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Examples of Fourier series Introduction

Introduction

Here we present a collection of examples of applications of the theory of Fourier series. The reader is
also referred to Calculus 4b as well as to Calculus 3c-2.

It should no longer be necessary rigourously to use the ADIC-model, described in Calculus 1c¢ and
Calculus 2c, because we now assume that the reader can do this himself.

Even if T have tried to be careful about this text, it is impossible to avoid errors, in particular in the

first edition. It is my hope that the reader will show some understanding of my situation.

Leif Mejlbro
20th May 2008
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Examples of Fourier series Sum function of Fourier series

1 Sum function of Fourier series

A general remark. In some textbooks the formulation of the main theorem also includes the
unnecessary assumption that the graph of the function does not have vertical half tangents. It should
be replaced by the claim that f € L? over the given interval of period. However, since most people
only know the old version, I have checked in all examples that the graph of the function does not have
half tangents. Just in case ... ¢

Example 1.1 Prove that cosnmt = (—1)", n € Ny. Find and prove an analogous expression for

b .o
cosn — and for sinn —.

(Hint: check the expressions for n = 2p, p € Ng, and forn=2p—1, p e N).

(cos(t),sin(t))

*Pi

One may interpret (cost,sint) as a point on the unit circle.

The unit circle has the length 27, so by winding an axis round the unit circle we see that nm always
lies in (—1,0) [rectangular coordinates] for n odd, and in (1,0) for n even.

It follows immediately from the geometric interpretation that

cosnm = (—1)".

We get in the same way that at

T 0 for n ulige,
oSty = (—=1)*/2  for n lige,

and

. (—1)»=1D/2 " for n ulige,
sinn — = .
0 for n lige.
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Examples of Fourier series Sum function of Fourier series

Example 1.2 Find the Fourier series for the function f € Kon, which is given in the interval | —, 7]
by

f(t)—{ 0 for —m<t<O0,

11 forO<t<m,

and find the sum of the series for t = 0.

Obviously, f(t) is piecewise C! without vertical half tangents, so f € K3,. Then the adjusted function
f*(t) is defined by

v | ft) fort#pm, pel,
f(t)_{ 1/2  fort=pmw, peLZ.

The Fourier series is pointwise convergent everywhere with the sum function f*(¢). In particular, the
sum of the Fourier series at ¢t = 0 is

1
f7(0) = 2 (the last question).

360°
thinking.

Deloitte.

Discover the truth at www.deloitte.ca/careers © Deloitte & Touche LLP and affliated entities.
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Examples of Fourier series Sum function of Fourier series

The Fourier coefficients are then

1 (" 1 ("
ap = — f(t)dt:—/ dt =1,
0

™ ™

1 [ 1 /" 1
an = — f(t)cosntdtz—/ cosntdt = —Isinnt]f =0, n > 1,
- T Jo nm

™
1 [ 1 [ 1 1—(-1)"
by, = — f(t)sinntdtz—/ sinntdt:——[cosnt}gzﬁ,
T T Jo nm nm
hence
2 1
bon, =0 bopi] = —  ————.
? 8 R Ty |
The Fourier series is (with = instead of ~)
1 - 1 2
f*(t):§a0—|—2{anc0snt+bnsinnt}:§ ;Z sin(2n + 1)t.

n=1

Example 1.3 Find the Fourier series for the function f € Kax, given in the interval |— m, x| by
0 for —m <t <0,
ft) =

sint  for0<t<m,

and find the sum of the series for t = pm, p € Z.

The function f is piecewise C'* without any vertical half tangents, hence f € K3 . Since f is contin-
uous, we even have f*(t) = f(t), so the symbol ~ can be replaced by the equality sign =,

1 > .
f(t) = 5 a0 + Z{an cosnt + by, sinnt}.

n=1

It follows immediately (i.e. the last question) that the sum of the Fourier series at t = pm, p € Z, is
given by f(pm) =0, (cf. the graph).

The Fourier coefficients are

i I 1 2
S Ot == | sintdt==[—cost]s = =
ao _Wf(> 77/0 sin 7r[ cost]] =

1 [" 1 ﬂ
= — [ sint-costdt = — [sin?t]” =0
aq /0 sint - cos o [sm ]0 ,
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Examples of Fourier series Sum function of Fourier series

1 (7 1 [
an, = —/ sint - cosnt dt = —/ {sin(n + 1)t — sin(n — 1)t}dt
™ Jo 21 0
1 1 1 T
= 5 {n—l cos(n — 1)t — i cos(n+1)t]0
1 (1 ~ 1 1 1+ (=1
- = —nl o) — B N T G A 1.
27r{n1(( ) )= o7 (D ) T o1 orn =
Now,
" 2 for n even,
1+ (1) _{ 0 for n odd,
hence ag, 11 =0 for n > 1, and
2 ! eN (repl by 2n)
o =——+-———, N , replace n n).
2 T 4n? —1 P Y
Analogously,

1 [ 1 1 (7 1
by = — in2tdt=—-= 2t +sin®t}dt = =
1 7T/O sin - 2/0 {cos“t +sin” t} 5

and for n > 1 we get

1 [ 1 [
b, = — / sint -sinntdt = — / {cos(n — 1)t — cos(n + 1)t}dt = 0.
0 21 Jo

™

Summing up we get the Fourier series (with =, cf. above)

1 - 11 2L 1
f(t):§a0+2{anc0snt+bn8innt}:;Jrisintf;;m(;OSQnt,

n=1
REPETITION OF THE LAST QUESTION. We get for t = pm, p € Z,

1 2 1
—0=-_-= -
fom)=0=2 =23

hence by a rearrangement
4n2 —1 2
n=1

We can also prove this result by a decomposition and then consider the sectional sequence,
N N
1 1
o= ) gEoTo X 2n—1)(2n + 1)
n=1

n=1

N
1 1 1 1 1 1
= 3 - =—<K1l—— >3 = =
2;1{2711 2n+1} 2{ 2N+1} 2
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Sum function of Fourier series

Examples of Fourier series

for N — o0, hence

i ! = lim s —1
a2 =1 N—w N

Example 1.4 Let the periodic function f : R +— R, of period 2w, be given in the interval |— w, 7| by
0, forte ]| —m, —m/2[,
f@t) =< sint, forte [-w/2,7/2],
0 forte lm/2,7].

Find the Fourier series of the function and its sum function.

1?
0.5

The function f is piecewise C! without vertical half tangents, hence f € K3,. According to the main
theorem, the Fourier theorem is then pointwise convergent everywhere, and its sum function is

-1/2 fort:—g—i—Zpﬂ', pEZ,
[t = 1/2 fort:g+2p7r, pEL,
f(t)  ellers.

Since f(t) is discontinuous, the Fourier series cannot be uniformly convergent.

Clearly, f(—t) = —f(t), so the function is odd, and thus a,, = 0 for every n € Ny, and
2 T 2 7T‘/2 1 7T/2
b, = — / ft)sinntdt = = / sint -sinntdt = — / {cos((n — 1)t) — cos((n + 1)t)}dt.
™ Jo T Jo T Jo

In the exceptional case n = 1 we get instead

1 [7/2 1 1 /2 1
blz—/ (1—cos2t)dt:—{t——sin2t} =z,
T Jo s 2 0 2
and for n € N\ {1} we get
/2
1 1 1
b, = ~ [n — sin((n — 1)t) — i sin((n + 1)75)}0

_ 1 1 y n—1 1 . n+1
= - n_lbln 3 T n+1sm 5 T .
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Examples of Fourier series Sum function of Fourier series

1
It follows immediately that if n > 1is odd, n =2p+ 1, p > 1, then by, 1 = 0 (note that by = = has

been calculated separately) and that (for n = 2p even)
b 1 1 i ( 71') 1 i ( n 7r>
= = in -=)- in -
2 T l2p—1 P To) T PR TS
! ! ( cos(pm) - si ﬂ-) ! (cos si W)
= = - sin— ) — -sin —
T l2p—1 P 2) " op 1 \“PPTIIG

1
- —(—l)p“{;-kL}:l(—l)pﬂ.j—p,
T 2p—1 2p+1 T 4p? — 1

By changing variable p — n, it follows that f has the Fourier series

1 . =1 4 dn .
f~ 3 smt—l—;; (=" v sin 2nt = f*(t),

where we already have proved that the series is pointwise convergent with the adjusted function f*(t)

as its sum function.

SIMPLY CLEVER
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Examples of Fourier series Sum function of Fourier series

Example 1.5 Find the Fourier series for the periodic function f € Koy, given in the interval |m, ]
by

f(t) = |sint|.
Then find the sum of the series
> (71)n+1

24712—1'

n=1

It follows from the figure that f is piecewise differentiable without vertical half tangents, hence f €
K. Since f is also continuous, we have f*(t) = f(t) everywhere. Then it follows by the main
theorem that the Fourier series is pointwise convergent everywhere so we can replace ~ by =,

1 o0
ft) = 3 a0 + Z{an cosnt + by, sinnt}.

n=1

Calculation of the Fourier coefficients. Since f(—t) = f(t) is even, we have b, = 0 for every
n € N, and

2 " L[
ap = — / sint - cosntdt = — / {Sin(n + 1)t — sin(n — ].)t}dt
0 0

™ ™

Now, n — 1 =0 for n = 1, so we have to consider this exceptional case separately:

1 [" 1
a; = ;/0 sin 2t dt = g[—COSQt]g =0.

We get for n # 1,

1 ™
a, = —/ {sin(n + 1)t — sin(n — 1)t}dt
T Jo
1 1 1 "
= - [_nJrl cos(n+ 1)t + — cos(n—l)t}0
_o 14 (=D 14D 2 1=
o7 n+1 n—1 o1 on2-1 "
Now,
n_ | 2 forneven,
L+ (1) { 0 for n odd,

so we have to split into the cases of n even and n odd,

agnt+1 =0 forn>1 (and for n = 0 by a special calculation),

12
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Examples of Fourier series Sum function of Fourier series

and

4 1

Aoy = —— + —5——
" T 4n? —1

4
for n >0, especially ag = +—.
T

Then the Fourier series can be written with = instead of ~,

, 2 4o 1
(1) f(t) = |Slnt| = ; — ;ngl m cos 2nt.

1

Remark 1.1 By using a majoring series of the form ¢ 7 | —5, it follows that the Fourier series is
n

uniformly convergent.

We shall find the sum of 77 | (—1)"*!/(4n? — 1). When this is compared with the Fourier series, we
see that they look alike. We only have to choose ¢, such that cos2nt gives alternatingly +1.

By choosing t = g, it follows by the pointwise result (1) that

™ L2 A 1 L2 A (D) 2 A (-

MG == s T M= s T i a1 "R TR T
Ijoined MITAS because T
I wanted real responsibility www.discovermitas.com

hlg se &

I was a construction
SUPErvisor in

the North Sea
advising and

e Lelping foremen

0 solve problems

MAERSK
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Examples of Fourier series Sum function of Fourier series

and hence

oo

= An? -1 N ’

Example 1.6 Let the periodic function f : R — R of period 27, be given by
0, forte |-m —m/4],

f&) =< 1, forte [-n/4,7/4],
0 forte |n/4,n].
1) Prove that [ has the Fourier series

1 21
1 —Z— i (—) cos nt.
T n

2) Find the sum of the Fourier series for t = g, and then find the sum of the series
> ()
n

n=1

—

2y 4

Clearly, f is piecewise C* (with f’ = 0, where the derivative is defined), hence f € K3, . According

to the main theorem, the Fourier series is then pointwise convergent everywhere with the adjusted
function as its sum function,

1
3 fort:i%—i—Qpﬂ, p € Z,
@)=

f(t) otherwise.

Since f(t) is not continuous, the Fourier series cannot be uniformly convergent
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Examples of Fourier series

Sum function of Fourier series

1) Since f is even, we have b,, = 0 for every n € N, and

2 " 2 [/ 2
Clnz—/ f(t)cosntdt:—/ l-cosntdt:—sin(m)
T Jo T Jo ™ 4

for n € N. For n = 0 we get instead

2 [m/4 2 1 1
== ldt=2=.-=-
o 77/0 T 4 2

SO

1 > 1 2.1
f~§a0+n§1ancosnt:1+;;ﬁ sin(%) cos nt.

2) When ¢t = % we get from the beginning of the example,
W (T 1 1 21 nm nmw 1 11 nmw
(@) =amatr i m(T) e () =3+ 7 X5 (3)
Then by a rearrangement,
> ()T
—n 2 4
Alternatively,
[oe] (oo} oo
1 . /nw 1 ) T (—1)p—t T
nZIE SIH(T) :pz::lQp—]_ Sln(pﬂ'—§) :1;21?7_1 = Arctan 1 = Z

Example 1.7 Let f :]0,2[— R be the function given by f(t) =t in this interval.
1) Find a cosine series with the sum f(t) for every t €]0,2].

2) Find a sine series with the sum for every t €]0,2].

The trick is to extend f as an even, or an odd function, respectively.
1) The even extension is

F(t) =|t| fort e [—2,2], continued periodically.

It is obviously piecewise C!' and without vertical half tangents, hence FF € Kj;. The periodic
continuation is continuous everywhere, hence it follows by the main theorem (NB, a cosine
series) with equality that

1

= nmt
F(t) 5 @0 + Z p, COS (T) ,

n=1

15
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Examples of Fourier series Sum function of Fourier series

4 [2 2 2 t
an:—/ t - cos n~—7Tt dt:/tcos nme dt, n € Ny.
4 J, 4 0 2

Since we must not divide by 0, we get n = 0 as an exceptional case,

2 42 2
apg = / tdt = |:—:| =2.
0 2 0

For n > 0 we get by partial integration,

2 nm 2 . /nT 2 2 2 nw
a, = tcos(—t)dt: —tsm(—t) - — sm(—t)dt
0 2 nmw 2 o N Jo 2
4 nmw \12 4 "
= o [cos(7t)]0 = {1 -1},
For even indices # 0 we get ag, = 0.
For odd indices we get
2 8 1
” - = 712n+171 - - N
A2n+1 71_2(2” + 1)2{( ) } 7T2 (27’l + 1)27 n € No

The cosine series is then

F(t)—l—iiécos(nﬂ—&-z)t
A (2n+1)? 2/

and in particular

8 w— 1 1
fe)y=t = ngzo CEESIE cos (n—|— 2) wt, t €10,2]

2) The odd extension becomes
Gt)=t fort €] —2,2].

We adjust by the periodic extension by G(2p) = 0, p € Z. Clearly, G € K}, and since G is odd
and adjusted, it follows from the main theorem with equality that

G(t) = an sin (?) ,
n=1

16
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Examples of Fourier series Sum function of Fourier series

where
2 2 2
t 2 t 2 t
b, = / t sin nmt dt = — |—t cos nrt + — cos nrt dt

0 2 nm 2 o N Jo 2
2 4

= —{—2cos(nm)+0}+0=(-1)"". —.
nmw nmw

The sine series becomes (again with = instead of ~ )

G(t) = i(—m“ . % sin (”T“) .

n=1

~
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Examples of Fourier series Sum function of Fourier series

a0 =sw=1=23 g ("), venat

It is no contradiction that f(t) = ¢, t €]0,2[, can be given two different expressions of the same sum.

Note that the cosine series is uniformly convergent, while the sine series is not uniformly convergent.
Jmm
In the applications in the engineering sciences the sine series are usually the most natural ones.

Example 1.8 A periodic function f:Rw— R of period 2m is given in the interval |m, 7] by
f(t) =t sin®t, tel-m,mn.

1) Find the Fourier series of the function. Ezplain why the series is poinlwise convergent and find
its sum function.

2) Prove that the Fourier series for f is uniformly convergent on R.

1) Clearly, f is piecewise C! without vertical half tangents (it is in fact of class C''; but to prove
this will require a fairly long investigation), so f € Kj_ . Then by the main theorem the Fourier
series is pointwise convergent with the sum function f*(t) = f(¢), because f(¢) is continuous.

