real root. Write the root as r and the general solution as

y(z) =2" (c1 + coInx).

YouTube Example:

To review the case of two real roots, click HERE, which solves

22y 4y —y=0; y0)=0, y(1)=1.

To review the case of complex conjugate roots, click HERE, which solves

22y —ay + (1+ 72 /4y =0; y(1)=1, yle) =e.
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To review the case of one real root, click HERE, which solves

2y’ +3zy’ +y=0; y(l)=1, yle) =1

Additional Practice:

Solve the following Cauchy-Euler equations for ¥ = y(z), z > 0.

1. Two real roots:
a) 2%y’ — 22y’ +2y=0; y(0)=1,y(1)=0
b) 222" —ay' +y=0; y(1)=0,y4) =1

2. Complex conjugate roots:
a) 2%y —ay' + (1+7%)y=0; y(1) =1, y(Ve) = e
b) 2%y +3ay' + L+ 7y =05 y(1) =1, y(Ve) = Ve

3. One real root:
a) 2%y —ay' +y=0; y(1)=1,4(1)=0
b) 4z%y” +y=0; y(1)=1, y(e) =0
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89,000 km

That's more than twice around the world.

Who are we?

We are the world’s largest oilfield services company’.

Working globally—often in remote and challenging locations—
we invent, design, engineer, and apply technology to help our
customers find and produce oil and gas safely.

Who are we looking for?
Every year, we need thousands of graduates to begin
dynamic careers in the following domains:

‘ ‘ m Geoscience and Petrotechnical

m Commercial and Business

What will you be?

a1 careers.slb.com Schiumberger
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6 Systems of linear equations

Theory:

A system of first-order, linear, homogeneous odes can be written in matrix form as

X = Ax,

where x = x(t) is an n-dimensional column vector and A is a constant n-by-n square matrix. To solve, try

x(t) = ve,

where v is a constant n-dimensional column vector and A is a constant scalar. Substitute into the ode

and cancel the common exponential function to obtain the eigenvalue problem
Av = \v,

with characteristic equation
det(A — AI) = 0.

Find n linearly independent solutions and use the principle of superposition to find the general solution.
Consider eigenvalues of three different types.

1. Real eigenvalue. With eigenvalue A and eigenvector v, write one solution as xi (t) = ve™.

2. Complex conjugate eigenvalues. With complex eigenvalues A and A, and complex

eigenvectors v and v, write two solutions as x1 (t) = Re (ve*) and x2(t) = Im (vel).

3. Repeated eigenvalue with fewer eigenvectors than eigenvalues. If the real eigenvalue A has
multiplicity 2, say, and there is only one linearly independent eigenvector v, then write one

solution as x1(t) = ve*

and seek a second solution by trying x(t) = (w + tv)e* with w an
unknown constant vector. Solve the equation (A — AI)w = v for w. Higher multiplicities

can also be treated.
If A is a two-by-two matrix, then write the characteristic equation as \2 — Tr(A)\ + det(A) = 0.

Represent the solutions in a phase portrait, which plots the trajectories of x, versus z; for various

initial conditions. To sketch a phase portrait, consider three cases.
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1. Two real eigenvalues. Draw two lines through the origin corresponding to trajectories following
a single eigenvector. If the eigenvalue is negative, then draw arrows on the corresponding line
pointing toward the origin; if the eigenvalue is positive, then draw arrows pointing away from
the origin. Sketch trajectories corresponding to initial conditions with mixed eigenvectors. If
both eigenvalues are negative, call the origin a sink or a stable node; if both eigenvalues are
positive, call the origin a source or an unstable node; and if the eigenvalues have opposite sign,

call the origin a saddle point. Below is a sample phase portrait for eigenvalues of opposite sign.

phase portrait

2. Complex conjugate eigenvalues. If the real part is negative, call the origin a stable spiral
point and draw trajectories that spiral into the origin. If the real part is positive, call
the origin an unstable spiral point and draw trajectories that spiral out of the origin. If
the eigenvalues are pure imaginary, call the origin a center and draw trajectories that
are closed ellipses. To determine the direction of rotation, compute L = zqio — z2d1,
using the odes to eliminate i; and i, in favor of z; and z,. If L is positive, then draw
counterclockwise spirals and if L is negative, draw clockwise spirals. Below is a sample phase

portrait for complex conjugate eigenvalues with a positive real part and with L < 0.

Download free eBooks at bookboon.com



Differential Equations
with YouTube Examples Systems of linear equations Theory:

phase portrait
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3. Repeated eigenvalue with only one eigenvector. Draw a line through the origin corresponding
to the trajectory following the single eigenvector. If the eigenvalue is negative, then draw
arrows on the line pointing toward the origin; if the eigenvalue is positive, then draw arrows
pointing away from the origin. Draw rotating trajectories that are blocked by the drawn line
and call the origin an improper node. To determine the direction of rotation, compute the
sign of L = z149 — xo%1. Below is a sample phase portrait for a negative repeated eigenvalue
with L < 0.

phase portrait

YouTube Example:

All examples are for two-by-two matrices. To review the case of two real eigenvalues, click HERE,

which solves

i’l = X2, i’gle.

