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PREFACE

The series of elementary algebra exercise books is designed for under-
graduate students with any background and senior high school students
who like challenging problems. This series should be useful for non-math
college students to prepare for GRE general test - quantitative reasoning
and GRE subject test - mathematics. All the books in this series are
independent and helpful for learning elementary algebra knowledge.

The number of stars represents the difficulty of the problem: the least
difficult problem has zero star and the most difficult problem has five
stars. With this difficulty indicator, each reader can easily pick suitable
problems according to his/her own level and goal.

Many thanks to Lina Zhang for translating and typing the our hand-
writing notes into Latex.
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4 TRIGONOMETRIC FUNCTIONS

4.1 Given —g <z <0andsinz +cosz =
2

, (1) find the value of sinz — cosx; (2)

ol Ot —

3sin?Z — 2sin Z cos Z + cos
find the value of 2 2 2
tanx + cotx

1 1
Solution: (1) The equation sinz + cosx = R implies that sinz = 7 —cosz. Substitute

3
it into sin?x 4+ cos?x = 1 to obtain 25cos’z — 5cosz — 12 = 0. Then, cosz = ——
4
or cosT = 5 Since —g < x < 0, we have cosx = R and sinx = —r Hence,
sinx —cosx = ——.
5
. 2sin2§—sinm+1 ) i
(2) The expression is equal to e = (2—cosz —sinz) -sinz - cosx =
4 3 3 4 108 cosx sinx
R
5 5 5 5 125
i 1
4.2  Find the range of y = smrt .
cos T + 2

Solution: The equation implies that ycosxz + 2y = sinz + 1, then sinz — ycosx =

2y — 1= /1 +y?sin(x — ¢) = 2y — 1, where sin p = ——=—. Since sin(z — ¢) < 1,
V1+y?

that is /1 +y? > |2y — 1|. Squaring both sides of the equation, we can obtain
4 4
3y? — 4y < 0. Therefore, 0 < y < 3 that is, the range of y is [0, =].

3
1 sin30
4.3  Given f(0) = —5+ ZSiI?Q (0 < 0 < m), (1) express f(f) as a polynomial
2

of cosf. (2) If a € R, find the range of a where there is at least one intersection of the
curve y = a cos + a with the curve y = f(0).
sin 26 — sin £6 _cos 30 sin 6

0
Solution: (1) f(6) = 2smly sinld = 2cos 29 cos 5 = cos 20 4 cos 8 =

2cos* 0 + cosf) — 1.

(2) According to the given condition and (1), we have
y=2cos?0 + cosf — 1
y=acosf+a

It is easy to figure out that (cosf + 1)(2cosf — 1) = a(cos@ + 1). Since 0 < § < 7
and cosf + 1 # 0, we have 2cosf — 1 = a. On the other hand, —1 < cosf < 1, thus

1
_1<a+

< 1, which is equivalent to —3 < a < 1.
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sin § — cos 8

4.4  Given tana = show sin 8 — cos 8 = +£v/2sin a.

sin 3 + cos 3
. . . sin 8 + cos 3 5
Solution: The equation is equivalent to cooaw = ———— then cot*a + 1 =
sin 8 — cos 3
sin B + cos 3, 2 1 2 o
— ) +1 = - , hence = — , that is (sin 5 —
<81n6—cosﬁ 1 —2sin B cos 8 sina (sin 3 — cos 3)2 (sin 8

cos 3)% = 2sin? a. Thus, sin 3 — cos B = +v/2sina.

4.5 Given ¢ — e =2tanf,e” + e =2sech,0 <0 < g, solve for x.

1+ sind

Proof: Adding the given equations, we obtain e¢* = tanf + sec = —1—51;1 _
Cos

1 —cos(§ +0) T 0 - - cost
= tan(— + <). Si T > 0,0 <6 < =, then — < —+ = <

sin(z + 0) an(4 + 2) ince e 7 >+ then = T

0 0
gataﬂ(g + 5) > 0, then z = lntan(% + 5)

4.6 If acute angles = and y satisfy sinycscx = cos(z + y),x +y # g, evaluate

the maximum value of tany.