Now, f(t) is odd, so a,, = 0 for every n € Ny, and

2 (7 1 [
b, = —/ t sint sinnt dt = —/ t(1—cos 2t) sinnt dt
T Jo T Jo
1 ™
= 5 t{2sinnt — sin(n + 2)t — sin(n — 2)t}dt.
T Jo

Then we get for n # 2 (thus n — 2 # 0)

1 2 1 1 "
b, = —|t|——cosnt+ cos(n+2)t+ cos(n—2)t
n+2 n—2 0

1
5 cos(n+2)t+ p—

S A N T S

1
5 cos(n—2)t> dt

18
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Examples of Fourier series Sum function of Fourier series

We get for the exceptional case n = 2 that

1 s
by = — [ t(2sin2t—sindt)dt
2 0

1 1 A 1
= — |t| —cos2t+— cosdt +— / cos 2t —— cos 4t | dt
27 4 o 27 Jo 4
- 1+ ) yo=3
~ o " 4 TR
Hence the Fourier series for f is (with pointwise convergence, thus equality sign)

4 3. > N 4 ,
f(t):§smt—§sm2t+n2=:3(—1) D) sin nt.
2) Since the Fourier series has the convergent majoring series

oo

- 4 4
_+ +7Z g . n—i—l)(n2—|—2n—3)Szﬁ7

n=1

the Fourier series is uniformly convergent on R.

Example 1.9 We define an odd function f € Kon by

Ft) =t(r—1t), telo,x].

1) Prove that f has the Fourier series

(2p— 1)t
_Zsm Pt er
(2p—1)3

2) Explain why the sum function of the Fourier series is f(t) for every t € R, and find the sum of the

series
—_1)3
= @2p-1)
T w2
The graph of the function is an arc of a parabola over [0, 7] with its vertex at <§, Z) The odd

continuation is continuous and piecewise C'! without vertical half tangents, so f € K3 . Then by the
main theorem the Fourier series is pointwise convergent with the sum function f*(t) = f(¢).

1) Now, f is odd, so a,, = 0. Furthermore, by partial integration,

™

2 (7 2 2
= / t(m —t)sinntdt = ——[t(m — t)cosnt|f + — [ (m — 2t) cosntdt
™ Jo ™ ™ Jo

bn

2 o T 4 41 N
= O+W[(7rf2t)smnt]o+w/o smntdt:()fﬁ[cosnt]o:;oﬁ{lf(fl) }.

19
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Examples of Fourier series Sum function of Fourier series

-2

It follows that by, = 0, and that

, 8 1
T 2p- 1Y

hence the Fourier series becomes

where we can use = according to the above.
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Examples of Fourier series Sum function of Fourier series

3
2
1]

5 AN 406
E
_gé
-3

2) The first question was proved in the beginning of the example.

If we choose t = g, then
Ty T 8 8 o= (—1)P1
f(?)‘? 7 < (2p—1)° Sln(p”_§>_E];(2p—1)3'

Example 1.10 Let the function f € Kan be given on the interval |— 7, ] by
f(t) =t cost.

1) Ezplain why the Fourier series is pointwise convergent in R, and sketch the graph of its sum
function in the interval |— m, 37].

2) Prove that [ has the Fourier series

1 = 2n
—5 Sint + ;(—1)’” . m Sinnt, t S R

1) Since f is piecewise C! without vertical half tangents, we have f € Kj_. Then by the main
theorem, the Fourier series is pointwise convergent everywhere and its sum function is

£ = 0 fort =+ 2pw, peEZ,
" | f(¢) otherwise.

2) Since f(t) os (almost) odd, we have a,, = 0, and

2 [T 1 (7
bn:—/ t-cost-sinntdt = —/ t{sin(n+1)t+sin(n—1)t} dt.
0 m™Jo

™

For n =1 we get

1 [" 1 1 [7 1
bl:;/o tsin2tdt:—%[t cos2t}g+%/0 cos2tdt:—§.

21
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Examples of Fourier series Sum function of Fourier series

For n > 1 we get by partial integration

b, — 1 ; ~cos(n+1)t  cos(n—1)t W+l/” cos(n+1)t+cos(n—1)t it
T n+1 n—1 o T Jo n+1 n—1
1 cos(n+1)m  cos(n—1)mw 1 1 2n
= (- - 0=(-1)" = (—1)"
™ W( n+1 n—1 + (=1 n—|—1+n—1 (=1) n? —1

Hence the Fourier series is with pointwise equality

2n

5 sin nt.
n2 —

() = —% sint+ Y (=1)"-
n=2

Example 1.11 A 2w-periodic function is given in the interval |— m, | by
f(t) =2m — 3t.

1) Explain why the Fourier series is pointwise convergent for every t € R, and sketch the graph of its
sum function s(t).

2) Find the Fourier series for f.

-6 -4 -2 2, 4 6

1) Since f is piecewise C! without vertical half tangents, we get f € Kj, .
theorem the Fourier series is pointwise convergent with the sum function

Then by the main
s(t) = 2r fort=m+2pm, peZ,
| f(t) otherwise.
The graph of the function f(t) is sketched on the figure.
1
2) Now, f(t) = 2w — 3t = — ap — 3t is split into its even and its odd part, so it is seen by inspection
that ag = 4, and that the remainder part of the series is a sine series, so a,, = 0 for n > 1, and

2 (7 6 6 (7 6
by, = —/ (=3t)sinntdt = —[t cosnt]|f — —/ cosntdt = (—1)" - —,
0 ™ Jo

s ™ n

hence (with equality sign instead of ~)

> 6
s(t) = 27 + E (=" - - sin nt, teR.
n=1

22
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Examples of Fourier series Sum function of Fourier series

Example 1.12 Let f : [0,7] — R denote the function given by
f(t) =t*—2t.
1) Find the cosine series the sum of which for every t € [0,7] is equal to f(t).

2) Find a sine series the sum of which for every t € [0, 7] is equal to f(t).

Since f is piecewise C'! without vertical half tangents, we have f € Kj.. The even extension is
continuous, hence the cosine series is by the main theorem equal to f(t) in [0, 7].

The odd extension is continuous in the half open interval [0, 7r[, hence the main theorem only shows
that the sum function is f(¢) in the half open interval [0, 7[.

1) Cosine series. From

T
and for n € N|
2 [T, 2 ., , = 4 [T .
an = = [ (t*—2t)cosntdt=— [(t —2t)smnt]0—— (t —1)sinntdt
™ Jo N ™ Jo

™

= 0+ i[(t— 1) cosnt]j —

4 n
— cosntdt:W{(w—1)~(—l) +1} 40,

™2 J,
we get by the initial comments with equality sign

flt) = 2 9ot = 7T_2 T Z g {1+ (-1)"(r — 1)} cosnt

for ¢t € [0, 7]
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2) Sine series. Since

2 (7 2 T4 [T
b, = —/ (t* — 2t)sinnt dt = ——(t2—2t)cosnt] +— [ (t—1)cosntdt
T Jo ™m 0o T Jy
2 . 4 T S
= —%7'('(71'—2)(—1) +W[(t—1)slnnt]o—m ; Slnntdt
2 _ 4 2(mr—2) _ 4
_ = _2‘_1711 - tﬂ-:7~—1n1 - _1n_1
= (r—2) - (—1)" 0+ —feosmt]f = = (<1 (1) 1),
we get by the initial comments with equality sign,
o~ [2(7—2) 4
t)y=t*—2t= () - — 1= (—1)"] p sinnt
(0 S {2t e i
for t € [0, 7.
| 1
\ - 4 ’\
‘ 'l__-_LFJTH‘i e J
. ecofrie™
STUDY AT

LINKOPING UNIVERSITY, SWEDEN
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Example 1.13 Find the Fourier series of the periodic function of period 2w, given in the interval
} -, ﬂ-} by
tsint, fort e (0,7,
ft) =
—tsint, forte]—m, 0],

and find for every t € R the sum of the series.
Then find for every t € [0, 7] the sum of the series

Z :
3 3 cos 2nt.
ot (2n—|— 1) (2n 1)

Finally, find the sum of the series

2

; @2n+1)2(2n - 1)2

Since f is continuous and piecewise C'! without vertical half tangents, we see that f € K3 . Then by
the main theorem the Fourier series is pointwise convergent with the sum f*(¢) = f(¢).

Since f(t) is odd, the Fourier series is a sine series, hence a,, = 0, and

2 (7 1 /"
by, = —/ t-sint-sinntdt = —/ t{cos(n—1)t—cos(n+1)t}dt.
T Jo T Jo

We get for n =1,

b 1/ﬁt{l 2t}dt L [t sin 2t]7 + ! /7r in 2t dt
= — — = — | — - — 1n -— 111 = =
" 0 o T|2], 27w ° 0" on 0 °
For n > 1 we get instead,
b — 1 ; sin(n—1)t  sin(n+1)t T B l/ sin(n—1)t  sin(n+1)t gt
"o n—1 n+1 T Jo n—1 n+1
1 [eos(n—1)t  cos(n+1) 1 1 .
- 04— == - )" =1}
+7r{(n—1)2 (n+1)2 } ﬂ{n—l n—|—1)} 1) }

It follows that by, 1 = 0 for n > 1, and that

b 2 1 1 1 16n . eN
n=—— — = — . T .
2 T\ @n-12 (2n+1)? T @n-12@nt12z "
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Hence, the Fourier series is (with an equality sign according to the initial comments)

o0

s 16 n
)= 7 sint— — in 2nt.
f(t) =5 sin Z < @n—12@n+12 "

When we compare with the next question we see that a) we miss a factor n, and b) we have sin 2nt
occurring instead of cos 2nt. However, the formally differentiated series

00 2
™ n
Z t——
g Z < (20— 1)2(2n + 1)2

cos 2nt

has the right structure. Since it has the convergent majoring series

32 — n?
?Z (2n —1)2(2n+1)%’

n=1

w|>1

(the difference between the degree of the denominator and the degree of the numerator is 2, and
>~ n~2 is convergent), it is absolutely and uniformly convergent, and its derivative is given by

sint + tcost, for t €]0, 7,
[t =

—sint —tcost, forte]—m 0],
where

lim f(t)= lim f(t)=0 and lim f'(¢)= lim f'(t)=—-=7

t—0+ t—0— t—mT— t——m+

The continuation of f’(t) is continuous, hence we conclude that

F(t) == cost 325: " ont
= — cost — — cos 2n
2 — (2n—1)%*(2n+ 1) ’
and thus by a rearrangement,
00 n2 2 2
Z n =120 £ 1) cos 2nt = acost——f() 6—400$t—3—2 smt—ﬁtcost for t € [0, 7].

Finally, insert ¢ = 0, and we get
2 2

5
= (2n—1)22n+1)2 647

Alternatively, the latter sum can be calculated by a decomposition and the application of the sum
of a known series. In fact, it follows from
n? 1 {Cn-1D+(2n+ 1} 1 [(2n+1)?+(2n—1)*+2(2n+1)(2n—1)
(2n—1)22n+1)2 16 (2n—1)2(2n+1)2 16 (2n — 1)2(2n + 1)2

1 L 2 1 1 N 1 Ll 1
16 | (2n—1)2 " (2n+1)2 (2n—1)(2n+1)J 16 | (2n—1)2 © (2n+1)2  2n—1 2n+1
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that
> n? 1S 1 1SN 1 1 N 1 1
P— —_— —_— _1. —
(2n—1)2(2n+ 1)2 16 > (2n—1)2 16 > (2n+1)2 16 NEHOOZ {2n— 1 2n+ 1}
n=1 n=1 n=1 n=1
1 > 1 1 1 1 — 1
- {2 1Y+ — K . —
16{;(271—1)2 }+1 Nﬂnoo{ 2N+1} 8;(271—1)2
Since
72 © 1 & 1 1 1 > 1 > /1\*
—_— = _— = 1 —_ j— = —
D o R M e e R DI M £
1 = 1 4. 1
B 171;(271—1)2 3;(27;—1)2’
4
we get

“I studied
English for 16 P
years but...
...I finally

learned to

speak it in jus
six lessons”

Jane, Chinese architect
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Example 1.14 The odd and periodic function f of period 27, is given in the interval 10, 7| by
f(t) = cos2t, t €]0, .

1) Find the Fourier series for f.

2) Indicate the sum of the series for t = %r

3) Find the sum of the series

= . 2n + 1
(=™ (2n—1)(2n+3)

n=0

AN/
AVNIT

Since f(t) is piecewise C! without vertical half tangents, we have f € Kj_, so the Fourier series
converges according to the main theorem pointwise towards the adjusted function f*(t). Since f is
odd, it is very important to have a figure here. The function f*(¢) is given in [—m, 7| by

0 for t = —m,
—cos2t forte]—m,0],
F(t) = 0 for t =0,

cos2t  fort €]0, 7,

0 for t =,
continued periodically.

1) Now, f is odd, so a,, =0, and
™

2 [T 1 [7
by, = —/ cos 2t - sinnt dt = —/ {sin(n+2)t+sin(n—2)t}dt.
0 T Jo

Since sin(n — 2)t = 0 for n = 2, this is the exceptional case. We get for n = 2,

1 /7 1 41"
bQ:—/ sin4tdt——{—cos ] —0.
T Jo T 4 1,

Then for n # 2,

1 [ cos(n+2)t cos(n—2)t]" 1/ 1 1
. _ — o — ) (=1
bn [ n+2 n—2 |, ™ n—|—2+n—2 {1 }
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It follows that by, = 0 for n > 1 (and also for n = 1, by the earlier investigation of the exceptional

case), and that
1 1 1 4 2n+1

b n = — — —_— _— . —2 = = .
AT T (2n+3 + 2n1) (=2)=7 (2n—1)(2n+3)

Summing up we get the Fourier series (with an equality sign instead of the difficult one, ~)

(2) f7(t) = %7;0 % sin(2n + 1)t.

This question is very underhand, cf. the figure. It follows from the periodicity that the sum of the

2)
. T ..
series for t = — > 7, is given by
7 7 5 5 1
1(5) = 1(F-2)=1(-%5) =m0 (-5 ) =-esf =5

The coefficient of the series is the same as in the Fourier series, so we shall only choose ¢ in such

a way that sin(2n + 1)t becomes equal to +1.

z = (_1)77,7

We get for t = g,
0 ) T .
— =sinnm - cos = + cosnw - sin —
2 2 2

sin(2n + 1)

hence by insertion into (2),

s 4 & 2n +1
*(2) = = 1==-N"_“""T"  _(_qn
/ (2) cosT ﬂZ(Qn—l)(2n+3)( "

n=0

and finally by a rearrangement,

> on 41 T

2 e Ty~ 1

2 @n—1)(2n+3)
Remark 1.2 The last question can also be calculated by means of a decomposition and a considera-
tion of the sectional sequence (an Arctan series). The sketch of this alternative proof is the following,

el 2n +1 = (=1 7
_17L+1.—:...: = Arct 1=-—.
Z< ) (2n —1)(2n + 3) T;) 2n+1 retat 4

n=0

The details, i.e. the dots, are left to the reader.
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Example 1.15 Find the Fourier series the function f € Kan, which is given in the interval [—m, 7]
by

f(t)=1t-sint.

Find by means of this Fourier series the sum function of the trigonometric series

= (=1)"sinnt
;m fO’f't S [—7777'('].

Since f is continuous and piecewise C'! without vertical half tangents, we have f € Kj_. Then by
the main theorem, the Fourier series is pointwise convergent everywhere and its sum function is

fr(t) = f(b).

Since f is even, the Fourier series is a cosine series, thus b,, = 0, and

2 [T L ["
an = —/ t sint cosntdt = —/ t{sm(n—i—l)t—sm(n—l)t}dt
0 T Jo

™

The exceptional case is n = 1, in which sin(n — 1)¢ = 0 identically. For n = 1 we calculate instead,

L[ 1 1 /" -7 1
— 2 | tsin2dt = —[—t cos2]T + — St — " — L
ap 7r/0 sin 27r[ cos 2t]§ + 271_/0 cos 5 5

For n # 1 we get

0 - 1 ; 7cos(n+1)t+cos(n—1)t +l/ cos(n+ 1)t cos(n — 1)t &t
0 n+1 n—1 o TJo n+1 n—1
1 1 1 2
_ . _ . _1 n+1: -1 n+1_—.
™ 7T( n+1+n—1> (=1) (=1) (n—=1(n+1)

According to the initial remarks we get with pointwise equality sign,

1 — (—1)n!
fit)=tsint=1- 5 COSH_Q% (

. m COS?’Lt, for t € [—71',7'('].

The Fourier series has the convergent majoring series

1 =1
1+=+2y ——
Jr2+ ;nQ—l’
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hence it is uniformly convergent. We may therefore integrate it term by term,

rydret— EsneraS VT G
/Of(’r) T= 758111 + ;m smnt,

for t € [—m, 7.