To review the case of complex conjugate eigenvalues, click HERE, which solves

T =21+ T3, Tog=—x1+ To.

To review the case of repeated eigenvalues with only one linearly independent eigenvector, click HERE,

which solves

T1 = —x1 + T2, Lo = —T1 — 3Ta.
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Additional Practice:

Find the general solution of the following system of odes. Sketch the phase portraits.

1. Two real eigenvalues:
a) @1 =731 — 239, T = 271 + 219

b) &1 = —wy, &2 = -2z — a2

2. Complex conjugate eigenvalues:
a) T1 =T —2x2, T2 =1+ T2

b) @1 = -1 — 22, Z2 =21 — T2

3. Repeated eigenvalues:

a) 1 =21+, o= —4x] — 319

sssssssssssssvssssssssssssssssssssssssssssesssssnsssssssssssssssssssssssfilcgte]-Lucent @
www.alcatel-lucent.com/careers

"'

o

-

One generation’s transformation is the next’s status quo.

In the near future, people may soon think it's strange that
devices ever had to be “plugged in.” To obtain that status, there
needs to be “The Shift".
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7 Nonlinear differential equations

7.1 Fixed points and linear stability analysis
Theory:

An autonomous, nonlinear ode for x = z(t) can be written in the form

&= f(x),

where f(z) is a nonlinear function of x and independent of t. To determine the fixed points of the ode,
solve the equation f(z) = 0 for 2 = z.. To determine the linear stability of a fixed point, compute f'(z).
If f'(z.) <0, then the fixed point is stable, and if f/(x.) > 0, then the fixed point is unstable.

A two-dimensional, autonomous, system of nonlinear odes can be written in the form

i=f(z,y), 9=g(z,v).

To determine the fixed points of this system, solve the simultaneous equations f(z,y) = 0 and g(z,y) =0

for (7,y) = (7«, y«). To determine the linear stability of a fixed point, compute the Jacobian matrix given by

_ (0f/0x Of/0y
J_(ag/ax 89/6];)'

Evaluate the Jacobian matrix at the fixed point and compute its eigenvalues. If both eigenvalues have
negative real parts, then the fixed point is stable. If at least one of the eigenvalues has a positive real
part, then the fixed point is unstable. Use of the Jacobian to determine stability can be generalized to

higher-dimensional systems.

YouTube Example:

To review how to find the fixed points of a nonlinear ode and classify their stability, click HERE,

which considers

& =a2—1.

To review how to find the fixed points of a system of nonlinear odes and to determine their stability,
click HERE, which considers

t=a(l-z-2y), y=y(l-2z-y).
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Additional Practice:

Find all the fixed points of the following odes and classify their stability.

1

2.

3.
7.2
Theory:

. & =42?-16

& =x(1 - 2?)

t=z(l-2z-y), y=y(l-—z-2y)

Bifurcation theory

A bifurcation occurs in a nonlinear differential equation when a small change in a parameter results in

a qualitative change in the asymptotic solution. For example, bifurcations occur when fixed points are

created or destroyed, or change their stability.

A nonlinear differential equation with a bifurcation parameter r can be written in the form

& = fr(x).

Atabifurcation point, multiple fixed points coalesce, resulting in four classic one-dimensional bifurcations.

1.

Saddle-node bifurcation. Two fixed points — one stable and the other unstable - are created
or destroyed.

Transcritical bifurcation. Two fixed points cross and exchange stability.

3. Supercritical pitchfork bifurcation. A stable fixed point becomes unstable and two

symmetric stable fixed points are created.

Subcritical pitchfork bifurcation. A stable fixed point becomes unstable and two symmetric
unstable fixed points are destroyed. There are no local stable fixed points above the
bifurcation point, and the system usually jumps to a far away stable fixed point that may

have been created in two symmetric saddle-node bifurcations below the bifurcation point.

Identify a bifurcation point by setting both f,.(z) and f;(¥) equal to zero. The bifurcation diagrams

representing the four classic one-dimensional bifurcations are shown below.
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YouTube Examples:

To review the normal form of a saddle-node bifurcation, click HERE, which considers

i =r+ 2%

/
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To review the normal form of a transcritical bifurcation, click HERE, which considers
T =rx-x

To review the normal form of a supercritical pitchfork bifurcation, click HERE, which considers

& =rx—a°.

To review the normal form of a subcritical pitchfork bifurcation, click HERE, which considers

& =rz+ 2>

Additional Practice:

Determine the value of r for which a bifurcation occurs, and identify the type of bifurcation. The functions
coshz and sinhz are the usual hyperbolic cosine and sine functions and are related to the exponential

functions by coshz = (e* + e77)/2 and sinhz = (e* —e™")/2.