Solution: Since sin y cscx = cos z cos y—sin x siny = sin y(sin z+csc ) = cosx cosy =
cosx sin z cos x sin x cos x tanz tanzx
sinx +cscx 1+sin“zx 2sin“x + cos? x 1+2tan*x 2v/2 tan x

2
——, the equality holds if and only if tanx = - Therefore, the maximum value is

S

2
4.7  Given sina + sin 8 = BB evaluate the range of cosa + cos 3.

2
Solution: Let t = cosa +cos 3 --- (@D and % =sina+sinfg---@.

1
D’ + @ => t* + 5 = 2 4+ 2cos(a — /), that is 2cos

3
—1<cos(a—ﬁ)<1:>—2§t2—§§2,thent2§

(cosa +cos ) € [—g, g]

—~

3
a—B) = t* — 3 Since
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-3
4.8  Solve the inequality arcsin x >
2c—1 6
Soluti 1 7r:> ,x—3> '1:>x—3>1
olution: arcsin — = — = arcsin arcsin — —.
2 06 20 — 1 2 20 —1 2 5
On the other hand, by the domain of arcsine function, we can obtain —1 < ; — 1 < 1.
:L‘ —
Subsequently, we have x < —2 as the solution.
4 5 56
4.9  Show arctan — 3 + arccot D + arctan ﬁ =T.
4 s+ 12 4
Proof: Since tan(arctan 3+arctan ﬁ) = 1 %323 =—% and arctan 3 € (%, g), arctan — €
4 56 5
(Z 72r) then (arct;ng + arctan ﬁ) € (g 7). In ad;igclon arccotﬁ € (0, g), it im-
plies (7; — arccot E) (g, 7r)5:> arctan 3 + arctan 33 ="~ arccot o Therefore,
arctan - 3 + arccot I + arctan 33~ .

410 % If f(n) = cos%, (n € N*), evaluate the value of f(1)+ f(2)+ - -+ £(2000).

2
Solution: Assume the period of the function is T, then 7" = Tﬂ = 10. Thus f(1) +
’ T 2m 3m
F(2)+ F3)+ F(A)+ F3)+ F(6)+ F(T)+ F(8) + F(9) + F(10) = cos T +cos T +cos 1+
4m . om i 67 n T n 8w . 9m . 107 g T 9m
COS — =+ €OS — + 05— =+ COS — =+ €0S — =+ €0s — + cos——. Since cos — = cos — =
5 5 5 5 5 5 5 5 9
4m 6T 2m 8w 3w T om 107
—C0S — = —COS —,CO0S — = COS — = — COS — = — COS —,COS — = — COS ——,

then f?l) + f(2) +---+ f(10) = 0. As a conclusion, f(1) + f(2) + - -§+ f(2000)=0.

4.11 % Find the monotony interval of the function y = cos? z + sin .

Solution: Since y = cos’z + sinz = —sin?xz + sinz + 1, let ¢t = sina, then y =

1 5 1
P Ht+1l=—(t— 5)2 + T It is monotonically increasing when = € (—oo, 5] and it

1 1 5
is monotonically decreasing when x € [2 00). Since t = sinz < 5 = 2km + 5 S <z <
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13 1 )
2km + Tﬂ, (ke Z),t=sinz > 5= 2k;7r+% <o < 2km+ %, (k € Z). Additionally

since the function ¢ = sin z is increasing in the interval [2k7 — g, 2km+ g], (k€ Z), and

3
it is decreasing in the interval [2km + g, 2km + ;], (k € Z). As a conclusion, the in-
5)
creasing interval y = cos? x+sin z is [2k7r—g, Qkﬂ'-l—%] U[2k7r+g, 2/{;7r+%] (ke 2),

) 3
the decreasing interval is [2km + %, 2km + g] U[le + %, 2km + g] (ke 2).

412 %%  Find the domain and range of the function y = \/arccos(z2 + = + 1).

Solution: According to the domain of square root, we can obtain 0 < 2% +x +1 < 1.