Hence by a rearrangement for ¢ € [—m, 7],

< (“1)"sinnt 1, 1 1t 11 L
S A Ly Ssine—g [ gryar = go— e [ rsirar
(n—Ln(n+1) 2 4 2 Jo 2" 4 2Jo

n=2
1t1't1[ + sin 7§ 1t1't+1t = Loine
= —U— —8Smt¢t— —|—T COS S = —1— — SIn — 1 COST — — SIn
2" 1 LT EOST I ERTIO = 9t Ty 2 2
1t+1t t S i t 1t(1+ t) L t
= - — 1 COSt — — SInt = — COS — — SIn’t.
272 4 2 4
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Example 1.16 Prove that for every n € N,

4 2
/ t* cosntdt = (—1)" - —Z
0 n
Find the Fourier series for the function f € Koy, given in the interval [—m,m| by
f(t) = t*sint.

Then write the derivative f'(t) by means of a trigonometric series and find the sum of the series

Ny (2n)?
(=" (2n —1)2(2n + 1)%’

n=1

4
2,
T T T T
-4 -2 2y
—2
—4
We get by partial integration,
T 1 o2 T 2t o2 T 2
/ t? cosnt dt = [—t%innt] ——/ t sinntdt =0+ [—2 cosnt] ——2/ cosntdt:(—l)”-—z.
0 n o nJo n o ™ Jo n

The function f is continuous and piecewise C'! without vertical half tangents, hence f € Kj_ . By
the main theorem the Fourier series is pointwise convergent everywhere and its sum function is

fr(@t) = f(t).

Since f is odd, its Fourier series is a sine series, thus a,, = 0, and

2 [T 1 [7
b, = —/ t?sint sinnt dt = —/ t*{cos(n—1)t—cos(n+1)t}dt.
0 e

™ 0

For n = 1 we get by the result above,

1 [7 1 3 1 2 2 1
blz—/ £2(1—cos2)dt = — - = — . (12 T =T _ 7
T Jo ™ 3 T 4 3 2
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For n > 1 we also get by the result above,

L) D )= (1)’
b = ;'2“{<n_1)z(n+1)2}< D e 1)
8n

_ _1\n—1,
= (= (n—1)2(n+1)%

According to the initial comments we have equality sign for ¢ € [—7, 7],
) 2

t)=t"sint=| — — sint 5 g sinnt.
By a formal termwise differentiation of the Fourier series we get

w2 1 > n?

— — — ) cost+8 -t cosnt.

( 3 2) 21 (n—1)2n+1)2 "
n=2

This has the convergent majoring series
n2

g n—1)2(n+1)%’

hence it is uniformly convergent and its sum function is

N)I»—l

™ _
3

2 2

o (e = (1)t en
fi(t) = t*cost + 2t sint = (? - 5) cost+8ng2m cos nt.

m
When we insert ¢ = 5’ we get

f’(z) = 0+W—W—O+SZ%COS(TL%)

> 2n 1 (2n)
8 0
; on — 120 + 1) cos(nm) +

8

(2n)?

= 3
o —1)2(2n+1)%’

n=

—

hence by a rearrangement,

S n—1 (2’”’)2 _ T
;(_1) (2n —1)2(2n+1)2 ~ 8’

Alternatively, we get by a decomposition,

(2n) 1 LS S 1
(2n—1)2(2n+1)2 " 4 | (2n—1)2 ' (2n+1)2  2n—1 2n+1J’
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thus

1< e O T S A | 1
_Z{Z 2n —1)2 +Z(2n+l)2+1\}£noo§::l(_l> (2n—1_2n—|—1>}

n:l n=1
AN S W O DN )
= — — 1. _— e
4{2_: on — 1)2 72(271—1)2 TN nz:: o — 1 +n§::2 on — 1
1 1 (—1)N I (=Dt 1 T
1t lm{ Z +2N+1} 2; m—1 2 TR

Example 1.17 The odd and periodic function f of period 27 is given in the interval [0, 7] by

sint, forte [O, g} ,
ft) =
. ™
—sint, forte }§,7T:|
1) Find the Fourier series of the function. Ezplain why the series is pointwise convergent, and find
its sum for every t € [0, 7].
2) Find the sum of the series

o~ (D) (2n+1)
nz:% (4n+1)(4n+3)°

Since f is piecewise C! without vertical half tangents, we have f € Kj_. By the main theorem the

Fourier series is pointwise convergent and its sum is

T

" 0 fort=—+pm, pe?,
1) = 27y

f(t) otherwise.
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1) Since f is

b, =

odd, we have a,, = 0, and for n > 1 we get

2 [T 2 ("2 2 ("

- ft)sinntdt = = sint sinntdt — — sint sinnt dt
™ Jo ™ Jo T Jr/2

/2

1 1 /"
- /0 {cos(n — 1)t — cos(n + 1)t}dt — — / {cos(n — 1)t — cos(n + 1)t}dt

T T Jr/2
1 { {sin(n — 1t sin(n+ 1)t]ﬂ/2 N [sin(n — 1)t sin(n+ 1)t}ﬂ/2}
0 n—1 n+1 0 n—1 n+1 ”

9 | sin(n — 1)% sin(n + 1)%

7r n—1 n+1
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dynamic careers in the following domains:

‘ ‘ m Geoscience and Petrotechnical

m Commercial and Business
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Hence b, 11 =0 for n > 1, and

™

. . s
2 sin <n7r — —) sin (mr + —) 2 1 1
b2n _ = 2 _ 2 _ _(_l)n—l 4

T 2n —1 2n+1 T 2n—1 2n+1

4n

Gn—Dentn eV

= (="t % .

For n =1 (the exceptional case) we get

) w/2 ™ ) /2 w/2
by == / sin2tdt—/ sin?tdty = = / sin2tdt—/ sin?tdt p = 0.
™ 0 /2 ™ 0 0

Summing up we get the Fourier series

> ne1 8 n )
f ~ nzz:l(—l) L. ; . m sin 2nt.

The sum is in [0, 7] given by

sint for t € [O,ﬁ[,
2
0 _1\n—1
§Z(1)—n: 0 for t = E’
i (2n—-1)2n+1) 2
. 0
—sint fort € }5,7{'}.

T
2) When we put t = 1 into the Fourier series, we get

LT V2 38 = o1 n . T
YT T w;( V" G D@ Sm<n2)
8 — _ 2p + 1
— SNt P (g
WI;)( ) (4p+ 1)(4p + 3) (=1)
hence
i(fl)". 2n + 1 _ V2
= (4n+1)(4n + 3) 8

36
Download free eBooks at bookboon.com



Examples of Fourier series Sum function of Fourier series

Example 1.18 1) Given the infinite series
S n+1 S e n+1 2n _ 1)

Z i Dt Zﬁ

Ezplain why the series of a) and ¢) are convergent, while the series of b) is divergent.

2) Prove for the series of a) that the difference between its sum s and its n-th member of its sectional
sequence s,, is numerically smaller than 10~1, when n > 9.

3) Let a function [ € Kon be given by
f(t) =sinht for —m <t <.
Prove that the Fourier series for f is

2sinh 7 ~— ”"'1 .
Z sinnt.

4) Find by means of the result of (3) the sum of the series ¢) in (1).

1

n 1
1) Since s M and > 7, — is divergent, it follows from the criterion of equivalence that
n n n

b) is divergent. It also follows that neither a) nor ¢) can be absolutely convergent. Since a,, — 0
for n — oo, we must apply Leibniz’s criterion. Clearly, both series are alternating. If we put

() x (@) r24+1-222 1 — a2 <0
Xr)—= —F//— er €Tr) = =
v 22+ 1 7 (x2+1)2  (1+22)2

for x > 1, then ¢(x) — 0 decreasingly for x — oo, > 1. Then it follows from Leibniz’s criterion
that both a) and ¢) are (conditionally) convergent.

2) Since a) is alternating, the error is at most equal to the first neglected term, hence

|5 — 8] < 5 — 50| < [a10] = o = > < = forn>9
s—58p| <|s—s9| <l|lapp|l=——=-—< — forn>09.
o W7 90261 101 10

3) Since f is piecewise C'! without vertical half tangents, we have f € Kj . Then by the main
theorem, the Fourier series is pointwise convergent and its sum function is

0 fort=2p+1)mr,peZ
fr(t) =
f@t) ellers.

Since f is odd, we have a,, = 0, and

2 [T . 2 2 [T
b, = = [ sinht-sinntdt =——[sinht-cosnt]j + — cosht - cosnt dt
™ Jo ™ ™ Jo
2 . nl 2 : ” T :
= — sinh7-(=1)""" + —5Jcosht-sinnt]§ — — sinh ¢ - sinnt dt
™ ™m ™m? Jo
2 sinh7m 1
— 1 n+1 Lo o = b
(=1) n o n2 "
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hence by a rearrangement,

[\

1\ " sinhm  2sinh7w  (—=1)""n
b =1+ — (=1t 2 = .
" ( + n2) (=1) n o 7r n?+1

The Fourier series is (with equality sign, cf. the above)

_ 2sinh 7 o= (—1)**'n
*(t) = sinh ¢ = tforte]—m x|
f(t) =sin - ; o2 Snnt for |— 7, m]

4) When we put t = g into the Fourier series, we get

LT smhw = (=)t T smh7r = (=1)*(2p—1) 7
smh§ = z:: n2+1 sm(n§) Z 2p—1 ) Sln(pw—§>

p=1

. h ™
S 5 cosh 5 n+1 2771— 1)

oo
= 4
m Z:: (2n—1) +1

hence by a rearrangement

i 1 an1)7 ™
el 2n—1 +1 4coshg
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Example 1.19 The even and periodic function f of period 2w is given in the interval [0, 7| by

1
k— k2 € (0,—1,
s aefog]

0 € !
) X k,ﬂ- )

fz) =

1
where k € }—,oo{.
T

1) Find the Fourier series of the function. Explain why the series is uniformly convergent, and find

its sum for x = —.

k
2) Ezxplain why the series

[e'S) o0 2
cosn cos™ n
Z 5 and Z 2
n n
n=1 n=1

are convergent, and prove by means of (1) that

oo 2 oo

Z cos“n 1 n Z cosn
n? 4 n? -’

n=1 n=1

3) In the Fourier series for f we denote the coefficient of cosnx by a,(k), n € N. Prove that
limy_— oo an (k) exists for every n € N and that it does not depend on n.

1) It follows by a consideration of the figure that f € K3 and that f is continuous. Then by the
main theorem, f is the sum function for its Fourier series.

Since f is even, we get b,, = 0, and for n € N we find

9 [l/k 2 o2 [Ll/k
a, = = / (k — k*z) cosnz dz = — [(k — k*z) sinnz] é/k + — sinnz dx
m™Jo ™ ™ Jo

- e ()

o [l/k 1/k
ag = —/ (k — k*x)dx =
0

2w
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the Fourier series becomes (with equality sign, cf. the above)

1 22X 1
f(x):%+7 ﬁ{l—cos (%)}cosnx.
n=1

. 12k o 1. . . . . .
Since o +—> — Is a convergent majoring series, the Fourier series is uniformly convergent.
T m n

1
When z = o the sum is equal to

1 1 2k 1 n n
(3) f<E>_0_—+— ﬁ{l—COSE}COSE.

2 s
n=1

k2 1
2) Since — Y7, —; Is a convergent majoring series, the series of (3) can be split. Then by a
0 n

rearrangement,
1 ,/n 1 =1 n 1
;ECOS (E) = @_F;FCOS (E) for every k > —

1
If we especially choose k =1 > —, we get
e

=1 I &1
E ﬁcos n:Z+E ﬁcosn.
n=1 n=1
3) Clearly,
1 1
ap(k)=—— — for k — oo.
T s

For n > 0 it follows by a Taylor expansion,

2k2 n 2k 1n?2 n? /n
anl®) = F{1-cs}= rnz{l‘ (“m*?(z))}
1 n 1
= ;’+‘5 (E) — ;: for £ — oo.
40
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Example 1.20 Given the function f € Koy, where
t
f(t):cosi, —r<t<m.

1) Sketch the graph of f.

2) Prove that f has the Fourier series

and explain why the Fourier series converges pointwise towards f on R.

3) Find the sum of the series

© (_1)n+1

E — 1

n—= 2 _
1n 1

1) Clearly, f is piecewise C without vertical half tangents, so f € K3, and we can apply the main
theorem. Now, f(t) is continuous, hence the adjusted function is f(t) itself, and we have with an
equality sign,

1

fi) = 5 @0 + Zancosnt,

n=1

where we have used that f(t) is even, so b, = 0. We have thus proved (1) and the latter half of

(2).
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2) Calculation of the Fourier coefficients. It follows from the above that b,, = 0. Furthermore,

2/’r t 47, t1" 4
ag = — cos—dt =— [sin=| =—,
T Jo 2 m 2], T«

2 [T t 1 (" 1 1
a, = - cos — cosntdt = — cos [ n+ = |t+cos(n—= |ty dt

_ 1{(1)"(1)"}(1)”.(n—%)—(n+%) (-1
n-i-% 2

1
™ n 3

Hence, the Fourier series is (with equality, cf. (1))

£ = Eag+ i t=24 1 i (=)™ t
= —a Qap COSNL = — — cosnt.
2 ’ n=1 & & n=1 n2 — 1
- - 4
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Alternative proof of the convergence. Since the Fourier series has the convergent majoring
series

2 1 1
e D
n=1 —

n? —

it is uniformly convergent, hence also pointwise convergent.

3) The sum function is f(t), hence for t = 0,

) 1 e (71)n+1
f(O):cosO:1:;+;272 o
n=1 n< — Z

and we get by a rearrangement,
> (71)n+1

Z—lzﬂfQ.

2
n=1 n° — —
4

Example 1.21 The even and periodic function f of period 2w ia given in the interval [0, 7] by
(t - (77/2))27 te [077‘—/2]’

0, telmr/2, .

1) Sketch the graph of f in the interval [—7, ] and explain why [ is everywhere pointwise equal its
Fourier series.

2) Prove that

2 > 1 2 .07
)= o1 +QZ <§ = smn§> cosnt, teER.

n=1

3) Find by using the result of (2) the sum of the series

[e%e] 1 p—1
Z (7)2 (Hmt Insertt = z) )
=1 P 2

1) Since f is piecewise C'! without vertical half tangents, we see that f € K3, . Since f is continuous,
we have f* = f. Since f is even, it follows that b,, = 0, hence we have with equality sign by the
main theorem that

1 o0
fi) = 5 a0 + Zancosnt,

n=1

9 7 2 /2 2
an:_/ f(t)cosntdtz—/ (t—z) cosntdt, mn € Ny.
0 0 2

s
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2) We have b, = 0 (an even function), and

2 [m/2 7\ 2 2 [1 7\ 3 7
== t— =) dt=2 f(t—f -
0 71/0 ( 2) 71'[3 2)]0 12

For n € N we get by partial integration

2 [7/? T\ 2 2 m\2 sinnt]™? 4 [7/? T .
a, = - (t——) cosntdt = — (t——) . - — (t——)smntdt
T Jo 2 m 2 n |, ™ Jo 2
4 N\ cosnt]™? 4 /2
= 0+ — (t——)- -— cos nt dt
™ 2 noJ, ™2 Jo
4 ( W) 1 4 [sinnt]™* 2 4 | ¢
- (Y. __= = - — ——sinn—.
™ 2/ n  mn? no o n?2 3 2
Hence the Fourier series is
1 = 2 /1 2
(4) f(t)= 5 @0 —l—;ancosnt = ;—4 —|—2ng1 (712 - 7WSSinng) cosnt, teRR.
44
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3) When we insert t = g into (4) we get

T 2 > 1 2 .07 T
1(3)=0 = 2 (- mwonny)eoong

oo .
T 1 m  2sinnjcosng
= 2> (;”5 BT

sssssssssssssvsssssassssssssssssssssnssssssssssnnsssssssssssssssssssssssfilcgte]-Lucent @
www.alcatel-lucent.com/careers

2%
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because cos (g —|—p7r) =0 forpeZ.

Then by a rearrangement,

I
p2 12

p=1

Example 1.22 An even function f € Ky is given in the interval [0,2¢] by
1 for 0 <t <1/2,
f)y=< 1/2  fort/2 <t <3(/2,
0 for 302 <t < 2¢.

1) Sketch the graph of f in the interval —3¢ <t < 3{, and find the angular frequency w.

When we answer the next question, the formula at the end of this example may be helpful.

2) a) Give reasons for why the Fourier series for f is of the form

1 t
fNan—i—z:lancos (%),

and find the value of ag.
b) Prove that a, =0 forn=2, 4, 6, ---.

¢) Prove that for n odd a,, may be written as
2 ( 7r)
n=—sin{n-—].
a —sin{n
3) It follows from the above that

f 14'_@ ﬂ-_t_;’_l @_1 @_1 ‘@_‘_
B) p COSQ@ 3COS i 5COS Y, 7COb i .