T =r—coshzx
& = x(r — sinh x)

T =rx —sinhz

L e

T =rx—sinx
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8 Fourier series

Theory:

The Fourier series of a periodic function f(z) with period 2L is given by

o0
. nmwx
= 70 Z (an cos + by, sin —— 7 )

Determine the Fourier coefficients using the orthogonality relations for sine and cosine to obtain

I I
:Z/_Lf(x)cosn—zxdﬂc, bnzz/_Lf(x)sin$dm.

If f(—z)= f(x), then f(x) is an even function and the Fourier series becomes a Fourier cosine series

with all the b,,’s equal to zero and

2k nmx
—— COS ——dzx.
L/o f(z) @

If f(—x)= —f(z), then f(x) is an odd function and the Fourier series becomes a Fourier sine series

with all the a’s equal to zero and

9 L
:E/o f(x)sin%daﬁ.

YouTube Example:

To review how to find a Fourier series, click HERE, which determines the Fourier series for the periodic

extension of

flx)=2, —-wm<z<m.

Additional Practice:

Find the Fourier series for the periodic extensions of

1. x:xz, —nr<x<T
_ 1, —m<z<0
1, O<zx<m

B —rm<x<0
O<z<m
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Appendix A: Table of
Laplace transforms

ft)=L7HF(s)} F(s)=L{f(®)}

1. e f(t) F(s—a)
1
2.1 —
S
3. e 1
s—a
n!
4.t S"’+1
n ,at 'fL'
5. t"e 7(8 TS
. b
6. Slnbt m
S
7. cos bt peas
b
. e sin bt —_
8. e sin G_al 10
s—a
9. e tCOS bt m
. 2bs
10 tSlnbt m
82 _ b2
11. tCOSbt m
e*CS
12. u.(t
ue(t) -
13. uc(t)f(t—c) e F(s)
14. 0(t —¢) e “*
15. &(t) sX(s) —z(0)
16. &(t) s2X (s) — sz(0) — 2(0)
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Appendix B: Answers to
Additional Practice

1.1 Separable equations
v - , 1 2
1. From / dy/y*? = / 2'/%dz we obtain y(z) = = (x3/2 - 1)
0 1 9
Yy x 1
2. From/ dy /> :/ dx/x, we obtain y(z) = ———.
1 1 1—Inxz

Yy z 1
3. From / e Hdy = —/ e~ *dz, we obtain y(z) = 3 In (2 — e 2%).
0 0

Y T
4. From / dy/y = —/ sin zdx, we obtain y(z) = °*”.
1 /2

Yo z 1 1

5. From / Ay / dz and the partial fraction decomposition =—4+—,
o y(1-y) Jo y(1 )

Yo

we obtain y(z) =

Yo+ (1 —yo)e

> Apply now

REDEFINE YOUR FUTURE
AXA GLOBAL GRADUATE
PROGRAM 2015

redefining / standards M

[=%
S
]
17}
=
S
=
S
2
°
=
o
©
0
o
3
2
9
&
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1.2

1.3

. Since (14 22)y’ + 2xy = ((1+ 2?)y)’, we obtain from direct integration y(z) =

Linear equations

. . o . 1+a
. Since 2%y’ + 2zy = (z°y)’, we obtain from direct integration y(z) = =
e—.fC
. Since z'y’ + 42%y = (z"y)’, we obtain from direct integration y(z) = -

x
. Using the integrating factor () = exp ( / 2xdw> — ¢, we obtain
0

2

1422

. Using the integrating factor u(z) = exp ( / Adm) = ¢*, we obtain
0

y(z) = e_’\x/ (a + be‘”) eMdr = % (1 — e_M) + bre 7.
0

Exact equations

. Let M =2z—3y and N =2y —3x. Then M, = N, = —3 so the equation is exact.

From f, = M we obtain f = z*>—3zy+h(y), and from f, = N we obtain »'(y) =2y or
h(y) = y*. The general solution is x> — 32y +y* = c.

. Let M = 2>+ 2zy—y? and N = 22 —2zy—y? Then M, = N, = 2z—2y so the equation is

exact. From f, = M we obtain f = 2°/3 + 2%y — 2y® + h(y), and from f, = N we obtain
W (y) = —y® or h(y) = —y*/3. The general solution is 2°/3 + 2%y — 2y® — y3/3 = c.

. Since y/x + (Inx)y = (yInz)’, the general solution is ylnx = c.

. Let M = ax + by and N = bz + cy. Then M, = N, = b so the equation is exact. From

fr = M we obtain az?/2 + bzy + h(y), and from f, = N we obtain »/(y) = ¢y or
h(y) = cy?®/2. The general solution is z*/2 + by +y*/2 = k.