Since 2 + 2 + 1 < 1, then —1 < z < 0. Hence, the domain of the function is [—1,0].

1 3.3 3
Sincex2+x+1:(:v+§)2+1 = é_l:> 1 <4+ r+1< 1:>O<arccos(x2+x+1) <

3 3
arccos - = 0 < y/arccos(z2 + z + 1) < /arccos 7 Therefore, the range of the func-
L 3
tion is [0, 4/ arccos Z]

4.13  For arbitrary real number x and integer n, the equation f(sinx) = sin(4n+ 1)z
always holds. Evaluate f(cosx).

Solution: Since f(sinz) = sin(4n + 1)z and cosz = sin(g — x), then f(cosx) =
f[sin(g — )] = sin[(4n + 1)(% — )] = sin[2n7 + g — (dn+1)z] = sin[g — (dn+1)2] =
cos(4n + 1)x.

T
4’ 4
234 sinz —2a=0

4y +sinycosy+a =0

414 %% Given z,y € | ],a € R, and x,y are the roots of the equation system,

find the value of cos(z + 2y).

Solution: The second equation implies 4y® + sinycosy = —a. Multiply the equation
by —2 to obtain (—2y)? + sin(—2y) = 2a. The first equation implies z* + sinz = 2a,

then f(z) = f(—2y). Let f(t) =t*> + sint. Since the function f(t) is increasing where
te [—g, g] = 1 = —2y, therefore x + 2y = 0. As a conclusion, cos(z + 2y) = 1.
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ELEMENTARY ALGEBRA EXERCISE BOOK I TRIGONOMETRIC FUNCTIONS

4.15  Let «, 3,7 form a geometric sequence with the common ratio 2, a € |0, 27,
and sin o, sin 3, siny also form a geometrical sequence, find the values of «, 3, 7.

. . 9 -
Solution: Let f = 2a,7 = 4a, and s'mﬁ = s'mfy = s1.n e _ s%n a = cosa =
sin « sin 3 sin « sin 2«
2cos’a — 1 = 2cos’a —1cosa — 1 = 0. The roots of 2cos®’a — cosa — 1 = 0 are
cosa = 1 and cosa = —5 When cosa = 1, then sina = 0, it does not satisfy the
1
condition that the first term is nonzero. Therefore, cosa # 1. When cos o« = ——, since
2 4 2 4 8
a € [0,27], then a = Toor ==L When a = 1, then 8 = —7T, v = T When
4 8 3 16 3 3 3 3
s s T
= —, th =—,7y=—.

1 3
4.16 Compare arcsin 3 arctan \/5, arccos —.

1 1 1
Solution: Let arcsin 3= «, then sina = 3 < 2 thus 0 < a < %

Let arctan /2 = /3, then tan 8 = v/2. Since1<\/§<\/§,then%<ﬁ<g.
V2 3 V3

3
Let arccos:l = 7, then cosy = T Since > < 1 < B then % << %

As a conclusion, a < v < 3, therefore,arcsin 3 < arccos 1 < arctan v/2.

360°
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4.17 %  Given @ = (cos ;x sin 390) b= (cos g, —sing),x € [0, g] (1) Solve @- b and

, , .3
|@ 4+ b]. (2) If the minimum value of f(z) =a-b— 2\|d+ b is —5 compute A.

Solution: (1) = cos xcosg — sin zxsmg = cos2zx,x € |0, g]

l;:\/cos :c+cos—) +(sin§:c—sm )2—2\/(:0823:—200595 z € [0, 2]

2) f( ):COSQx—4)\cosx—ZCos x—4)\cosx—1—2(cosm—)\)2 — 2)2. Since
z € [0, g] then cosz € [0, 1].

When A\ < 0,cosz = 0, then f(x),,:,, = —1. It does not satisfy the given condition.

3 1

When 0 < A < 1,cosz = A, then f(2)pmin = —1 — 202 = —g then \ = 5
3 )

When A > 1,cosz = 1, then f(z)mm = 1 — 4\ = —g then A = 3 < 1. It does not

1
satisfy the condition A > 1. After all, A =

DO |

418 Let AABC,sin A + cos A = g,AC’ = 2, AB = 3, find the value of tan A

and the area of AABC.