Apply the theory of Fourier series to find the sum of the following two series,

1) 14— -2 .
e +3 ) 7+9+11 13 ’
1 1 1 1 1 1
2) 1— 4 - -4

@ 3+5 7+9 11 13

The formula to be used in (2):

sinu + sinv = 2sin (u—;—v) cos (u;v) .
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089
069
041
| o2 \
-3 2 4 0 1 2 3

. 21 21 T

1) The angular frequency is w = T =%
Since f is piecewise constant, f is piecewise C! without vertical half tangents, thus f € KJ,.
According to the main theorem, the Fourier series is pointwise convergent everywhere with
the adjusted function f*(¢) as its sum function. Here f*(t) = f(t¢), with the exception of the

discontinuities of f, in which the value is the mean value.

71' . .
—, the Fourier series has the structure

20

2) a) Since f is even and w =

nmt

1 - .
fN§a0+7§)anC087€_f(t)7
where
4 (T2 1 /% 1 ¢ 1
=5 = - =—-<l-—4+=-4 =1
ao T/o fydt=5 [ f(@dt z{ 2+2£}

b) If we put n = 2p, p € N, then

ayp = 5 ; f(t) cos 57
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c¢) If instead n = 2p + 1, p € Ny, then

1] e 2p+1)mt 1 32 2p+ 1)t
agpr1 = Z{ ; f(t)cos%dt+§/£/2 f(t)cos%dt

m {sin ((2p+1)7r - i) +sin <(2p+1)7r. g)}

- () o= D))

where we have put 2p + 1 = n. Since n is odd, we get

om0 ) s () o)

in —n—) = .sin(—n-—) =+4+sin{n—).

sin (nm n4 COSNT - S n4 S n4
Then by insertion,

2
a, = — sin (n 2) for n odd.

nm
1
3) Since ’sin (n %)‘ = ﬁ’ and sin (n %) for n odd has changing “double”-sign (two pluses follows
by two minuses and vice versa), we get all things considered that
1 V2 mt 1 3wt 1  Bmt 1 Tmt
()= 2 4+ X2 4z - _Z  _ Zcos — — ... v
70 2+7T{C082€+30082€ 5% T T }
When ¢t = 0 we get in particular,
1 V2 1 1 1 1
N=1l=_-+ Y2414+ _-_= S
f7(0) 2+7T{+ =t }

1+1 1 1++ B 7r< 1)_ T
357 V2 2/ 22
. 3
We get for t = — the adjusted value f* [ = | = 7 thus
3 (¢ 1 V2 m 3r 1 5m 1 7w
Z—f (5) = 5 —{COSZ+§C I—gCOSI_?COSZ‘i‘"'}
B 1+1 1_1_‘_1 1+1_
2 7 3 5 79 ’
and by a rearrangement,
1 1+1 1+1 1+ o
3 5 7 9 11 4

Remark 1.3 The result is in agreement with that the series on the left hand side is the series for

0
Arctan 1 = —.
rctan 1
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Example 1.23 The periodic function f of period 2w os given in the interval |— 7, x| by

£(t) = %(tQ 2 te]l—ma.

1) Sketch the graph of f in the interval [—m, 7].

2) Prove that the Fourier series for f is given by

8,
15 7T4n:1 nt

cosnt, teR.

Hint: It may be used that

(-1

/ (t* — %) cosnt dt = 247 - , n € N.
0

3) Find the sum of the series
>
4
n=1 "

by using the result of (2).

1) The function f(¢) is continuous and piecewise C! without vertical half tangents. It follows from
4t

f(=m) = f(m) =0 and f'(t) = — (t* — ©°) where f'(—m+) = f'(m—) = 0 that we even have that
T

f(t) is everywhere C*, so f € K. It follows from the main theorem that the Fourier series for

f(t) is everywhere pointwise convergent and its sum function is f(¢).

" os T

— 06
- Y s )
- 0.2 ~—
3 2 T 0 7 2 3
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2) Since f(t) is an even function, the Fourier series is a cosine series. We get for n =0,

™

_ " 2 22 g0 4 2,2
apg = ;A 7T4(t —7(') dt—ﬁ . (t — 2717t
2 [1 2 T 1 2
— LIt 4 — _fq
7 [5 T 537
hence—aozi.
15

/

&
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Furthermore, for n € N,

2 M1 2 [
a, = _/ —(t? — 7%)% cosnt dt = —5/ (t* — )2 cosnt dt
Vs 0 ™ ™ 0
9 1 T 2 4 g
= — {(7,‘2—7r2)2 - — sinnt] - = —/ t(t? —7?) sinnt dt
T2 n 0 s n 0
8 1 8 1 (T
= 0 = ﬁ[t(tQ—ﬁ)cosnt]o -5 ﬁ/o (3t2 —m%) cos nt dt
8 1 48 [T
_ O_ﬁ'ﬁ[(th_ﬂz)Sinnﬂngﬁ/o t sinntdt

B L cosny + 2 1/7T tdt
= —— . —[tcosn — - — [ cosn
n* 0 n* Jo

o o
48 1 e 48 1 n—
= F.H.( 1) 1+0_F.F.( 1) 1

We have proved that the Fourier series is pointwise convergent with an equality sign, cf. (1),

8 48 X (—1)" !
(5) f(t):EvLFn:lT cosnt, teR.
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3) In particular, if we choose ¢t = 7 in (5), then

8 48 & (—1)n ! 8 481
Ozf(ﬂ'):1—5+ﬁn:1TCOS’I’I,7T:1—5—FTL:1F.

Finally, by a rearrangement,

il_ﬂA 8_7T4
nt 48 15 90~

n=

sin —|, t € R, in the interval [—2m, 27].

Example 1.24 1) Sketch the graph of the function f(t) = 5

2) Prove that
2 4~ cosnt
t)=—— — — teR.
ft) == -~ ; —
Hint: One may use without proof that

.t .t 1 t
sin — cosnt dt = n sin — sinnt + — cos — cosnt ; ,
2 2 2 2

4n?—1
fort € R and n € Ny.
3) Find, by using the result of (2), the sum of the series

(@ i; 00 iﬂ
n:14n2—1 4n2 —1°

n=1

1) The function f(t) is continuous and piecewise C'> without vertical half tangents. It is also even
and periodic with the interval of period [—m,7w[. Then by the main theorem the Fourier series
for f(t) is pointwise convergent everywhere and f(¢) is its sum function. Since f(t) is even, the
Fourier series is a cosine series.

2) It follows from the above that b, = 0 and (cf. the hint)

2 T
ap = = /
m™Jo

2 4 ot t—|—1 t tﬂ 4 -1
= —.——|nsin=-sinnt+ =cos - cosnt| = —-
T 4n?2 —1 2 2 2 0

ot 2 [T .t
sin —| cosntdt = — sin — - cosnt dt
i 0 2

In particular,
1 1 /’T byt 1" 2
—ag = — sin—dt=—|—cos-| =—,
20 7 0 2 s 2], ™
so we get the Fourier expansion with pointwise equality sign, cf. (1),

2 cosnt

400
H=2_23" B R,
) 7r w;4n2—1’ <
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T o8 T T
_— Y04 _— ~_

5 ) ) 0 2 4 6

3) a) If we insert ¢ = 0 into the Fourier series, we get

2 4 S 1 41 & 1
N=0=2_2N"_> _2)2_N"_ -
1(0) T 71';411271 7'('{2 7;47121}’

hence by a rearrangement,

> 1 1
;4712—1:2'

Alternatively, it follows by a decomposition that

1 1 11 1

1
m2—1 (Cn—1)2n+1) 2 2n—1 2 2n+1

The corresponding segmental sequence is then

1 1 1 1 1
N ;4712—1_5;271—1_5":1271“
N+1

and the series is convergent with the sum
oo

Z:A}im sN:%.

—00
n=1
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b) When we insert ¢ = 7 into the Fourier series, we get

2 A4S )
f(m) = :;_;Z { Z4n2—1}

Hence by a rearrangement,

> Apply now
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Alternatively, we get (cf. the decomposition above) the segmental sequence,

N e N e N e
o = S CUT_Isn ()T e ()T

= 4n? — 1 2n:1 2n —1 2n:1 2n+1
_ lel (_1)n N 1 i (_1)n

2 2n+1 2 2n+1

n=0 n=1

N-1 n
B G VTR B WO Vo

= 2n+1 2 2 2N +1

1 T 1

— Arctanl——:zfg for N — oo.

The series is therefore convergent with the sum

o) N
(_1)n—1 ) (_l)n—l T 1
AL =) T2
;4712—1 Nflozzm?—l 12

n=1

Example 1.25 Let the function f: R — R be given by

1

= — R.
5—3cosz’ re

f(z)

Prove that f(z) has the Fourier series
+ ! i ! eR

- — cosnx x .

2 3n ’

n=1

1
4
Let the function g : R — R be given by

sinx
__omr R.
9(z) 5—3cosx’ re

Prove that g(x) has the Fourier series

Wl N

=1
Z 3 sinnx, z e R.
n=1

1) Explain why the Fourier series for f can be differentiated termwise, and find the sum of the

: . ) o
differentiated series for x = 3.

2) Find by means of the power series for In(1 — x) the sum of the series
>
—n- 3n

3) Prove that the Fourier series for g can be integrated termwise in R.

4) Finally, find the sum of the series

o0

1

E cosnx, z e R.
n- 3"

n=1
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1T
Since

of this procedure is identical with the proof in the real case),

1
=3 < 1 for every x € R, we get by the complex quotient series (the proof for the legality

e 1 . 0 i\ ix 1 ix 3 _ e i
S_HBWH - Z(%) :% T :36 i 3 e—iw
n=1 n=1 1_6_ -¢ -
3
_ 3et® — 1 1 3cosz—1+3isinz
9—6cosz+1 2 5—3cosx
Hence
0.21
y
0.14
-8 & -4 ‘ 2 ‘ : :
1+1“ 1 Lo1g SN R 1,1 1 3cosz—1
-+ = — cosnx = -+ —-Re — =
4 2n:13" 4 2 n:13” 4 2 2 5—3cosx
1 (5—3cosz)+ (3cosx — 1) 1 f(z)
= — = €T
4 5 —3cosx 5 —3cosx ’
and

2 1 2 <1 . 2 1 3sinz sin
Z — & =21 —etme N 2 = =
3;3” SRRE= 3 m{ZS”e } 3 2 5—3cosz 5—3cosw
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1) From
1 1 I 1S/ 1 1 1
— — —_— <— —_— _— = — _— = —
4+2n_13ncosm—4+27;(3> 1717

follows that the Fourier series has a convergent majoring series, so it is uniformly convergent with
the continuous sum function

1 1 1
its — 3n OB = S 3cosz f(@).

The termwise differentiated series,

—= E —SIHTLSU

is also uniformly convergent, because Y n/3"™ < oo is a convergent majoring series. Then it follows
from the theorem of differentiation of series that the differentiated series is convergent with the
sum function

——Z—smnz—f’(x)—i 1 _ 3sinz
~dr \5—3cosz)  (5—3cosx)?’

7r
Hence for x = 5

3 1°On, 1= 4m+1 1 N4m+3
o5 T —§§:3— —§§:OW+§§:34WL—+3
TN N Lo 2n+1
= —§§0:(—1) 'W:gxo(—l) g

2) It follows from

ln(l—x) Z— lz| < 1,

1
that we for x = 3 have

Zn 3":

3) Since also 2 337" sinna is uniformly convergent (same argument as in (1), i.e. the obvious ma-
joring series is convergent), it follows that the Fourier series for g can be integrated termwise in
R.
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4) We get by termwise integration that

/;g(t)dt =

3

2= 1 [* 2~ 1
= 57;3—”/0 smnxdx:—gngln.gn

hence by a rearrangement,

v int 1 1 1
/0%dt:—[ln(5—3608t)]g:gln(5—3cosx)—§ln2

(cosnz — 1),

1

— 1 — 1 1 1 3 1
Z g COSNE = Z +—ln2—5111(5—300590)—1n§+—1n2—§ln(5—3cosx)

n- n-3" 2

n=1 n=1

1 1
In3— 51112 - 5111(5 — 3cosx).

2
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Example 1.26 Let f € Ko be given by

t, forO<t<m,

ft) =

0, form<t<2m.
1) Sketch the graph of f in the interval [—2m, 2.

2) Prove that the Fourier series for f is given by

o ((=1)"—1 -t
Z+Z<% cosnt—i—%sinnt), teR.

n=1

Hint: One may without proof apply that for every n € N,

1 :
tcosntdt = — (ntsinnt + cosnt),
n

: 1 .
tsinnt dt = — (—ntcosnt + sinnt).
n

3) Find the sum of the Fourier series fort = .

1) The adjusted function is

t, for 0 <t <,
fft)y=« n/2, fort=m,
0, for m <t < 2m,

continued periodically.

25

Y 15

0.5

Since f(t) is piecewise C!,

f’(t)—{ 1 for0<t<m,

0 form<t<2m,
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without vertical half tangents, it follows from the main theorem that the Fourier series is point-
wise convergent with the adjusted function f*(t) as its sum function. In particular, f ~ can be
replaced by f*(t) =.

2) The Fourier series is pointwise

1 oo
@)= 5 @0 + Z{an cosnt + b, sinnt},
n=1
where
1 27 1 s 1 ) -
an = = f(t)cosntdt = — [ tcosntdt = —[ntsinnt + cosnt]g
™ Jo ™ Jo ™
1 -nH" -1
= W{O—Fcosmr—l}:% for n € N,
and
1 21 . 1 T . 1 . .
b, = — f(t)sinntdt = — [ tsinntdt = —[—ntcosnt + sinnt]g
™ Jo ™ Jo ™
1 1 n—1
= —{—nmcosnw -0} =—-(— orn e N.
51 +0+0—0} (—1) forneN
™ n

Finally, we consider the exceptional value n = 0, where
I L (" L[] o«
= Hdt== [ tdt==|=| ==
W= 0 7 7r/0 77{2}0 2
Hence by insertions,
~ [(=1)"—1 —1)nt
@)= % + Z {% cosnt + % sinnt} , teR

™
n=1

3) The argument is given in (1), so the sum is

() = &
f (ﬂ-) - 2 .
Alternatively,

T = [ (=D =1 (1)t Tl =2
Z+Z{72 COS’n/’]T-f—TSIH’I’L’iT :Z-’—;I;)W COS(2p+1)7T

™ 1 > 1 =1 1 > 1 4 & 1
6 ,;W;(%Jrl)?q_o(?)ql_% ;)(2p+1)273,;(2p+1)2’
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and hence

S 1 3z
p=0(2p—|—1)2_4 6 8

We get by insertion the sum

+

T2 = 1 T 2
4 7rp:0(2p—|—1) 4 7

2
8

PN
2o 3

T
4
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Examples of Fourier series Fourier series and uniform convergence

2 Fourier series and uniform convergence
Example 2.1 The function f € Kon is given by

ft)=n* -1 —r<t<m.
1) Find the Fourier series for f.

2) Find the sum function of the Fourier series and prove that the Fourier series is uniformly conver-
gent in R.

No matter the formulation of the problem, it is always a good idea to start by sketching the graph of
the function over at periodic interval and slightly into the two neighbouring intervals.

Then check the assumptions of the main theorem: Clearly, f € C'(]— 7, 7[) without vertical half
tangents, hence f € K .

The Fourier series is pointwise convergent everywhere, so ~ can be replaced by = when we use the
adjusted function

iy = L S0)

as our sum function.

It follows from the graph that f(¢) is continuous everywhere, hence f*(t) = f(t), and we have obtained
without any calculation that we have pointwise everywhere

1 i )
f(t) = 5 a0 + ;{an cosnx + b, sinna}.

After this simple introduction with lots of useful information we start on the task itself.