. Let M(r,0) = cos6 + 2rsin®6 and N(r,0) = rsin6(2rcosf — 1). Then

My = N, = 4rsinf cosf —sin 6 so the equation is exact. From f, = M we obtain
f =rcosf@+r%sin® 0+ h(0), and from fy = N we obtain h/(9) = 0. The general solution is

rcosf +r2sin?6 = c.
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1.4

. Write as zy 3y + y~

Bernoulli equations

2 3

= 2* and use the substitution © = y~2 to obtain v’ — 2u/x = —2z°.

With u(1) = 1, we have the integrating factor . =1/2* and

u = (1—/ 2a:dx) =2%(2 - 2?).
1

1
With y(1) = 1 the solution is ¥ = 1/y/u, or y(z) = ——.
. Write as 2y~ 2y’ + y~' = 1 and use the substitution v = 1/y to obtain «/ — u/x = —1/z.

We have the integrating factor # = 1/ and u = z(c — [ 27 ?dz) = 1 + cz. The general
solution is y(z) = 1/(1 + cx).

. Write as 22y~2y’ — 2zy~! = 1 and use the substitution u = 1/y to obtain z?u’ + 2zu = —1.

Since 2?u/ + 2zu = (2?u)’, we obtain from direct integration u = (¢ — ) /22, so that
y(@) = a?/(c— ).

. Write as 3y%y’ + 3y®/x = 3 and use the substitution u = 33 to obtain

u' + 3u/z = 3. With u(1) = 1 we have the integrating factor © = 2 and

r 1 /1 3
w=xz""> (1 +/ 3x3dx) == ( + x4). With y(1) = 1 the solution is
1

4 4
, 11 3\
1sy(x)—;(i+1£) .

1

. Write as ¥y 2y’ —y~' = —1 and use the substitution u = 1/y to obtain v’ + v = 1. With

u(0) = 1/y0, we have the integrating factor p = e* and

1 ® 1
u=e " ( —|—/ emdx) =14+ ( — 1) e ",
Yo 0 Yo

Yo
Yo+ (1 —yo)e™®

The solution is y(z) =
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1.5 First-order homogeneous equations

Appendix B

1. Write as (1 —y/z)y’ =1+ y/z and let u = y/z to obtain

, 1+
Tu =

1—u’
1—u dx
S au= | 22
/1+u2 Y /x’
1 1 2u dzx
— e — — —d _— —
/1—|—u2 2/1—i—u2 “ x 0,

1
tan"!u — §ln(1+u2) —Inz =g¢,

tan"!(y/z) —Inv/22 +y% =c.
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2. Write as (1+y/z)y’ =1 —y/z and let v = y/x to obtain

, 1—2u—u?
U =,
1+u

1+u dx
Y = |
1—2u —u? T
1 -2 —2u dx

— [ ——————du—- | —==0
2/1—2u—u2 u x ’

1
—§ln|1 —2u —u?* —In|z| = c1,
In|1—2u—u?| +Ina? = ¢y,
z? —2zy —1y? =c.

3. Write as ' = y/x + /1 + (y/x)? and let u = y/z to obtain

zu’ =1+ u2,

.
1+u? x ’

Inju+vV1+u2| —Injz| = ¢,

y+ Va2 +y? = ca’

4. Write as (1 + (y/x)?)y’ = y/x and let v = y/x to obtain

(1 + u?)(zu' 4 u) = u,

1 2
/ +3u du + d—x:O.
u x

1
502 +ln|u| 4+ In|z| = ¢,

2

T92 +1Inly| = c1,

y = cexp (22 /2y%).
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5. Write as (y/z)y’ =1+ (y/z)% and let u = y/z to obtain

u(zu +u) =1 +u?,
d
/—x :/udu,
T
1
In|z| = ~u?
n |z 5 U + ¢,
r = cexp(y?/2x?).

Note that this solution could have been obtained from Question 4 by the substitutions y — «

and =z — y.
1.6 Riccati equations
1. (a) Let y = 2 + 1/u to obtain v’ + 3u = —1. With the integrating factor y = €37, the

solution is u = —1/3 + c;e~3*. We find

2ce 3% + 1

y@) = ———1-

(b) Let y = —1+1/u to obtain v’ —3u = —1. With the integrating factor . = e~”, the solution

is u=1/3 + c2e3. By redefining constants, the same result can be found as (a).

2. (a) Let y = 1+1/u to obtain v'+3u/x = —1/x. With tl:lge integrating factor u = %, the
¢+ 2x

solution is u = c1/2® —1/3. We find y(z) = c— 23"
(b) Let y = —2+1/u to obtain v’ — 3u/z = —1/z. With the integrating factor u = 1/2%, the

solution is u = 1/3 + coz®. By redefining constants, the same result can be found as (a).