2 1
Solution: Since sin A 4 cos A = V2 cos(A — 45%) = g = cos(A — 45") = 7 Ad-
ditionally, 0 < A < 180°, then A — 45" = 60° = A = 105" = tan A = tan(45° + 60°) =
1
V3 = —2 — /3. Since sin A = sin(45° + 60°) = sin 45° cos 60° + cos 45° sin 60° =

— 7
1 1 2
\/_Z\/_ we have SAABC:§AC-AB-sinA:§x2x3x%: %(ﬁJr\/é).

4.19  Find the symmetric center, the symmetric axis equation of the function y =
T
3 —2cos(2x — g) and the value of x when y has the maximum and the minimum.

Solution : Since the symmetric center of y = cos z is (k7T+g, 0) (ke Z),and the sym-

metric axis equation is k7 (k € Z). Thus, 2x—§ = k:7r—i—72T =1 = kg+51)_72r (ke Z).
Since 293—% = km, then x = ]%T—i—% (k € Z), therefore the the symmetric center of the
function y = 3—2 cos(2x—g) i (k:27r+i_72r 3) (k€ Z), and the symmetric axis equation
is x = I%T—l—g (k € Z). When 2x—§ =2km =12 = k7r+% (k € Z), the minimum
ofy:3—2008(2x—%) is 1. When 21:—%: (2k+1)7r:>x:k7r+2§ (k€ 2),

the maximum of y = 3 — 2 cos(2z — g) is 5.
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4.20 % If the equation (2cosf — 1)a? — 4x + 4 cosf + 2 = 0 has two distinct positive
roots, and 6 is an acute angle. Find the range of 6.

Solution: Assume the two roots are xj,z5 > 0. Since A = (—4)? — 4(2cosf —
3 3
1)(4cosf +2) > 0, then —\/7_ < 20509< \/7— D. Since 1 + x5 = Yeosh—1 0,
1 2 1 1
then cosf > — (2. Since zyx9 = ZeosO+ 2 > 0, then cosf < —= or cosf > —--- (3.
2 2cosf —1 2 2

1 3
According to D), @), 3), we can obtain 5 < cosf < g Since 6 is an acute angle, then
30° < 6 < 60°.

421  Let the function f(x) = —acos2z — 2v/3asinzcosz + 2a + b, its domain is
[0, g], the range is [—5, 1]. Evaluate a and b.

Solution: f(z) = —acos2z — V3asin2z + 2a + b = —2a cos(2x — g) +2a +b. S-

2 1
ince x € [O,E] = = < 2x—g< ?ﬂ, then —5 écos(?w—%) < 1.

When a > 0, then b < f(z) < 3a+b=

3a+b=1
b= -5

we can obtain a = 2,b = —5.

When a < 0, then 3a +b < f(z) < b=
3a+b=-5
b=1

we can obtain a = —2,b = 1.

1
4.22 %  Given tan(cos ' /) = sin(cot ™! 5), find the value of x.

sinf  v1—cos?0 V1-—x
cos  cos®  Jr
1 1 2

cse @ B /14 cot?¢ - %

Solution: Let cos™ v/z = 0, then cosf = \/z,tan =

1
Let cot™! % = ¢, then cot ¢ = 27 sin ¢ = The equation is

Vv1— 2 1-— 4 )
equal to Tz = - —, therefore x = —.
NG 5 x 5 9
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ELEMENTARY ALGEBRA EXERCISE BOOK I TRIGONOMETRIC FUNCTIONS

0
423 % Let 0 < 0 < 7, find the maximum value of sin 5(1 + cos6).