1) The function f is even, (f(—t) = f(t)), so b, = 0, and

2 ™
ap, = —/ (% —t?) cos nt dt.
0
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We must not divide by 0, so let n # 0. Then we get by a couple of partial integrations,

A 2 1 o o x4 [T
an = | (7 —t*)cosntdt = — [(7°—t )smnﬂo +— | tsinntdt
0 ™ ™ Jo

Y
4(_1)n+1
-

1 g 1
0+ —5[~t cosnt]§ + — cosntdt = ———m cosnm +0 =
™ ™2 J, ™ n

In the exceptional case n = 0 we get instead

2 (", 2, 237 4x®  4x?
0 /0 (r—t)dt = 2 [” TE], 3 3

The Fourier series is then, where we already have argued for the equality sign,

1 = 212 & 4
(6) f(t) =5 a0+ > ancosnt = % +;(_1)n—1 5 cosnt.

n=1

4 4
2) The estimate |(—1)""' — cosnt| < — shows that
n n

272 1 272 T
2T 4y S A
3 + 712::1”2 3 +

is a convergent majoring series. Hence the Fourier series is uniformly convergent.
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Remark 2.1 We note that if we put ¢ = 0 into (6), then
212 o= (1)t
— 2 _
JO == )

and hence by a rearrangement,
2

e
n2 12’

n=1

Example 2.2 A function f € Ko, is given in the interval ]0, 27| by
ft) =t

Notice the given interval!

1) Sketch the graph of f in the interval | 2, 27].

2) Sketch the graph of the sum function of the Fourier series in the interval |— 27, 2x], and check if
the Fourier series is uniformly convergent in R.

3) Ezplain why we have for every function F € Koy,

T 2m
F(t)dt= [ F(t)dt.
- 0

The find the Fourier series for f.

-6 -4 -2 2 4 6
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)

The graph is sketch on the figure. It is not easy to sketch the adjusted function f*(1) in MAPLE,
so we shall only give the definition,

f(t) fort—2nmel0,2r], neELZ,
@)=

272 for t =2nw, n € Z.

Since f is piecewise C! without vertical half tangents, we have f € Kj . Then by the main
theorem the Fourier series is pointwise convergent everywhere, and its sum function is the adjusted
function f*(t).

Each term of the Fourier series is continuous, while the sum function f*(¢) is not continuous.
Hence, it follows that the Fourier series cannot be uniformly convergent in R.

When F € Ko, then F is periodic of period 27, hence
0

s

Ft+2m)dt — / ") dt+ / T rwydi= [ R de
0 T

Ft)dt = /ﬂ Ft)dt +

—T —T

In particular,

1 27 1 27
ap = — / t2 cos nt dt, og b,=— / t? sin nt dt.
0 ™ Jo

T
Thus
1 2 8 3 8 2
ao:_/ 2 g = 87 _ 8
T Jo 3T 3
and
1 27 1 - 2 27
a, = —/ t? cosnt dt = — [tzsint]i - tsinnt dt
™ Jo ™ ™ Jo

2 o 2 4
= 0+—5[tcosnt]d™— — cosntdt=— - 27 = —
™2 O w2 J, mn? n?
for n > 1, and
1 2 1 ) 2m
b, = -— / t?sinntdt = — [—t2 cos nt] iw + — t cosnt dt
™ Jo ™ ™ 0
4m? 2 2 [P 4 2 4
= *LJr—[tSinnt]%”f— / sinntdt = —— — ——[cosnt]Z™ = T
™ mn? ™2 J n wnd n

1
The Fourier series is (NB. Remember the term 3 ap)

4r? N[ 4 4
fN%"_Z{ﬁ Cosnt—%sinnt}

n=1
(convergence in “energy”) and
dn? N[ 4 4
@)= % —&-; {ﬁ cosnt — % sinnt}

(pointwise convergence).
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Example 2.3 Let the function f € Kon be given by
f(t) = e'sint for —m <t <.
1) Prove that the Fourier series for f is given by

sinh7 |1 <= /(=1)"(4—2n?) (1) M4n
. {54’21(714—_'_4cosnt+n47—~_481nnt .

n=

We may use the following formule without proof:

4 2(—1)™ sinh

el cosmtdt = w, m € Ny,
o 1+m?
T 2m(—1)"*+! sinh

el sinmt dt = m(=1) S 7T7 m € Ng.
. 1+ m?

2) Prove that the Fourier series in 1. is uniformly convergent.

3) Find by means of the result of 1. the sum of the series
nt+4°

n=1

The function f(t) is continuous and piecewise C'! without vertical half tangents, so f € K3 . Then
by the main theorem the Fourier series is pointwise convergent everywhere, and its sum function is

fH(t) = f ).

1) By using complez calculations, where

: L —i
smt:%(et—e t),
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and by = 0, we get that

a, + iby,

1 ™
-/

1 1 1
| (1 n+l/ m_ _—m\ _ _ —
omi [1+i(n+1){( e Rl A oy
smh7r'i(_1)n .1 - .1

T 1+in+1) 1+i(n—1)
sinh (—1)i 1+i(n—1)—{1+i(n+1)}

T 1—(n?2—=1)4+1i2n
sinh 7 —21 sinh 7

1" = (=1D)" -2

A N R B Y i
sinh 7 (—1)" 4 —2n? — 4din

m nt+4

ol sint - Mt gt — L /7T {e(l+i(n+1))t _ e(l+i(n—l))t} gt
2 J_ .

Vowo Toucxs | Rewanr Tovcks | Macx Toucks | Vowo Buses

(e -]

—(n? —2) —2in
(n? —2)%2 4+ 4n?

ant to do?

I Vowro Cossmeucion Ecursest | Wowo Pesm | Vowo Aeso | Vowo IT

Vowo Fieskcer Sepaces | Vowo 3P | Vowo Powemreaim | Vowo Paers | Vowo Techwowosy | Vowo Loasncs | Busieess Anes Asie
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When we split into the real and the imaginary part we find

sinh 4 — 2n?
= (=D — >0
G, . ( ) i 14 n =4,
and
sinh 4n
b, = (=D — > 1.
" T (=1) nt +4’ "=

Alternatively we get by real computations,

1 [ 1 /"
a, = -= / e'sint cosnt dt = o e'{sin(n + 1)t — sin(n — 1)t} dt,
T™J—m -
L f2(n+1)- (=1)"sinhw  2(n —1)(=1)"sinh7
o7 1+ (n+1)2 1+ (n—1)2
_ sinh7 (—1)" (n+1)(n?—2n+2)—(n—1)(n*+2n+2)
B T (n242—2n)(n%+2+2n)
sinh 7 , 4—2n?
- -
T nt +4
and
L™ : Ly
by = = e'sint sinntdt = o e {cos(n — 1)t — cos(n + 1)t} dt
T ) . iy -
1 f2(-1)"tsinhw  2(-1)" 'sinh7) _ sinhw (<11 n?+2n+2—(n?—2n+2)
Co2r | 1+ (n-1)2 I+(n+1)2 | & (n?2—2n+2)(n?+2n+2)
sinh 7 4dn
= (=)t —/——
T (=1) nt 44
sinh 7 . . . .
In both cases we see that ag = , hence we get the Fourier series (with equality by the remarks
above)
) sinh7 |1 i (=1)"(4 — 2n?) cos i (-1t -
— - in
T |2 & nt 44 " 1 "

2) The Fourier series has the convergent majoring series

sinht [1 <=2n?24+4 < 4n
s {§+Z n4—|—4+n21n4—|—4}

(the difference of the degrees of the denominator and the numerator is > 2), hence the Fourier
series is uniformly convergent.

3) By choosing t = m we get the pointwise result,

sinhw |1 > n2-2
= p— ——2 —
m=o= e} o5t

n=1
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hence by a rearrangement

in2—271
nt+4 4
n=1

Alternatively it follows by a decomposition,

n2—2_ n? —2 1 n—1 1 n+1
nt M2 —2n4+2)n2+2n+2) 214+ (n—-1)2 21+ (n+1)2’

so the sequential sequence is a telescoping sequence,

N o N N
n“—2 1 n—1 n+1
T ;n4+4*221+ n—_1)2 g (n+ 1)
1N—l n 1N+1 n
- 521—}—7@275;1—4—7?
(n=1)
1 1 1 N 1 N+1 1
- .- _ . —Z. * — = for N — o0,

2 1412 2 14+N2 2 14+(N+1)2 4

and it follows by the definition that

irﬂ—z i 1
—— = lim sy =-.
Zanttd !

N—o0

Example 2.4 Find the Fourier series for the function f € Ko, which is given in the interval |—, 7]
by

0, for —m<t<—m/2,
ft) =1 cost, for —m/2<t<m/2,
0, form/2<t<m.

Prove that the series is absolutely and uniformly convergent in the interval R and find for t € [—m, 7]
the sum of the termwise integrated series from 0 to t. Then find the sum of the series

oo

(="
;::0 (4n 4+ 1)(4n + 2)(4n + 3)

The function f is continuous and piecewise C'* without vertical half tangents, so f € Kj}.. The Fourier
series is by the main theorem pointwise convergent with the sum function f*(¢) = f(¢).
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Since f(t) is even, all b, = 0. For n # 1 we get

Qp, =

/2 1 /2
/ cost - cosntdt = — / {cos(n+1)t+cos(n—1)t}dt
0 T Jo
1 1

1 co*(mr) 1 cos(mr) _ 2 1 (mr)
n+1 o) T 2o )T rnr—1 )

It follows that ag,11 = 0 for n € N and that

A= A= J |0

2 (=1)" 2
Qop = —— ( 3 ) ,  forn € Ny, in particular ag = — for n = 0.
T 4n®—1 s

In the exceptional case n = 1 we get instead

9 /2 1 /2
alz—/ COSztdt:—/ {COSQt"‘l}dt:—
™ Jo ™ Jo

The Fourier series becomes with an equality sign according to the above,

f(t) LoD costt EOO CD" s ont
= —+ = cos ~———— cos 2nt.
T 2 4n? — 1
n=1
The Fourier series has the convergent majoring series
L 1,2 =
et s Zz

so it is absolutely and uniformly convergent. Therefore, we can integrate it termwise, and we get

[ = g ines 25 o L sinane
= —+ = sint + — sin 2n
2 ™ 4= (2n —1)2n(2n + 1) ’
which also is equal to
-1, for —7T<t<—z,
t 2
. s T
/ f(r)dr =< sint, for 75§t§§,
0
1, for g <t<m
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By choosing t = % we get

/4 . V2 \/_ 2 — )t . /nm
/0 fr)dr=sin === 1+ Ez:: on— 12n2n+1) 1“(7)

2
2 & (=™ s' ( T 71')
z n(n T
77 2 "9

;_n

1 VI
“1t7 (2n +1)(2n + 2)(2n + 3) 2
1 f 2 1)%r _ w
=it T ;Z4p+1 sy ()

1 f Qi (—1)"
ity tx = (4n+1)(4n +2)(4n +3)’

where we have a) changed index, n — n+ 1, and b) noticed that we only get contributions for n = 2p
even.

Finally, we get by a rearrangement,

> (—1)" K <\/§ 1 ﬁ) _m(vV2-1)
Z V==

(4n+1)(4n+2)(4n+3) 2

n=0

EXPERIENCE THE POW

FULL ENGAGEMENT...

RUN FASTER.
RUN LONGER..
RUN EASIER...
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Example 2.5 Find the Fourier series for the function f € Ko, which is given in the interval |—m, |
by

£t =t — £2).
Prove that the Fourier series is uniformly convergent in the interval R, and find the sum of the series

n+1

o~ (-1
; (2n —1)3"

The function f € C*°(]— m, 7[) is without vertical half tangents, so f € K;_ . Furthermore, f is odd,
so the Fourier series is a sine series, thus a, = 0. The periodic continuation is continuous, so the
adjusted function f*(t) = f(t) is by the main theorem the pointwise sum function for the Fourier
series, and we can replace ~ by an equality sign,

fit) = Z b, sinnt, teR.
n=1

10

10
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We obtain by some partial integrations,

2 (7 2 ™
b, = —/ (% —t*)sinntdt = —— [t(x® — t?) cosnt]o
T Jo ™
2 7 12 (7
= — [(wz - 3t2) Sinnt]o + —2/ t sinntdt =
™ m™? Jo
127 12
n+1 __ n+1
= e VT = (DT

The Fourier series is then

n+1

(o)
E ———— sinnt.
The Fourier series has the convergent majoring series
= 1
122 o
n=1
o it is uniformly convergent in R.

If we put t = g, we get

2 2 o0 n+1
™ r( 2 T\ _ 31 O T
f<2> = 2(77 4)— 3 —122 3 s1nnn

n=1
— (¥ ™
2 1y g ~
Then by a rearrangement,
oo n+1 7.[.3
n; 2n—1 32

2 ™
+ —/ (72 — 3t%) cosnt dt
™ Jo

12 14 cos ] + -2 /7r tdt
——[~t cosn —— [ cosn
mn3 O 3
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Example 2.6 Let f € Ko, be given in the interval [—m, 7| by
sin2t, for |t| < g
£t = ]
0, for 5 < [t] < .
1) Prove that [ has the Fourier series
1 4 0 (71)n+1
— sin2t 4+ — —— &in(2 1)t
p St ﬂ; Gn—D@En 1y Snen+ Lt
and prove that it is uniformly convergent in the interval R.

2) Find the sum of the series

e (1)
nE::o (2n—1)2n+1)(2n+3)’

The function f is continuous and piecewise C'* without vertical half tangents, so f € K3}.. The Fourier
series is then by the main theorem pointwise convergent with sum f*(t) = f(t).

1) Since f is odd, we have a,, = 0, and
9 /2 1 /2
bp=— / sin 2t sinnt dt = — / {cos(n—2)t—cos(n+2)t}dt.
™ Jo ™ Jo

For n = 2 we get in particular,

1 [7/? 1
—/ (1 — cosdt)dt = — -
0 ™

o
[\
Il

—-0=_.

2ol
[\]

™

For n € N\ {2} we get

0 ™ n—2 n+2

. n . n
b _l sin(n—2)t_sin(n+2)t /2 4 [ sin (5—1)7r sin <§+1>7r
" n—2 n+2

In particular, by, = 0 for n > 2, and

sin(n—%)w Sin(n+2—%>ﬂ' (1)n+1{ 1 1 }

b = — = —
et m—1 2n+3

2n—1 2n+ 3 T

1

(=D (2n —1)(2n + 3)

for n > 0.

ERESN
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The Fourier series is (with equality, cf. the above)

f@:%mﬁ+ 2:%(UM1 sin(2n + 1)t.

—1)(2n+3)

The Fourier series has the convergent majoring series

o0

4 1
?Z;Qn—nen+$’

S0 it is uniformly convergent.

2) By a comparison we see that we are missing a factor 2n+1 in the denominator. We can obtain this
by a termwise integration of the Fourier series, which is legal now due to the uniform convergence),

B (—1)™cos(2n + 1)t 4 & (="
/f 4 cos 2t + — Z (2n—1)2n+1)2n+3) = 2n—1)2n+1)(2n+3)°

n=0

This e-book Y o N
ismadewith SETASIGN

SetaPDF h Y 4
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7r
By choosing t = 5 the first series is 0, hence

w/2 w/2 1 ™/2
/ f(r)ydr = / sin 27 dr = {—— cos 27} =1
0 0 2 0
11 4 & (—1)"
= 3tato %g(zn—l)(2n+1)(2n+3)’

and by a rearrangement,

= (-1)" w1 -
;(2n+1)(2n+1)(2n+3) T4 (5_1) T

e

Alternatively we may apply the following method (only sketched here):

a) We get by a decomposition,

(2n—1)(2n1—|-1)(2n+3) :% {(2n1—1 - 2n1—|—1> - <2n1—|— 3 2n1—|—3> } ‘

b) The segmental sequence becomes

N n

(=1

2n—-1)2n+1)(2n+3)
N
1 (- 1 1 (=Nt 1 N 1 1
z Sl S A Gy AP0 — .
+2;2n_1+4+4 2N+1+8( ) 2N +1 2N +3

¢) Finally, by taking the limit,

SN

I
o

n

=

> (=1)" 1 ¢ (=" 1 T
— 3 — = Arctan 1 = ——.
712::0(271—1)(27L+1)(2n+3) Q;Qn_l 5 rctan <
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Example 2.7 Given the periodic function f : R — R of period 2w, which is given in the interval
[—ﬂ',ﬂ'] by

1) Prove that the Fourier series for f can be written
1 o0
540 “+ay cos t—|—Z{a4n_1 cos(dn—1)t+ayy, cos dnt+agn+1 cos(4n+1)t},
n=1
and find ay and a1 and a4n—1, G4y and agpi1, 1 € N.
2) Prove that the Fourier series is uniformly convergent in R.

3) Find fort € [—m, 7] the sum of the series which is obtained by termwise integration from 0 to t of
the Fourier series.

The function f is continuous and piecewise C'! without vertical half tangents, so f € K3 . Then the
Fourier series is by the main theorem convergent with the sum function f*(t) = f(¢).