3. Let y =1/ + 1/u to obtain v’ — 4u/x = 2. Wigth the integrating factor p = 1/2*, the
1
solution is u = c1z* — 22/3. We find y(z) = Cii—i_'
cx* — 2z

2.1 Homogeneous equations

1. (@) Try = €"". We obtain 72 + 3r +2 = (r + 1)(r + 2) = 0 so that
x(t) = cre”t + coe 2. Initial conditions result in ¢; + ¢z = 0 and —¢; — 2¢p = 1,

yielding ¢; = 1 and ¢, = —1.The solution is z(t) = e ™" —e 2 =e (1 — ™).
(b) Try 2 = e™. We obtain > —3r +2 = (r — 1)(r — 2) = 0 so that z(t) = cie’ + cze?.

Initial conditions result in ¢; +c2 = 1 and ¢; + 2¢2 = 0, yielding ¢; = 2 and ¢, = —1.

The solution is z(t) = 2e’ — e = —e?(1 — 2e71).
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2. (a) Try x = e"". We obtain 7?2 —2r +2 = 0 with roots 7+ = 1+4 so that
x(t) = e'(Acost 4+ Bsint). Initial conditions resultin A = 1 and A + B = 0, yielding

B = —1. The solution is =(t) = €'(cost —sint).

(b) Try = = e"". We obtain 12 4 2r 4+ 2 = 0 with roots 71 = —1 % i so that
z(t) = e *(Acost + Bsint). Initial conditions result in A = 0 and —A + B = 1, yielding

B = 1. The solution is z(t) = e *sint.

3. (a) Try = = €"". We obtain 7? 4+ 2r + 1 = (r + 1) = 0 so that z(t) = e "(c1 + cat).
Initial conditions result in ¢; = 1 and ¢, — ¢; = 0, yielding ¢ = 1. The solution is
z(t) = e H(1+1¢).

(b) Try = €. We obtain 72> —2r +1 = (r —1)? = 0 so that z(t) = €(c1 + cat). Initial

conditions result in ¢; = 0 and ¢1 + ¢z = 1, yielding ¢2 = 1. The solution is z(t) = te'.
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2.2

. The homogeneous solution is x, = cie™" + cze

Inhomogeneous equations

. (a) Try x = Ae?'. We obtain 44 + 64 + 24 = 1, or A = 1/12. The particular solution

1
is Tp = Ee%.

(b) The inhomogeneous term is a solution of the homogeneous equation. Try = = ty, with
y = Ae~2t a solution of the homogeneous equation. We have & = y +ty, & = 2y + tj.
Since §j + 3y + 2y = 0, we have 29+ 3y = e 2" or —44 + 34 = 1, or A = —1. The particular

solution is z, = —te~2".

. (@) Try x = Asin2t + Bcos2t so that & = 2Acos2t — 2Bsin 2t and

& = —4Asin2t — 4Bcos2t. Then & + 3% + 22 = (—44 — 6B +
2A)sin2t + (—4B + 6A + 2B) cos 2t = sin 2¢t. Matching coefficients, we have
—2A - 6B =1 and 64 — 2B = 0, with solution A = —1/20, B = —3/20. The particular

1
solution is z, = ~50 (sin 2t + 3 cos 2t).

(b) Same as (a) except we have —24 — 6B = 0 and 6A — 2B = 1, with solution

1
A = 3/20, B = —1/20. The particular solution is z;, = %(3 sin 2t — cos 2t).

. (@) Try z = At + B, so that = A and & = 0. Then T+ 3%+ 2z = 2At + (3A + 2B) = 2t.

Matching coefficients, we have 24 = 2 and 34 + 2B = 0,0or A =1and B = -3/2.

The particular solution is z, =t — 3/2.

(b)Try 2= A?+Bt+C, so that t=2At+B and I = 24. Then
430422 = 2At*+ (6A+2B)t+(2A+3B+2C) = t*+2t. Matching coefficients, we have
2A=1,6A+2B =2,and 2A+3B+2C =0,0r A =1/2, B=—1/2,and C = 1/4.

1

1
The particular solution is =, = §t2 - §t +t1

~2t and the particular solution

2 — te~?. Using

is z, = —te~". The general solution is = = cie™ + cae™
&= —cre~t — 2c9e72t — 72t 4+ 2te™?! initial conditions result in ¢; + ¢ = 0 and

€1 +2co = —1,0r ¢; = 1and ¢, = —1. The solution is z(t) = e *(1 — (1 +t)e™ ).
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The Laplace transform
1
(s+2)(s2+25+5)"

. . e . _ (s )
Partial fraction decomposmon results in X (S) = 5 <S 2) 5 (82 %5 5)

Completing the square results in s? + 25+ 5 = (s + 1)? 4+ 2% and

1 1 1 s+1 1 2
X(s) = 5 <é+72) —: ((S+1)2+22 -5 ((5—1—1)2—1—22))' From the Laplace

transform table, we have x(t) = %e‘% - é (e‘t cos 2t — %e‘t sin 2t> , which we write as

1
x(t) = ge*t (et — cos 2t + 5 sin 2t>.