0 0 0 / 0 0
Solution: Since 0 < 0 < 7, then sin— (1+cos9 = 282712 cos? 5 = v/24/2sin? 3 — cos? 3 <
2sin? ¢ 5 1 cos? 5 0 5 1 cos? 5 0 2
\/5\/ ( 3 )3 = \/_ = V2x 3% ——. Hence the max-

6
imum value of sin =(1 + cos#) is —

4 OT 4 OT 4 I
4.24 % Find the value of sin* 1—6-1—8111 E—i—sm 16 + sin* 6
Solution: The quantity is equal to sin® — + sin* a + sin4(z — 3—) + sin (E — l) =
' 3q y3 E 16 16 2716 2 16
sin* %6+sm 16 +;084 1—6—;)-0084 17; (sin? 116+C0823116) —2sin? 116 cos? 1164—(8,in2 %4—
cos? 1—76T)2 2sin? 1—76T cos? % =2— §(s1n2 3 + sin? %) =2— 5[31112 g + sinQ(g — g)]
:2——(sin2f+cos z) _3
2 8 8 2’
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4.25 %  Given vector m = (cos#,sinf),7 = (v/2 — sinf,cosh), € (r,27), and
8\/_

|m + 7| = ——, find the value of cos(= + z).

2 8
Solution: From the given condition, we have mi 47 = (cos —sin 6 + V/2,5in 6 + cos 0),

then |m + 71| = \/(COSQ—SiHG—i— V2)2 4 (cos @ + sin §)? = \/4—|—2\/§(COS¢9—SH]9) =
\/4+4cos(9—|— 2) = 2\/1 + cos(6 + %) Since |m+1| = ¥ = 2\/1 + cos(6 + %) =

8\/_ 7 , 0 , 0 w16
—— = cos(f + 4) 525 S@lne Cos(c99—|— 4) = 2;05 (5 + g) -1= COSQ(§ + g) = Z—5
Smce7r<c9<27r:>§<§+g<§:>cos(§+%)<0. Thus,cos(§+g):—5.

: T oo . & ) Q

4.26 %%  Given a, 8 € (0, Z)’ 3sin 8 = sin(2a + f), 4tan§ =1—tan 5

evaluate o 4 5.

_ ) « e 4 tan § 1
Solution: Since 4tan— =1 —tan"— = ——=— =1 = 2tana = 1 = tana = —.
2 2 1 —tan?$ 2

Since 3sin f = sin(2a + ) = sin(a + B) cosa + cos(a + B)sina D,

3sin f = 3sin(a + f — a) = 3sin(a + [) cosa — 3cos(a + B)sina @.

@-0 :> sin(a + ) cosa = 2cos(a + B)sina = tan(a + ) = 2tana = 1. For
a, B € (0, 4) thusoz—i—ﬁ—z

1
4.27 %  Find the domain and range of the function y = % —3 arctan v2cosx — 1.

N —

Solution: the function is defined if and only if 2cosz — 1 > 0, that is cosz >
Thus the domain of y is 2nm — % <z < 2nw+ % (n € Z)

Since 0 < v/2cosx — 1 < 1, then 0 < arctanv/2cosx — 1 < 4 thus g y <

e

Therefore, the domain of the function is x € [2n7 — g, 2nm + g] (n € Z), and the

c [7r 7T]
range is
SERYEIRy
38 4B 3
4.28 %  Given AABC’,H—H = ¢?, and sinAsin B = =. Judge the shape
¢ AABC a+b+c 4
0 :
38 1B
Solution: % = = a*+b* = ac+bc® = (a+b)(a®*—ab+b?) = *(a+b). Since
a c

a+b # 0, then a?—ab+b*> = ¢* (D). The cosine theorem is ¢* = a®+b*—2abcos C (D).
According to @), (@), we get cosC = % = C =60 = A+ B = 120°. Since
3
2

3 1 3
sin Asin B = 1> §[COS(A — B) —cos(A+ B)] = 7 then cos(A — B) =
thus A — B =0 = A = B. Therefore AABC is a right triangle.
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429 %k  Let —g <z < g, f(z) satisfies 2f(—sinx) + 3f(sinz) = 4sinz cos x.
(1) Show f(x) is an odd function. (2) Find the analytic expression of f(z).