1) Now, f is even, so b, =0, and

2 71'/2 1 71'/2
ap=— / sin 2t - cosnt dt = — / {sin(n+2)t—sin(n—2)t}dt.
™ Jo T Jo

We get for n # 2,

1 1 /2
a, = —|- cos(n+2)t + cos(n—2)t
T n+2 n— 0
- ! —L{cos <E+7r)—1}+—1 {cos (E—ﬂ')—l}
1\ nt2 2 n—2 2
S (1—|—cos (E)) b (H—cos (T)>
1 |\ n+2 2 n—2 2
_ 1 (1+cos (mr)) —4
oo 2 n2 —4
For n = 2,
1 77/2 1 /2
g = —/ sin4t dt = {—— cos4t} =0.
0 dm 0
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Then

4 1
a4n+2:—m~;(l+cos7r):0 fornGN,

and it follows that the Fourier series has the right structure.

Then by a calculation,

S P LT
=T 02—4 7’ “TT 12-4 37
“ _l{HCOS(_E)} o 4 4 1
=l T 2/ (4n—-1)2—4 7 (4n—-12—4 7 (4n—3)(4n+1)’

—4 2 1 2 1
T

1
n=— 1 ]_ —_— = P I —
aan= (D) e = e 2n—1)(2n+1)

~ e ()} e e
Aqn+1 = . cos 9 (4n+1)2_4_ T (4n+1)2—4_ 7 (4n—1)(4n+3)

The Fourier series is (with equality sign, cf. the above)

2 — { 2cos(4n—1)t cos 4nt 2cos(4n+1)t
( :

1 4
f(t) = —+ 5 cost— ;; In-3)dn-1)  @n-D@at1) | @n-1){dn+3)

2) Clearly, the Fourier series has a majoring series which is equivalent to the convergent series
1
ey ot This implies that the Fourier series is absolutely and uniformly convergent.

3) The Fourier series being uniformly convergent, it can be termwise integrated for x € [—, 7],

e r 4 1 & 8sin(4n — 1)t
t)ydt = — 4 — sint— —
/0 I e ; { (4n—3)(An—1)(4n+1)
sin 4nt 8sin(4n + 1)t
(2n—1)n(2n+1)  (4n—1)(4n+1)(4n+3) J’
where
1 for x € [g,ﬂ'} ,
L 21) forz € [0 W}
. 2( cos 2x or 1k
[ 1w
0 1 ™
—5(1—0082.’17) for z € [—5,0},
7r
-1 for z € [—7‘(, —5}
78
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Example 2.8 Given the trigonometric series

= cos(nzx)
—_— R.
Zl n2(n?2 +1)’ T €

1) Prove that it is pointwise convergent for every x € R. The sum function of the series is denoted
by g(x), x € R.

2) Prove that the trigonometric series
i cos(nx)
n?+1

n=1

is uniformly convergent in R.

3) Find an expression of ¢ (z) as a trigonometric series.

It is given that the function f, f € Koy, given by

f(x):%—%, 0<z<2m,

has the Fourier series

2 = cos(nr)

4) Prove that g is that solution of the differential equation

d?y 2
@— :—f(J?)—F, OS.’IJSQTF,

for which ¢'(0) = ¢'(w) = 0, and find an expression as an elementary function of g for

0<x<2m.

5) Find the exact value of

1
nZ2+1

[M]8

3
Il
-

: o  cos(nx)
].) Slnce Zn:l m

has the convergent majoring series

= 1
nz::l n2(n2 +1)’

the Fourier series is uniformly convergent and thus also pointwise convergent everywhere.
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cos(nz
2) The series Y7, % has the convergent majoring series
= n
i 1
2 )
n=1 n®+ 1

so it is also uniformly convergent.

oo —sin(nx)

3) Finally, the termwise differentiated series, >, m
n(n

has the convergent majoring series

= 1
n; n(n? +1)’

s0 it is also uniformly convergent. By another termwise differentiation we get from (2),

o0

f@)=-3 Cs:(le).

n=1
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We do not reinvent
the wheel we reinvent
light.

Fascinating lighting offers an infinite spectrum of
possibilities: Innovative technologies and new
markets provide both opportunities and challenges.
An environment in which your expertise is in high
demand. Enjoy the supportive working atmosphere
within our global group and benefit from international
career paths. Implement sustainable ideas in close
cooperation with other specialists and contribute to
influencing our future. Come and join us in reinventing
light every day.

OSRAM
Light is OSRAM SYLVANIA

0

80
Download free eBooks at bookboon.com


http://s.bookboon.com/osram

Examples of Fourier series Fourier series and uniform convergence

Intermezzo. We note that f is of class C* in ]0, 27| and without vertical half tangents and that

f(0) = f(2m) = 0.

Since the Fourier series for f by (2) is uniformly convergent, we have

fla) =T 4y o),

n

n=1

both pointwise and uniformly. The graph of f is shown on the figure.

4) The trigonometric series of g, ¢’ and g” are all uniformly convergent. When they are inserted into
the differential equation, we get

d?y cos N cosnT = n?+41
wov = X ;n%nun“;n%nul)CO”””

n=1

7T2

= 1
= :—gﬁ cosmc:—f(gc)—g,

and we have shown that they fulfil the differential equation.

Now,

so ¢'(0) = ¢'(m) = 0. Tt follows that g is a solution of the boundary value problem

d?y 2 1 ™ 2
7 _— = — _— = —— — — —
(1) Gz fo) =g =-ge+50- %

with the boundary conditions y’(0) = y/(7) = 0 [notice, over half of the interval].
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The corresponding homogeneous equation without the boundary conditions has the complete so-
lution,

y = c¢1 coshx + co sinh z.

Then we guess a particular solution of the form
y=azx?+bx +c

When this is put into the left hand side of the equation we get
&y
dx?

This equal to

—y =2a—az’—br—c= —ar’—br+(2a—c).

72 1 5, =« w2
A A S R
1 2 1 2
ifa:Z,b:—g,c—2a=c—§=%,thusc:§+%
The complete solution of (7) is
1 1 2
Yy = Zx2—gx+§+%+clcoshm+0251nhm.
Since
/ 1 7T .
y = ix— 5 + ¢y sinh x 4 ¢5 cosh z,
it follows from the boundary conditions that
y'(0) = —g T =0, e cy— g
and
y'(m) = g — g + ¢y sinh 7 + ¢5 cosh ™ = ¢; sinh 7 + g coshm =0,
hence ¢; = —g cothm and ¢y = %

We see that the solution of the boundary value problem is unique. Since g(x) is also a solution,
we have obtained two expressions for g(x), which must be equal,

1, =« 1 7 T N cosnT
(8) g(x):Zx —51:—!—5—&—?—§coth7r-cosh:c+§smhx:§m.
5) Put =0 into (8). Then we get by a decomposition
I S 1 — 1 = 1 ™ = 1
0)==-+—— -cothm = —_— = — — —_—= =
9(0) =5 5 g cothm z::nQ(nz—f—l) ;nz ;nul 6 ;nz—i—l’
so by a rearrangement,
Rl 1 m 1
———— = —cothm — =.
;n2+1 2 T
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Example 2.9 Let f € Ko be given by
f&)=11tP  for —m<t<m.

1) Sketch the graph of f in the interval [—m, 7).

2) Prove that

m2nt

ft) = %3 + 6 i { (_7112)n + 201 _2(_1)n) } cosnt, teR.

Hint: We may use without proof that

2 4

T -1 1—-(=1)"
/ t3cosntdt:37r2( ) +6 (=) forn € N.
0 n n

3) Prove that the Fourier series is uniformly convergent.

4) Apply the result of (2) to prove that

S
_ 1) o¢°
= (2p—1) 96
. . o 1 2
Hint: Putt =m, and exploit that )"~ | Rl
n

1) It follows from the graph that the function is continuous. It is clearly piecewise C'! without vertical
half tangents, so according to the main theorem the Fourier series for f is pointwise convergent
with sum function f(t), and we can even write = instead of ~.

30

254

201
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2) Since f(t) is even, all b, = 0, and

v
an:—/ 2 cosnt dt, n € Np.
™ Jo

For n = 0 (the exceptional case) we get
2 ™ 4 3
aO:—/ Bt =1 =T
™ Jo 2T 2

When n > 0, we either use the hint, or partial integration. For completeness, the latter is shown

below:
2 [T 5 2 3 ™ "o
an = = [ tcosntdt=—<[t’sinnt] -3 [ t*sinntdt
v 0 ™ 0
6 9 7 T
= — [t cosnt]o -2 tcosntdt
™ 0
6 12 g
6m ., 12 x (=™ 20— (=1")
= ?(—1) — W[COS ’I’Lt]o = 67'('{ n2 + 7T27’L4 .

Then by insertion (remember % ap) and application of the equality sign in stead of ~ we therefore

get

f(t) = %3 + 67r§: { (;12)n + 20 - DY) } cosnt, teR.
n=1

m2nt
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3) The Fourier series has clearly the majoring series

73 1 4
I+6ﬂ'z<n2 7rn4> —|—127TZ

This is convergent, so it follows that the Fourier series is uniformly convergent.

4) If we put ¢ =, then

fm)y=r* = —+6 Z{ ik (1;2(1;1)71)}(—1)"
- TS L SO

L 12 2 .

— Z"‘GTF €+?I;(2p_1)4( ]_)2 1

hence by a rearrangement,

ié—l 7T_3+ 3 _ -3 —7T_4
-1t 2ua\a """ )T o6

p=1

Example 2.10 The periodic function f: R — R of period 27 is defined by
1, te]-m, —m/2|,
F =4 0, tel-m/2m/2,
1, ten/2,7].

Sketch the graph of f. Prove that f has the Fourier series

[~ % + % i (=1)" cos(2n — 1)t.

Find the sum of the Fourier series and check if the Fourier series is uniformly convergent.

The function is even and piecewise C'! without vertical half tangents, so f € K3 _, and the Fourier
series is a cosine series, b, = 0. According to the main theorem we then have pointwise,

1 oo
@) = 5 a0 + ay, cos nt,
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Fourier series and uniform convergence

here the adjusted function f*(t) is given by
1, forte|—m —7/2],

1/2, fort=—m/2,

ff)y=4 0

1/2, fort=m/2,

for t §—m/2,7/2],

1, forteln/2,7],

continued periodically, cf. figure.

y 0.8
0.4
) ‘ ) 2 ‘ | 2 4 ‘
The Fourier coefficients are
2 (7 2 (7
ap = — f(t)cosntdt = = cosnt dt.
™ Jo Q0 w/2
We get for n =0,
2 (7 1 1
a():—/ 1dt =1, thus —ag==.
T 77/2 2 2
Then for n € N,
2 [T 2 2
ap = ;/ﬁmcosntdt = %[Sinnt];/2 = sinn%.
If we split into the cases of n even or odd, we get
(gp = = o ~sinpm = 0,
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(=1

2p—1

™

-sin(2p — 1) 5

a2p—1 = —

SEE®

m(2p — 1)

We get by insertion the given Fourier series (with equality sign for the adjusted function)

N | =

) =

2 ¢~ (=1
— 2p — 1)t.
+W;2p_1cos(p )

Since all terms cos(2p — 1)t are continuous, and f*(¢) [or f(t) itself] is not, the convergence cannot be
uniform.

Example 2.11 Let f € Ko, be given by
f(t) = el for —m <t <.
1) Sketch the graph of f and explain why f € K;. ..

2) Prove that the Fourier series for f is given by

1, . 2 = 1—em(—1)"
;(6 —1)—;;’”2—4_1 cosnt.

3) Prove that the Fourier series is uniformly convergent.

1) Since f is piecewise C'*° without vertical half tangents, we have f € Kj_. Now, f is continuous,
cf. the figure, so it follows by the main theorem that f(¢) is pointwise equal its Fourier series.
Since f is an even function, the Fourier series is a cosine series, thus

(9) f(t) = % ao + i an cosnt,

n=1
cf. the figure.

2) Then we get by successive partial integrations,

2 i 2 2 ™
ap = —/ etcosntdt = = [etcosnt]ng—n/ el sinnt dt
™ Jo us T Jo
2 2 < 2nZ [T
= —{(=D"e" -1} + = ¢! sinnt]o - e’ cosnt dt
™ T T 0
2
= {(=D)"e" =1} + 0 —n’ay,
s
so by a rearrangement,
2 (=)™ -1 2
ap = . (71)2—64-1’ n € Ny, specielt ag = ;{e” -1}
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Alternatively it follows directly by complex calculations with cosnt = Re e that

) T ) T ] 9 1 ] T
an, = —/ etcosntdt = = Re/ eItimtgr — Z Re [— e(1+m)t}
T Jo T 0 s 1+1in 0
2 1 . 2 (=1)"e™ -1
= Z._ _Re[(l1- ()1} = oL T
2 Rel(1 —im ey -1y = 2 S

Then by insertion into (9) we get (pointwise equality by (1)) that

1—e€"

Tiil + 1 cosnt.

ft) =

3) The Fourier series has the convergent majoring series

T oo

em—1 2 1 em—1 2 =1
Zle™ 41 — < —(e™+1 — <
+7T(e + )ZnQ—i-l T +7r(e * );rﬂ o

™

so the Fourier series is uniformly convergent.
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Example 2.12 Let f € Kon be given by
ft)=(t—m)? for —m <t <.
1) Sketch the graph of f in the interval [—m, 7).

2) Prove that the Fourier series is convergent for every t € R, and sketch the graph of the sum
function in the interval [—m, 7).

3) Explain why the Fourier series is not uniformly convergent.

4) Prove that the Fourier series for [ is given by

472 = ((=1)"
T”Z{ :
n=1

—_1)n
cosnt + w sinnt} , teR.
n n

(1) and (2) Since f is piecewise C! without vertical half tangents, we have f € K3 . Then by the

main theorem the Fourier series is pointwise convergent with the adjusted function f*(¢) as its
sum function, where

f@t) fort#£(2p+1)m, peZ,
[t =
272 fort=2p+ )7, peZ.

360°
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Examples of Fourier series Fourier series and uniform convergence

(3) Since f*(t) is not continuous, the Fourier series cannot be uniformly convergent. In fact, if it was
uniformly convergent, then the sum function should also be continuous, which it is not.

(4) We only miss the derivation of the Fourier series itself. For n > 0 we get by partial integration,

I 1[1 " 2 [T
anp = —/ (t—w)2cosntdt:—{— sinnt-(t—ﬂ')ﬂ - — (t — ) sinnt dt
Z - T |n oo ),
2 [1 B 2 [T
= 0+ — [— cosnt-(t—ﬂ)} - — cosnt dt
™ |n _.oom? )
2 " 4 n
= W{O*(*l) '(*27T)}*0:?(*1)7
and for n =0
1 [ 1[@t—m)3" 1 8r® 2
00:*/ (t,ﬂ—)th:, ﬂ :,.8l:8l7
g — us 3 . T 3 3
and for n € N,
1" - 1] 1 J° 2 7
b, = = (t —m)*sinntdt = = |—=cosnt - (t — ) + — (t —m) cosntdt
TJ T 7 oo™,
1 2 2 (7 4
= —  (=1)"-4x*+ Z[sinnt- (t —7)]", — — sinntdt = — - (—1)™.
p—- (=)™ - 4rx +7Tn[blnn (t—m)]", p—- _ﬂblnn - (-1)
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Summing up we get with pointwise equality,

472 — [ (=) —-1)"
f @) = % +4nzl{( n2) cosnt + % sinnt}, teR.

Example 2.13 The periodic function f: R — R of period 2 is defined by
sint, te|—m,0],
ft) =
cost, t€]0,m].

It is given that f has the Fourier series

cost—l—smt 2 i os2nt+2nsm2nt
7r 2 .

1
Fro=0 2_1

1) Sketch the graph of for f.
2) Prove that the coefficients of cosnt, n € Ng, in the Fourier series for f are as given above.

3) Find the sum function of the Fourier series and check if the Fourier series is uniformly convergent.

Let

O fE
A

be the even and the odd part of f, respectively.

4) Find the Fourier series for f+, and check if it is uniformly convergent.

5) Find the Fourier series for f~, and check if it is uniformly convergent.

1) We note that f is piecewise differentiable without vertical half tangents. Then by the main
theorem the Fourier series is pointwise convergent with the adjusted function f as its sum function.

2) The coefficients a,, are defined by

17 1 [ 1 (7

a, = = f(t)cosntdt:—/ sintcosm‘dtJr—/ costcosntdt
TJ TJ T Jo
1 0

1 ™
= — {sin(n + 1)t —sin(n — 1)t}dt + — [ {cos(n + 1)t + cos(n — 1)t}dt.
2w 2w 0

—T
In order to divide unawarely by 0, we immediately calculate separately the case n = 1:

0

1 1 /" 1 1
a = 5 sin2tdt+%/0 {cos2t+1}dt:0+g{0+w}:§.