. The Laplace transform of the equation results in X (s) =

. We write the inhomogeneous term as h(t) = (1 —t) +uy (¢)(t — 1).

The Laplace transform of the equation results in

0 = (woimers) < (Farery) = PO 0w The

inverse Laplace transform yields z(t) = f(t) + u1(t)g(t — 1). To determine

f(t) and g(t) we need to take inverse Laplace transforms. Partial fraction
i . 5 (1 1/1 1 3 1
decomposition results in F(s) = 1 <;> -5 (?) -2 (s " 1) +7 <m) and

3/(1 1/1 1 1 1
G(s) = -1 (;) +5 <§) + <9 - 1) -1 (9 - 2). From the Laplace transform table, we

51 L3y R T PR
have f(t)fZ 3t 2e + e andg(t) = 1Tt te 1€
. . 1+e™®
. The Laplace transform of the equation results in X(s) = T From the Laplace

transform table, we have z(t) = te™t 4+ uy (t)(t — 1)e~ (1,

Power series solutions

. a) Substituting y = >_.°  a,z" into the differential equation, we have

(o] o] (o]
Yty +y= Z n(n —1)a,z" 2 + Z na,x" + Z anx”
n=2 n=1 n=0

= Z(n +2)(n+ 1)apt2z™ + Z nan,x" + Z anx"
n=0 n=0

n=0

=Y ((n+ 20+ Dansa + (n+ Day)a" =0.

n=0
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We obtain the recursion relation

an

Upt2 = —m-

Starting with ag, wefind ay = —ag/2, a4 = ag/8,and ag = —ap/48. Starting with a1, we find

a3 = —a1/3, as = a1 /15, and a7y = —a;/105. The general solution to order 27 is given by
x2 IZ)4 IEG 5173 1175 1177
yz)=a|{l—-—+——-—=+... a1 lz2——+—=——+... ).

2 8 48 3 15 105

b) Substituting y = >, a,z™ into the differential equation, we have

oo oo oo
y' oy —y= Z n(n — 1)an:v”72 + Z na,x" — Z anz"
n=2 n=1 n=0

M

(n+2)(n+ 1)api22™ + Z na, " — Z anpx"
n=0 n=0

i
o

M

(n+2)(n+ Daps2 + (n— 1ay)z™ = 0.

3
Il
=)

(]
B By 2020, wind could provide one-tenth of our planet's
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We obtain the recursion relation

(n—1)

R ) [ ) R

Starting with ao, we find as = a¢/2, as = —ap/24, and ag = a(/240. Starting with a;, we
find a3 = 0, a5 = 0, etc., etc. The general solution to order 26 is given by

c) Substituting y = >">° a,z" into the differential equation, we have

y//+y/+xy

—Znn—l Yanz™~ 2+Znan n- l—l—Zan

n=1

oo
Zn+2 Y(n+ 1ay422™ +Z n+ Dapp12” +Zan 1"

n=0 n=1

= 2as + a1 + Z((n +2)(n+ Dantz + (n+ Dags1 + an—1)z"

n=1
=0.
We obtain @, + 2a5 = 0, and for n > 1,

(n+2)(n+1)apie + (n+ Dapt1 + an—1 = 0.

The relevant system of equations for the first five coeflicients are given by

a1 + 2a9 =0, 6as + 2as + ag =0,
12a4 + 3a3z + a1 =0, 20as + 4a4 + as = 0.

With ao and a; free, the solutions for the remaining coefficients are

1
a2 = =501, a3 = —do + R
1 1 1 1
a4 = —ag — —ap» - _
17 g0 g 4% =" 0% Tyt
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The solution to order z° is

2. a) Substituting y = >~ ,a,z" into the differential equation, we have

(1—2?)y" —ay +’y

[e.9]

:(1—x2)2n(n—1an Znanx +042Zan

n=2

Z n +2)(n+ 1apt2 — n(n — Da, —na, + a2an) z"
n=0

= Z (n+2)(n+ Danss + (¢ —n®)ay,) 2™ = 0.
n=0

We obtain the recursion relation

(a® —n?)
Upio = ————————ay,
2T+ 2)(n+1)
2 2 2
—4
Starting with ao, we find as = —%ao, a4 = %ao. Starting with a1, we find
2 2 _ 2 _
as = fual, as = wal. The first three terms in each of two power

6 120

series solutions are given by

2 2042 _ 4
y(x) = ap (I—O;x2—|—a(a24)x4—|—...>

b) y(z) = a0, y() = arz, y() = ao(l — 22%), y(z) = ar (& — =),

c) To(z) =1, Ti(z) =z, To(z) =222 — 1, T3(z) = 423 — 3z.
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5

Cauchy-Euler equations

. a) Try y=2". Weobtain r(r —1) —2r+2 =0, or (r — 1)(r — 2) = 0, with roots r = 1, 2.