(1) Proof: Since 2f(—sinz)+3f(sinx) = 4sinzcosz (D), substitute — sin x into (D to
obtain 2f(sinz)+3f(—sinz) = —4sinzcosz Q. OD+Q@= 5f(sinx)+5f(—sinz) =
0= f(sinx) = — f(—sinx), therefore f(x) is an odd function.

(2) Solution: O — @ = f(sinz) — f(—sinz) = 8sinxcosz. Since f(sinzx) =
—f(—sinz) = 2f(sinx) = 8sinwcosz, then f(sinx) = 4sinzy/1 —sin’z, (-1 <
x < 1). Therefore, f(x) =4xv1 — 22 (-1 <z < 1).

4.30 %  Solve the equation sinx 4 cosx + sinx cosx = 1.

Solution 1: Multiply both sides of the equation by 2 and adding 1, we obtain 2(sin z +
cosz) + 2sinzcosxr +1 =3 = (sinz + cosx)? + 2(sinx + cosz) —3 =0 = [(sinz +
cosx) — 1][(sinx + cosx) + 3] =0 = sinz +cosz = 1 or sinz + cosx = —3. Since
—1 <sinx < 1,—1 < cosx < 1, we have sinz 4 cosx # —3.

2
Since sinz +cosx =1 = \/Qsin(x%—z) =1= sin(:p—kz) = \/7_ = x—l—% = 2k7r+§,
or a;—i—% = (2k+ 1)7r—% = x = 2km, or x = 2km + g, (k € Z). Therefore, the solution

of the equation is {x|z = 2kn, k € Z} U{x|a: = 2km + g, ke Z}.
2 _

1
Solution 2: Assume sinx + cosx = u, then sinx cosx = . Substitute it into the

2

equation sinx + cosx +sinxcosx = 1: u + =1l=u+2u—-3=0=u=1or

u= —3. Since —1 <sinz < 1,—1 < cosz < 1, then u = sinz + cosx # —3. Hence,
2
Sinx+cos:p:1:>\/Esin(x+%):1:>sin(x—l—z):gﬁx%—Z:Ql{m%—Z,or

T+ % =(2k+ 1)m — % = x = 2km, or x = 2km + g, (k € Z). Therefore, the solution

of the equation is {z|r = 2k7, k € Z} U{a:|x = 2km + g, ke Z}.

431 % If0 < 2z < 45° and lgtanz — lgsinz = lgcosx — Igcotz + 1g9 — 1g /8,
find the value of cosz — sinz.

Solution: The given equation is equal to lg(sinz cosz) — lg(tan z cot 2) = lg /8 —1g 9,

V2 . . . 44/2

then sinzcosz = 5 Since (cosz — sinz)> = 1 — 2sinxcosz = 1 — o =

9 —4v2 1 1
T\/_,O <z <45 cosz > sinz. Thus cosz —sinz = g\/9—4\/§: 5(2\/5— 1).
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ELEMENTARY ALGEBRA EXERCISE BOOK I TRIGONOMETRIC FUNCTIONS

4.32 %  Find all positive integer solutions which satisfy the equation tan—!'z +
cot™ly = tan~! 3.

1
Solution: tan™'x +cot 'y =tan"'3 = tan 'z +tan™! = = tan"' 3 = tan(tan" 'z +
Yy

1
1 xr+ 3y —1 10
~1-) = tan(tan™'3) = L =3=1= Y = 3 — ——. Since z,y are
Y 1— m y+3 y+3
positive integers, then y + 3 is the divisor of 10. Thus y =2 ory=7,z=1or z = 2.

As a conclusion, the positive integer solutions are

r=1
y=2

tan

or

i 0
4.33 %%  Check the sign of the formula w when @ is in the second quadrant.
cos(sin 26)
4
fr<a+p< g,—ﬂ<a—ﬁ<—g,ﬁndtherangeona—ﬁ.
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Solution: (1) 2km +g <0 <2km+m(k€eZ)= —1 < cosf < 0. The condition

dkm 4+ m < 20 < 4km + 27 gives —1 < sin20 < 0. Thus sin(cos#) < 0, cos(sin20) > 0.
i 0

Therefore M < 0.

cos(sin 26)

(2) Assume z = a+5,y = a—f,2a— = mx+ny. Then 2a— 5 = ma+mp+na—nf =

(m 4+ n)a + (m —n)S. Comparing the coefficients, we have

m4n=2
m—n=—1
1 3 1 3 4
Hencelmz g,n: 3 = 20— f = Ear—l—Ey Since 7 < x < g,—w <y < —g, then
- < 5% + Bl < % As a conclusion, the range of 2a0 — 5 is (—r, %)

4.34 %% Let tana +sina = m,tana — sina = n. Show m? — n? = 4/mn.