—T
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.

Then we get for n >0, n # 1,

1 [ cos(n + 1)t cos(nl)t]o 1 [sin(nJrl)t sin(n — 1)t]"
an = —

o n+1 n—1 2 n+1 n—1 0
1 1 1
= —<- I—(-D)""M 4+ ——[1—(-)"!
R I G R e G ]
1 2 11
5 pr ot (D= e {1 (21"

It follows immediately, that if n =2p+ 1, p € N, is odd and > 1, then
a2p41 = 0.

When n is replaced by 2n, we get

1 2
o = a2 -1
In particular we find for n = 0 that
I |
300 =~
Summing up we get
%aoz—%, alzé, az":%jmzilfl’ aont+1 =0, forneN,

in agreement with the given Fourier series.
3) According to (1) we have pointwise convergence with the sum

sint, te]—m,0],

)12 t=o,
1) = cost, te€]o,n,
-1/2, t=m,
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which is continued periodically.

Since f (and f ) is not continuous, the Fourier series for f cannot be uniformly convergent.

4) The Fourier series for f* is the even part of the Fourier series for f, thus
11 2 1
+
~ == Scost4 = Y ——— cos2nt.
f ﬂ~|—2cos +7Tn=14n2_1cosn

This is clearly uniformly convergent, because it has the convergent majoring series

1 1 2 1 2.1 77
— o4+ —— <142 =14
7r+2+7r;4n2—1_ +7Tn¥1n2 +3

Remark 2.2 It follows that

{sint +cost}/2  forte]|—m0]
FH) = 1/2 for t =0,
{—sint +cost}/2 fort €]0,n],
—1/2 for t =,

hence the continuation of f* is continuous and piecewise C'! without vertical half tangents.
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Examples of Fourier series Fourier series and uniform convergence

5) The Fourier series for f~ is the odd part of the Fourier series for f, thus
R R s n .
f Ni—‘r;;m Sln2nt.

If this series was uniformly convergent, then f~ should be continuous, and hence also f = f*+ f~
continuous. jvspace3mm

However, f is not continuous, so the Fourier series for f~ is not uniformly convergent.

Example 2.14 Let f € Ko, be given by
1
flt)= P t(4m —t), t € [0,2n].

1) Sketch the graph of f in the interval [—2m,2m].

2) Explain why the Fourier series is pointwise convergent for every t € R, and sketch the graph of the
sum function in the interval [—27, 2m].

3) Show that the Fourier series is not uniformly convergent.
4) Prove that the Fourier series for [ is given by

cosnt + simmn .
2 2 ’
3 T —1 n n

Hint: One may use without proof that
2 2 t(dm—t
/t(4ﬂ'—t) cosntdt = — (2m—t) cosnt + {—3 + L)} sinnt,
n n n
and
2 2 t(dm—t
/t(47r—t) sinnt dt = — (2m—t)sinnt — {—3 + L} cosnt,
n n n

forn e N.

(1) and (2) It follows from the rearrangement,

1

= H{élﬂ'2 — (t—2m)%}

ft)

that the graph of f(¢) in [0,27[ is a part of an arc of a parabola with its vertex at (2m,1). The
1
normalized function f*(¢) is equal to B for t = 2pm, p € Z, and = f(t) at any other point. Since

f(t) is of class C* in |0, 27| and without vertical half tangents, the Fourier series is by the main
theorem pointwise convergent with f*(¢) as its sum function.

(3) Since f*(t) is not continuous, it follows that the Fourier series cannot be uniformly convergent.
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(4) We are now only missing the Fourier coefficients. We calculate there here without using the hints
above:

27 27
1 1 1 1 4
== Amt—tH)dt = — |27t — — 3] =2—-.2=_.
a0 /0 2 (Tt=10) 4w3[” 3 L 3 3

We get for n € N,

2m
/ / g — (4mt— t?) cos nt dt

= 1 {n t(4m—t) smnt} = / (4m—2t)sinnt dt

2 2 1 1
= W[(% t) cosnt]] 27r2n2 cosm‘ dt = ~o3 7= "3
and
1 27 1
b = —/ 1 — (4mt— t?) sinnt dt
™ Jo T
1 1 2m 2m
= 13 {_ﬁ t(47r—t)cosnt}0 +27r3n/0 (2m—t) cosnt dt
1 1 . o 1 27 . -
= 47T3n(—27r - 2m) + W[(?W—t) sinnt|§™ + W/o sinnt dt = —=

Hence we get the Fourier series with its sum function f*(¢),

1 oo
5t = 5 a0 + nz:l{an cosnt + by, sinnt}
2

1 1
- _——Z{— cosnt+—smmf} teR.
7T

w
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Example 2.15 We define for every fized v, 0 < r < 1, the function f, : R — R, by

1)

2)
3)

4)

9)

fr(t) =In(1+ 7% — 2rcost), teR.

Ezxplain why f, € K3 .

Prove that f, has the Fourier series
(o) ’I"2

10 -2 — t).

(10) 5 costut)

Prove that the Fourier series (10) is uniformly convergent for t € R, and find its sum function.

Calculate the value of each of the integrals
27

fr(t)dt, ” fr(t) cos(5t) dt, ' fr(t) sin(5t) dt.
0 0 —T

Find the sum of each of the series

n

7;2"-n °d ;3”41'

Prove that the series which is obtained by termwise differentiation (with respect to t) of (10), is
uniformly convergent for t € R, and find the sum of the differentiated series in —m <t < .

Clearly, f.(t) is defined and C*° in ¢, when 0 < r < 1, because we have
L+7% —2rcost>1+7r2—2r=(1-7)?>0.

Since it is also periodic of period 27, it follows that f, € K5 _. Then by the main theorem the
Fourier series for each f,.(t), 0 < r < 1, is pointwise convergent with f,.(¢) as its sum function.

Then we prove that the Fourier series becomes
fr(t) =In(1+ 7% —2rcost) = —2 Z = cos(nt), 0<r<l,
n=1 n

where we have earlier noted that the equality sign is valid.

First note that the quotient series expansion

1 oo
T = E z", for |z| < 1,
-z
n=0

also holds for complex z € C, if only |z] < 1.

Then put z = re®t, thus |z| = r €]0,1[, and we get by Moivre’s formula that

2" = "™ = r"{cosnt + isinnt}.
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Then we get for 0 < r < 1 by insertion into the quotient series that

1 1 o0 oo
n 7 ..
— = = E 2" = g r™"{cosnt + isinnt}.
11—z 1-—re g

n=0

Here we take two times the imaginary part,

= . 1 1 1—re
2Zr"smnt = 2Im(1—re“> :2Im<1—re“ . 1—7’6—“)
n=1
2rsint _ 2rsint
L4172 —r(eit +e~it) 1472 —2rcost’

The series has the convergent majoring series

n __
22 T —1_T<oo,
n=1
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o it is uniformly convergent. We may therefore perform termwise integration,
-2 Z o cosnt = In(1 +r* — 2rcost) + ¢,

where the constant c is fixed by putting ¢ = 0 and then apply the logarithmic series,

In(147%—-2r)4+c= ln{(l )2} +ec=2In(1-7)+c
n+1

e 9]
:—QZT Z (=r)" =2In(1 —r).
n=1
We get ¢ = 0, and we have proved that we have uniformly that
In(1 + r% — 2rcost) fQZ—cosnt

This intermezzo contains latently (2) and (5); but we shall not use this fact here.

2) If 0 < r < 1 is kept fixed, then we have the trivial estimate

| 22— cosnt

The Fourier series has a convergent majoring series, so it is uniformly convergent.

<22 *2111 r<oo.

3) This question may be answered in many different ways.

a) First variant. It follows from the definition of a Fourier series that

oo n 1 o0
t) ~ —QZ % cosnt = 3 @0 + Z{an cos nt + by, sinnt},

n=1
where

1 2

ap = — fr(t) cosnt dt,
T Jo
1 2w 1 ™

by, = — fr(t)sinntdt = — fr(t) sinnt dt.
™ Jo ™ J)_x

Then by identification,

fr(t) dt = Tag = 0,
0

2m

27
fr(t) cos(bt)dt = mas = — 5T ,
0

! fr(t)sin(5t)dt = wbs = 0.

—T

98
Download free eBooks at bookboon.com



Examples of Fourier series Fourier series and uniform convergence

b) Second variant. Since the series expansion

X n
Ly=-23" % cos(nt), O<r<l,
n=1

is uniformly convergent, it follows by interchanging the summation and integration that

2 0 n 2
T
f’r t)Ydt = =2 E — osntdt = 0,
( ) n / cos nt at

0 1 0

27 > rn 27
0 N :
fr(t) cos(5t) dt Z - / cosnt - cos(5t)dt

0 1 0

fr(t)sin(5t)dt = —2 Z r / cosnt - sinbtdt = 0.
. n

n=1
Remark 2.3 A direct integration of e.g.

2 27
fr(t) cos(5t)dt = / In(1+47r%—2rcost) - cos(5t)dt
0 0

does not look promising and my pocket calculator does not either like this integral.
4) Here, we also have two variants.

a) First variant. Since

o 7 1 1 )
Z— cosnt = ——f.(t) = —=In(1 + r* — 2r cost),
—n 2 2

1
we get by choosing r = 3 and t = 0 that

oo
1 1 1 1 1 1 1
— = 0)=—=In(l+--2--)=—=In(- ] =In2.
;mn 3/172(0) 2n<+4 2> 2n<4) "
. 1
If we instead choose r = 3 and t = 7w, we get

= (=) 1 1 1 2 1,16 3
=—— =——In{l4-4-)=—-lh—=In".
; n3n fis(m) = —gln{1+g+3 29 T

b) Second variant. If we instead use the series expansion

i 7(_1)::1’“” =ln(l+r), rel-11]

n=

=
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1
we obtain for r = —3 that

oo

— L:ln (1—1> —1n2, dvs. L =1In2.
et n2n 2

1
Then for r = 3

o (-1)" 1y 4 RN
72 —an =1In 1—0—5 —lng, dvs. Z
n=1 n=1
5) When we perform termwise differentiation of the Fourier series. we get

o0
22 7" sin nt.
n=1

3

3

— 2.
o

2r . .. .
= 1 < oo is a convergent majoring series. Consequently, the
- T

differentiated series is uniformly convergent with the sum function f/(¢), thus

If0<r <1, then 2> 7,

2tsint

d
2ZT7’smnt 7 (1472 =2r cost) = 14712 —2rcost’

~
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Examples of Fourier series Parseval’s equation

3 Parseval’s equation

Example 3.1 A function f € Koy is given in the interval | — 7, m| by
2 2
5 It forlt < 3

f(t) =

0 otherwise.

1) Sketch the graph of f in the interval |, 7).
Prove that f has the Fourier series

2 =2 2
§+ZW(1—cos<n§)>cosnt, teR.

n=1

2) Given that

T 16
/ f(t)?dt = =1 ™,

find the sum of the series

1 1 1 1 1 1 1 1

ntatptatata gttt

1.5

0.5

1) Since f is continuous and piecewise C'* without vertical half tangents, we have f € Kj_. The
Fourier series is then by the main theorem pointwise convergent and its sum function is f*(¢) =
f(t), because f(t) is continuous. Now, f(t) is even, so b,, = 0, and

27 /3
2 /2”/3 21 N y__L]|(2 : 1 /27\° 4m
an = — _— = — _— = — _ —
7/ 3 |\ '3 . w3 9
We get for n > 1,
2 [*/3 fon 21 /2 /B g om/3
a, = —/ (——t)cosntdt:—[— (——t)sinnt] + — sinnt dt
T Jo 3 T in\ 3 0 ™ Jo

2 2m/3 2 2w
= W[fcosnt}o = 1 — cos 5 "))

The Fourier series is then with an equality sign, cf. the above,

o0

fit) = %T +Z % {1 — cos <n2§)}c0smﬁ.

n=1
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Examples of Fourier series

2) By Parseval’s equation we get

1 /7 1 ad 1 /4r\? 4 & 2\ 1% 1
1) = 2dt = a3+ > a2 =< (— = > {1—cos (T L
( ) f(t) a 2a0+ o 2<9> +7T2 —1{ COB( 3 >} nt

TS n=1
Here
™ 27/3 2 3727/3 3 5
f(t)2dt:2/ Y a2y _2 (2 _16”7
—r 0 3 3(\3 . 3\3 81
and
4
3
2mn\ (T2, 4<i£> — 2 43,
{1—cos <—>} —{QSm (7>} =4sin (n§> = 9

1672 82 4 9 1 =1
e B IS

81 81

w2 82 8t

:an%:(—‘<1‘g>zﬁ‘—12m‘?8—1—m

Note that it follows from the above that

il 81 8t 7t
i 80 729 90
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Example 3.2 A periodic function f: R — R of period 2m is given in the interval |— m, 7] by

F&) = {=lt| -2}, te]-mml.

1) Prove that f has the Fourier series
™ &3
30 ,; A 908 2nt.

1
2) Find the sum of the series 3" | —.
n

3) Prove that the series which is obtained by termuwise differentiation of the Fourier series above is
uniformly convergent in R. Find the sum of the termwise differentiated series fort € ]— m, m].

The function f is continuous and piecewise C'' without vertical half tangents, hence f € Kj_ . The
Fourier series is by the main theorem pointwise convergent and its sum function is f*(¢) = f(t).

1) Since 7|t| — t? is even, f(t) is also even, and the series is a cosine series, hence b,, = 0, and

ag Z/Wf(t)dt:g/w(ﬂt—ﬁ)zdt
0 0

™ ™
2 [T 2 (1 1
= = tr—omtd 4+ ) dt == — — =m0 4+ =7
71/0 ( i ) 7\5 2" —’_37T
27t 7t
= 2 (6-15+10) = —.
30 ( +10) 15
If n € N, we get instead
2 ™
an, = —/ (t* — 27t® 4 72t%) cos nt dt
T Jo
2 2 2 . 7T 2 g 3 2 2 .
= — [(t —t) smnt} —— [ (4t°—6mt=+27°t) sinnt dt
™ 0o 7 Jy
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Parseval’s equation

s0
a, = O—I—i [(2t3—37rt2+7r2t2)]7r——4 ﬂ(6t2—67rt+7r2) cosnt,dt
n 2 0 7n2 0 ’
= O—i [(6t2—6ﬂt+ﬁ2)sinnt]w+£ /W(Qt—ﬂ) sinnt dt
™3 0 n371 J
24 48 [T
= 00— — [(2t—7r)cosnt]g+ﬂ_—n4/0 cosnt dt
24 n 24 n
= —— {m(-1) +7T}:*n4 {14+ (=1)"}.

Thus we get aspy1 =0 for n > 0, and

24 3
agn = — 2=——

@n o for n € N.

Summing up the Fourier series is with equality sign (by the beginning of the example),

o 2 2_ 7T4 s 3
f) = {7T|t|—t } =35 _;F cos 2nt, te|—-mmn.

no.l

nine years
in a row

<
)
&
%)

Stockholm
(]
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Examples of Fourier series Parseval’s equation

2) We get by Parseval’s equation that

™) ™
401 4 7 2 4 3 [T, )
= R t oo S(r—t)?at
0+ 5{6 (m )L+7r 5 6/0 (=)
2 4 31 T2 4 3 2 (7
= 0+=2-—- 2 |zt (n—t)? Z.-.2.Z /t7 —t)dt
+7r56{7()0+5670(ﬁ)
2 4 3 271 T2 4 3 2 B
= 0+Z.2.2.Z2 8 (n—t 2. 2.2 2. Z t3dt
+7r567[8 (m )]0+7r567 /0
_ 243217?97 78 77r8
7 5 6 78 9 5.7-9 315

By insertion into Parseval’s equation we get
8 o0 8
T 1 T
- 9 - =
450 + ; n8 315’

hence by a rearrangement,

i17w8 1y 135 A 9-15 ™ 78
nd8 9 \315 450/ 315-450 9  3-105-3-150 9  9450°

n=1

3) The termwise differentiated series
= 1
6 Z 3 sin 2nt
n=1
o . o 6 .o .
has the convergent majoring series >~ —, hence the series is uniformly convergent.
n

Its sum is for ¢ €]0, [ given by

d d
F'(t) =2 (vt =) = = (¢ = 226 £ 7°%) = 4t° — 6t + 211,

Analogously, we get for t €]— m, 0],

f(t) = 4t3 + 6mt* + 2rt.
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Then by a continuous continuation, f/(r) = f'(—=) =0 and f/(0) = 0, so

> 4¢3 4 6712 + 272t for t € [—m, 0],
6 Z e sin 2nt =
n=1

4¢3 — 6mt? + 27%t  for t € [0, ).