The general solution is y(z) = c1z + cox?, with 3/ (z) = ¢1 4 2coz. Boundary conditions

result in ¢; = 1 and ¢1 4¢3 = 0, yielding ¢, = —1. The solution is y(z) = = — z2.

b) Try y = 2". We obtain 2r(r —1) —r+1=0, or (2r — 1)(r — 1) = 0, with roots

r = 1/2,1. The general solution is y(z) = ¢1v/x + cz. Boundary conditions result

in ¢1 +cp and 2c¢; +4cp = 1, yielding ¢; = —1/2 and ¢, = 1/2. The solution is
1
y(x) = 5(93 — V).

. a) Try y=12". We obtain r(r — 1) —r+1+x% = 0 with roots r; = —1+ i7. The general

solution is y(z) = z(Acos (rInz) 4+ Bsin (rlnzx)). Boundary conditions result in 4 = 1

and B = 1. The solution is y(z) = x(cos (mInz) + sin (7 lnz)).

b) Try y = =". We obtain r(r—1)+3r+1+r% = 0 with roots r4 = —1+ im. The general

1
solution is y(z) = E(A cos (mInz) 4+ Bsin (rInz)). Boundary conditions result in A = 1

and B = e. The solution is y(z) = l(cos (rlnz) + esin (rlnx)).
X

Vouwro Touexs | Resanr Toocks | Macs Toveks | Vowo Buses | Vowo Cowsteucnion Esumsest | Wowo Pesm | Vowo Aeno | Wowo IT

Vowo Fimswcer Sepnces | Vowo 3P | Vowo Powerream | Vowo Pasrs | Vowo Techwowoer | Wowo Loasncs | Busisess Anes Asie
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. a) Try y=2". We obtain r(r — 1) —r +1 = 0, 0r (r — 1)> = 0, with repeated root
r = 1. The general solution is y(z) = z(c1 + c2Inz), with ¢'(z) = ¢1 + c2(1 + Inz).
Boundary conditions result in ¢; = 1 and ¢; + ¢, = 0, yielding ¢, = —1. The solution is

y(z) =z(1 — lnx).

b) Try y = 2. We obtain 4r(r — 1) + 1 = 0, or (2r — 1)2 = 0, with repeated root r = 1/2. The
general solution is y(z) = vz(c1 + c2 Inz). Boundary conditions result in ¢; = 1 and
Ve(er + c2) = 0, yielding ¢, = —1. The solution is y(z) = Vz(1 — Inz).

Systems of linear equations

7T =2
2 2

. a) With A = <
with roots \; = 6 and )\, = 3. The corresponding eigenvectors are v, = G) and

>, the characteristic equation is A — 9\ + 18 = (A—6)(A—3) =0,

Vo = 9

shown below.

1 . The general solution is x = cpe8t G) + coe® <;) The phase portrait is

phase portrait
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. 0 -1
b) With A = <2 _1

with roots \; = 1 and A\, = —2. The corresponding eigenvectors are
1 1 L 1 _ 1
vy = (_1> and v = (2) The general solution is x = crel (_1> +coe™?t <2> The

phase portrait is shown below.

>, the characteristic equation is A\ + A — 2 =(A—1)(A+2) = 0,

phase portrait

2
|
g 0 1
_4l
o 0 1 2

2. a) With A = G _?), the characteristic equation is \2 — 2\ + 3 = 0,
with root A = 1 + /2 and its complex conjugate. The corresponding

. . 1 L
eigenvector is v = (Z ) /2). The general solution is constructed from the

linearly independent solutions x; = Re (ve*") and x2 = Im (ve’'), and is

ot [ Crcos(v2t) + casin(v2e)
@ (c1sin(v/2t) — ez cos(V2t))

L = x1@9 — xad1 = 23 + 223 > 0, and find that the rotation is counterclockwise. The

) . To determine the direction of rotation, compute

phase portrait is shown below.

phase portrait
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b) With A = <_i :1), the characteristic equation is A\? 4+ 2\ + 2 =0, with root
A = —1 + i and its complex conjugate. The corresponding eigenvector is v = <_1)

The general solution is constructed from the linearly independent solutions

x1 = Re (veM) and x, = Im (ver), and is x = e~ (Cl coSt + Cz Sin t) .To determine the
c1sint — cy cost

direction of rotation, compute L = x1&s—x2d1 = 27 + r2 > 0, and find that the rotation

is counterclockwise. The phase portrait is shown below.

phase portrait

EXPERIENCE THE POW

FULL ENGAGEMENT...

RUN FASTER.
RUN LONGER..
RUN EASIER...
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1
—4

3. a) With A = (
with repeated root A\ = —1 . The corresponding eigenvector is v = <_§> To find a

1), the characteristic equation is A\ + 2\ +1 =(\ + 1)2 = 0,

second solution, try x = (w + tv)e*, to obtain (A — A\I)w = v. Write w = (51) and
2

find wy =1 — 2w;. Then w = ((1)

general solution is x = e™* <01 (_;) +co ( <(1)) +t (_é))) . The phase portrait is

shown below.

) + wy (_;), where we may choose w; = 0. The

phase portrait

Fixed points and linear stability analysis

1. Fixed points are determined from f(z) = 422 — 16 = 0, with solutions z. = +2. Linear
stability is determined from f/(x) = 8z, with f/(—2) = —16 < 0 and f’(2) = 16 > 0.

Therefore z, = —2 is stable and x. = 2 is unstable.

2. Fixed points are determined from f(z) = z(1 — 2?) = 0, with solutions z. = 0,%£1. Linear
stability is determined from f’(z) = 1 — 322, with f/(0) = 1 > 0 and f/(£1) = -2 < 0.

Therefore z, = 0 is unstable and x, = +1 is stable.

3. Fixed points are determined from f(z,y) = z(1 — 2z —y) = 0 and
g(z,y) = y(1 — 2 — 2y) = 0. Three obvious fixed points are (7«,y«) =
(0,0),(0,1/2),(1/2,0). The fourth fixed point satisfies 22 +y = 1 and = + 2y = 1, or
(xs,y+) = (1/3,1/3). The stability of these fixed points is determined from the eigenvalues

of the Jacobian matrix J at the fixed points, where

J— 1—4x—y -
n —y 1—x—4y)/-
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7.2

We have

1 0 1/2 0
J|<o,0)<o 1), J|<o,1/2><_1?2 _1>,
J _ (L L2 3 _(-2/3 -1/3

lazo={ o0 12), lassarm =13 —273)

The fixed points (0,0), (0,1/2), (1/2,0) have at least one positive eigenvalue and are unstable.

The eigenvalues of the fourth fixed point are the two solutions of the quadratic equation

A+ %)\ + % = 0, both of which are negative. Therefore, the fixed point (1/3, 1/3) is stable.

Bifurcation theory

. f(xz) = r — coshz. At the bifurcation point, both f(z) = 0 (coshz = r) and

f/(x) =0 (sinhxz = 0). The bifurcation occurs when r = 1 and z = 0. Taylor series
expanding cosh x to second order yields f(z) = (r—1)—=2/2. This is a saddle-node
bifurcation with fixed points x = +./2(r — 1), which only exist when r > 1. Stability of
these two branches is computed using f'(x) = —=, so that the upper branch is stable and

the lower branch is unstable.

. f(x) = z(r — sinh z). At the bifurcation point, both f(z) =0 (z = 0 or sinh z =r ) and

f'(x) = 0 (sinha + x coshx = r). The bifurcation occurs when » = 0 and = = 0. Taylor
series expanding sinh x to second order yields f(z)= rz— 2, which is the normal form for

a transcritical bifurcation.

. f(z) = rxz — sinhz. At the bifurcation point, both f(z) =0 (sinhz = rz) and

f'(x) =0 (coshx = r). The bifurcation occurs when r = 1 and x = 0. Taylor series
expanding sinh  to third order yields f(z) = (r — 1)z — 2®/6. This is a supercritical
pitchfork bifurcation with fixed points z = 0 and = = +,/6(r — 1), the latter which only

exist when r > 1.

. f(z) = ra — sinz. At the bifurcation point, both f(z) = 0 (sinz = rz) and

f'(x) = 0 (cosxz = ). We consider the bifurcation that occurs when » = 1 and z = 0.
Taylor series expanding sin z to third order yields f(z)= (r — 1)a + éx?’. This is a
subcritical pitchfork bifurcation. Fixed points near the bifurcation point » = 1 are given by
2z = 0 and z = +,/6(1 —r), the latter which only exist when r < 1.
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1.

Fourier Series

f(x) is an even function and L = 7. The coeflicients of the Fourier cosine series are

given by

T
Ay = — 2% cosnz dz.
™ Jo

2

For n =0, we have aozz/ xde:Q%. For n > 0, we have
™ Jo

S 4w
ap = — | — Slnn$|0—2 T sinnx dx
nm 0

4 x T
=——— | —wcosnz|; + cosnx dx
nem 0

1, if n even.

4 {—1, if n odd;

The Fourier cosine series is

72 cos2x cos3r  cosdx
3 CcosSx — + — +...].

flz) == —4 22 32 42
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2. f(xz) is an odd function and L = x. The coeflicients of the Fourier sine series are given by

2 s
b, = —/ sinnz dr
0

™

™
= —— cosnz|;
nw

= — (1 —cosnm)
nm

4 o 1, if n odd;
Conw 0, if n even.

The Fourier sine series is

4 . )
f(;v)(sinersmgx Sm5x+”'>'
o

3+5

3. We have f(z) = % + % g(z), where the Fourier sine series for g(z) was given in Problem 2.

Therefore,

1 . sin3x  sinbx
f(x):§+— sinz + + +...

3 5
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