Example 3.3 Find the Fourier series for the function f € Kg, which is given in the interval |— 4, 4]
by

—t  for —4 <t <0,
ft) =

t  for0<t<d4.
Then apply Parseval’s equation in order to find the sum of the series

- 1
2 o

n=1

- D W A

As in Example 1.7 we see that f € K§. The function f is continuous and even, so it follows from the
main theorem that the symbol ~ can be replaced by an equality sign. Furthermore, the series is a
cosine series,

1 > nmt
ft) = 5 a0 —i—nE:lan c08 — =
where we have for n € N,
4 4 2mn 1 [ nt 1|4 . nrt\1* 2 4 nwt
an - tcos | —t ) dt = = tcos| — |dt=—-|—1t-sin| — - — sin [ — | dt
8 Jo 8 2 Jo 4 2 |nm 4 o Ny t
8 nat\1* 8 "

For n = 0 we get instead

1 1+21*
—— [ tdt==>|=| =4
=g [ te=3[3],

Since

0 for n even,
(_1)n _ 1 —
—2  for n odd,

106
Download free eBooks at bookboon.com



Examples of Fourier series Parseval’s equation

we get as, = 0 for n € N (however, ag = 4 for n = 0), and

16 1

azn_lz_ﬁ.m7 fOI"TLEN.

Summing up we get the Fourier series with equality sign instead of the symbol ~)

1

Whenever Parseval’s equation is applied, it is always a good strategy first to identify all coefficients.

In particular, we must be very careful with ag, because it due to the factor 3 plays a special role:

16 1
72 (2n—1)%’

ap =4, asy_1=— as, =0, b,=0 forneN.
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Examples of Fourier series

Parseval’s equation

Then by Parseval’s equation,

4 4 314
1 11t 32
2 2 2
—ao—i—g {a +bo == /_4tdt—2/0 tdt—2[3]0—3,

hence

1 5 = , 16 162 1
St LG =t E Y G
n=1 n=1

and we get by a rearrangement,

i 1 7t 32 16 72 1| 7t 1 «*
2n—1)* 1623 2 1613 2 16 6 96

n=1

Example 3.4 A periodic function f: R — R of period 27 is defined by

cos2qt, fort e [0,7],
0, forte]—m,0],
where q € N is a constant.

1) Find the Fourier series of the function.

2) Use the Fourier series to find the sum of the series

- (2p —1)?
Z [(2p—1)2

p=1

— 4¢%)°

1
er — T

16

2

The function f is piecewise C'! without vertical half tangents, so f € K3, .

by the main theorem convergent, and its sum function is

1
3 for t =pm, p € Z,
) =
f(t) ellers.

The Fourier series is then
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1 [ 1 (7
ap=— / cos 2qt cosnt dt=— / {cos(2g+n)t+cos(2q—n)t}dt,
™ Jo 2 0

S0 a, = 0 for n # 2¢, and
1 T
9 = %/0 {cos4qt + 1}dt = =

Furthermore,

1 27 1 ™
b, =— / cos 2qt sinnt dt =— / {sin(n+2q)t+sin(n—2q)t}dt.
™ Jo 2T 0

If n # 2q, then

b = 1 cos(2q +n)t  cos(n —2q)t]"
"o on 2q+n n — 2q o
1 —1)2tn  (—1)"% 1 1
D VA o VS W
27 2q9+n n —2q 2g4+n  n—2q

B %(nqu n—Qq){l_(_ )}

If 2n # 2q, we immediately get as, = 0.
If 2n = 2q, then

™

1
= —/ sindqtdt = — [—— cos4qt] =0,
2 0
N.

hence by, = 0 for every n €

Finally,

) 1 1 N 1 2 o — 1
T @n—0)+2¢ | @n—1)-2¢f 7 (2n—1)2—4¢2’

and the Fourier series becomes with an equality sign, cf. the beginning,

2) Now, 2¢q # 0, so applying Parseval’s equation,

o0

1 4 2n —1)? 1
- += @n—1) 2:—/ cos?2qtdt = — -7 = -,
4 7 = {(2n—1)2—442%} 21 Jo 2m 2

hence by a rearrangement

(oo}

e w1y _w
;{(%—1)2—4(12}2 ] (2 4) 16°

Alternatively, the latter sum can also be found in the following traditional way. It is, however,
rather difficult, so I shall only sketch the solution in the following.
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Examples of Fourier series Parseval’s equation

a) First by a decomposition,

{(gn(iz)_zi)jqq? - ((Qninl)_?i4q2>2 B (% {271—;(1—1 +2n—|—;q—1 })2
1

1 1 1 1 1
T4 { (2b—2¢—1)2 i (2n+2¢—1)2 N 2q <2n—2q— 1 2n42¢— 1) }

b) Then we obtain after a very long calculation that

3 1 1 N+q 1
s;:;(%ﬂq_l B 2"+2q—1> :_p=N§—:q+1 op_1 0 forN—oo
because
N+q L )
ID:Nz;qHm SZq'm_’o for N — oo.

(We have 2¢q terms which are all smaller than or equal to the first term).
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Examples of Fourier series Parseval’s equation

¢) Then it follows from (a) and (b) that

N 2n —1)? 1 1 1
> =12 i 1 @y
={2n-1)2-4¢2)* 47 (20— 2q )2 4~ (2n+2¢+1)2
R 1 1 & 1 130 1
= - Z — 4= Z s =
—1)2 _1)\2 _1)\2
4,2 ) 4p:q+1 (2p-1) 2~ (2p-1)
-1
1 > 1 > 1 p
Zf{ draege HEO]

-1

‘Z TI( T2 i W
4

Remark 3.1 For ¢ = 0 it follows immediately that
x m—1 2 > 1 2 2
S (2n —1) 22272:2.7_:7_,
= {(2n - 1)? — 4¢%} — (2n—1) 16 8

2
and thus not 7{—, which one might expect.

Example 3.5 The periodic function f: R — R of period 2 is defined by
ft) =12 te]-m,m.
It can be proved that f has the Fourier series
2 > 4
(12) f~ % + Z E(—l)" cos nt.
n=1

1) Prove that this Fourier series (12) is uniformly convergent, and find its sum function.
1

2) Prove by applying Parseval’s equation that > -, =
n

0 (_1)n i
3) P that =——.
) Prove that )~ o B

—1)n
4) Find an integer N, such that |—— — 25:1 =0t <1074

7r
12
Introduction. The function is continuous and piecewise C'! without vertical half tangents, hence

f € K},.. The Fourier series is by the main theorem convergent with f(¢) itself as its sum function.
Cf. the figure.

1) It follows from
2 > 2 > 2 2
T 4 s 4 7 s 9
?+Zﬁ (—=1)"cosnt| < ?+Z¥:?+4.F:w < 00,
n=1 n=1
that the Fourier series has a convergent majoring series, hence it is uniformly convergent with the
sum function f(t).
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2) First we set up Parseval’s equation:

o0 T

pab+ @+ = [ (e

It follows from the Fourier series that

1 2 2 4(-1)"
500 = %, dvs. ap = §7r2, og an = (n2)

Then by an insertion,
172\ /4 1 /" 2
~ (= — | == tdt=Zqx"
2 (i) + 2 (o) =2 L=

and thus by a rearrangement,

o0

Zl 1 (2, 4 4 /1 1 4 7
_— = — - — —1T = — - — — = — . — = —,
1n4 16 |5 18 8 \5 9 8 45 90

n=

3) If we put ¢t = 0 into (1

2),
fo)=0=""+ Z

so by a rearrangement,

5

we get since f(t) is the sum function that

Tl

2

:12

4) The series (13) is alternating. Since

1
= —; tends decreasingly towards 0, it follows from
n

(="
n2
Leibniz’s criterion that we have the following error estimate,

(71)N+1
(N+1)?

- 1
TN+

12 n?

‘ 7T2 N (_1)n
n=1

S ‘
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Then we have

1 1
<107t < —
(N+1)2~ = 1002

for N +1 > 100, so we get by the error estimate that we can choose N > 99.

Example 3.6 Let f € Ko, be given by

f(t):sin%, te)—m,m.

1) Sketch the graph of f in the interval | — 37, 37].

2) Find the Fourier series for f.
(Hint: It is given without proof that

T t 4
/ sin - sinntdt = (—1)""*- o n e N> .

nZ2—1’

7
3) Find the sum of the Fourier series at the point t = ?ﬂ

4) Explain why the Fourier series is not uniformly convergent.

5) Apply Parseval’s equation in order to prove that

o] 2 2
3 ) -
4n? — 1 64"

n=1

1) The function is odd and piecewise C'°>° without vertical half tangents, and with discontinuities at
t = 2p+ m, p € Z. Tt therefore follows from the main theorem that the Fourier series is

convergent with the sum function

f#) fort# (@t m pez
[t =
0 fort=2p+1)w, pez.

2) The function f is odd, so a,, = 0, and

2 (" t 2 4
by, = —/ sin (= | sin(nt)dt = — - M, n €N,
7 Jo 2 7 1—4n?

and the Fourier series is given with its sum function by

=23

n=1

3

sin(nt).
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Examples of Fourier series
N ~
// // //
/ /
/ / /
Y 05

/ / /
/ // /’/
/ //

B IR AR A AnRAr U
// / X /’/
/ /
/ 1051 //
/ / /
/ P2 L/
3) It follows from the periodicity that
n e f T 1 8=n(-1)" nmw
f (3) / (3 ”) 15) =g =3 7r7;1174n28m3
4) The sum function f*(¢) is not continuous, hence the convergence cannot be uniform. [In fact, if
the convergence was uniform, then the sum function should be continuous, which it is not].
00 2
(=)
—an2 )
! 1—4n

=3

5) Then we get by Parseval’s equation,
64

t
.2 1 2
sin <2> dt =1= EZlbn

1 T
.
hence by a rearrangement,
2
64

e} 2
n
;(47121) -
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4 Fourier series in the theory of beams

Example 4.1 A periodic function f of period 2¢ is given in the interval |— ¢, £[ by

14
0 for—€<t<—§,
L
—qo for—§<t<0,
14
qo for0O<t< =,

2
0 f0r§<t§€,

where qo 1S a positive constant.

We define in points of discontinuity f(t) = %{f(tJr) + f(t—)}.

1) Sketch the graph of f(t) in|— £,€[, and prove that the Fourier series for f is given by

2qo - 1 . ™
— Z {271_1 sm(2n—1)zt+

n=1

1—(-1)"
2n

s
sin2n—t]| .
/

2) A simply supported beam of length £ and of bending stiffness ET is loaded (constant load qo on the
first half of the beam,).

a) The linearized boundary value problem for the bending u(x) of the beam by the load q(z) is

d'u q(z)

= w0 =u(l) =u"(0) =u"(f) = 0.

b) Find the bending u(x) in the form of a Fourier series of the type

Z {b2"*1 Sin(2n_1)%$ + bay, sin Qn%x} ,
n=1

where the boundary value problem in (a) is solved by means of the method of Fourier series,
and where the result of (1) is applied.

l
¢) Prove that the bending u <§) can be written as the series

2(]0[4 > (_1)77,—‘,—1
Elr® &= (2n — 1)5’

=1

l
and explain why the series is convergent. Find an approximative value of u <—) with an error

2q00* 1

which is smaller than BIs T

1) Clearly, f € K;,, because f is piecewise constant. The function f is already adjusted. and since
f is odd, we get a,, = 0, and the Fourier series is a sine series, which by the main theorem has
the sum function f(¢).
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1
0.5
2 4 0 1 2
X
—0.5
=1
By a calculation,
2 ! t 2q0 [*?
b, = 7 ), f(t)sinn%dt:%/o sin(n%)dt
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Examples of Fourier series Fourier series in the theory of beams

The Fourier series is with an equality sign, cf. the beginning, given as required by
& 1— (—1)"
:%;{ sm (2n— 1)6 —i—%sirﬂn%t}.
2) Now, q(x) = f(x), so it follows from (1) that
qz) 290 fo~ 1 roo1—(-)" o«
= 2n—1)—t + ————sin2n—t ;.
EI  rEl {nz_:l S e

This series is not uniformly convergent (because ¢(z) is not continuous), so strictly speaking we
are not allowed to perform termwise integration. Nevertheless, if we perform termwise integration
four times, we get

2q00* | & 1 . T 1-(-D)" 7w ) 3
u(t) = —E] 7;1 I s1n(2n—1)zt+ Wsm%zzt + co + 1t + cot” + c3t”,

where we later shall come back to this inconsistency with the usual theory.

Then by the boundary conditions,
w0)=0=1cy and u(f) =0="L(c1 + col + c3?),
u”(0) =0=2cy and u'(£) =0 = 2cy + 6c3t,

hence ¢y = ¢; = ¢o = ¢3 = 0. Thus

_ 20t [ 1 ) T 1—(-1)" -
U(t)i 7T5EI {Z (271—1)5 SIH(ZTL l)zt + W sin QTLZt .

n=1

T /

(2

If t = g then sin <2n% : g) = 0 and sin <(2n —1Z

> = (—1)"*!, hence

*(3) = i = (!

2)  EIr® &= (2n—1)%’

This series obviously has the convergent majoring series

2(]064 > 1
Elx Z:l ns’

1
The series is alternating and m is decreasing, so we get the estimate
oo n+1 3 n+1 1 1
n; 2n—1 z:: 2n—1 S@a-p W
whence,
14 2q00* (1 1 1 1512986  qol* q0£4
= — — — = ———= - —— ~ 0,006511 -
" (2) EIS\T 3 5[ 75030550  EI EI
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We can now repair the “hole” in the argument above by directly solve the equation

d*u _ g(x)

SR wo) =) = (0) =" (0) = 0

with four (difficult) integrations. First we get from

o for x € }0,;{,

d*u Bl
dat ’
f -0
0 orxG}Q, [,
that
/
%ercl forxe{(),ﬂ,
du
dzd
qol 14
m—‘rcl for x € |:§,£:|7
hence
q—0x2+c +c for x € O£
d2u 2E] 1 25 a2 )
da? >
qol cil qol Y4 V4
—_— 4+ — — —— f —. 0.
8ET 2+c2+(21«71+01 vog ), foree gl

Now, u”(0) = 0 so ¢3 = 0, and since u”(¢) = 0 we get

B @l? el gl el B 3ql?

0=SEr T35 TaEr T2 “sEr Tt
thus
o= — 3(]02
YT URED
By insertion and reduction,
q0 2 36]05 f 12
. . 0<z<-~
2o | 2BTT T BETT TEETEy
de? 2
qu qu f K
— LA (R - <
16ET ' 8EI (x 2) for g <@t
SO
qo 3 3qo? 2 f 1
_ 0<z<-~
J 6EI" " 16 Y T V=T =g
au_
dr 3 3 2 2
qo? 3qo0f 4 14 Y4 14 14
. Sy _ for = <z < 0,
ASET G4BT @ T 1eEr \" " 2) Temr\* T 3) 0 rgsTs
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¢
Since u(0) = 0, we therefore get for 0 < z < 3 that

gzt qolx?

= for 0 <z <
u*) = 5upr “epr Tr for0sws

N

If then x € [5,4 we have

( ) q0£4 q0€4 + f + 5q0€3 K
u\xr = — — — _
24.16E1  16-8E1 27 \® " 19281 ) \* T 3

I A S A A
32FE1 2 48K 1 2) 7

where
Wt (11 1 5 11 1
H=0 = P _ ¢
u(€) =0 16EI{24 S 212 1 2'Rg3lt
CI0€4 1-3-5-3+1 36]0£4
_ . P LY
16E1 24 tes 12857 T
SO
o 3 Dl
37128 EIT

Then by insertion of ¢z and some further calculations we finally obtain that

9 4 _ ot 3 iM f < <€

5Bl " T 16EI° 128 EI or0szso,
u(zr) =

7T ol 1 qol 5 14

A oy 30 <<

31 BrW g po ) forgsest

l
where it is more convenient for x € [5, Z] to use ¢ — x as the variable.

l
If x = o then

<£) 5 qol* _ 2qot* = (—1n)nHt

2) 768 EI  Elr® & (2n—1)%’
hence
o0 (_1>n—1 _i 7.[._5_ 57'['5
= (2n—1)° 768 2 1536
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