Solution: Multiplying the two equations together to obtaion mn = tan®?a — sin*a =
tan? a(1 — cos? a) = tan® asin®a (D).
m+n

2 ®.

Using subtraction for the two equations: 2sina =m —n = sina =

Adding the two equations: 2tana =m +n = tana =
m—n

.

2
Substituting @ and @ into ) = mn = (m ;_ n)Q(m 2_ n)2 = m? —n? = 4y/mn.
a b c a 2b—a-—c
4.35 Gi = = 0, sh in2—-="——
* Vel Cosa  cos2a cos3a 7 0, show sin 2 4b
a—+c

Proof: Applying the equal radio theorem, we have # 0. Since

cos2a  cosa + 3cosa

b
cosa # 0,cos2a # 0 = = ate # 0. In particular, b # 0,cosa =
clos 2x QC%sacos 2¢ ”
a;;)c. Therefore sin2% = % = 5( — a2—20) — 42 C_

4.36 %%  Let sin®(n +1)0 = sin®nf + sin*(n — 1), and (n+ 1)8,n6, (n — 1) are the
three interior angles of a triangle, find the integer value of n.

Solution: sin?(n+1)0 = sin® nf+sin*(n—1)8 = sin*(n+1)f0 —sin*(n—1)0 = sin® nd =
[sin(n—+1)8—sin(n—1)0][sin(n+1)f+sin(n—1)0] = sin? nf = 2sin 6 cosnh2 sinnf cos § =
sin?nf = sin2nfsin20 = sin*nf (*). Since (n + 1)0 + nf + (n — 1) = 7, then
V3

1 m s m
. bstituting it int th in20 = —tan - = — 20 = — 0= —.
Substituting it into (), then sin 5 tan 3 i = 3:> G

[

nf =

S w

Since nf = %, we have n = 2.
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sin o — cos «
4.37 %%  Given sina + 3cosa = 2, compute —.
SIn ¢ + Cos &«

sin v — cos «

Solution: Let ————  — =k = (1 —k)sina = (1 + k)cosa (D). Denote sina =
Sin ¢ + Cos &

1—k
2—3cosa @. Applying @ + @, we have cosa = Cps Substituting it into ), we
1+k 1+k 1—k

have sin o = T (k # 2). Since sin® a + cos’> @ = 1, then (2 — /{:)2 + (2 — /c)Q = 1.

It can be written as k% + 4k — 2 = 0. Solving the equation, we have k = —2 + /6. As
) sin  — cos «

a conclusion, —— = -2 + V6.

Sin @ + COoS «

4.38 %%  Let a, b, c are the three side lengths of AABC, and they form a geometric

3 = 3
sequence, and cos B = 7 (1) Find the value of cot A + cot C. (2)Let BABC = 2
compute a + c.

3 3 7
Solution: (1) cos B = 1= 0<B< g = sinB = 4/1— (Z)2 = % Since a, b, ¢

form a geometric sequence, applying the sine theorem, we have sin®? B = sin Asin C.
cosA  cosC  sin(A+C) sinB 1 4T
Theref tA tC = = = = = .
eretore €o ;—CO sin A * %inC’ sin AsinC  sin? B’3 sin B 7
BABG
(2) BABC = 5 = ca cos B = 7 Additionally cos B = 7 thus ca = 2. S-

ince b = ac = 2, applying the cosine theorem b*> = a? + ¢ — 2accos B , we have
a’>+c® =V +2accosB =7 = (a+c)* =a*+ c*+ 2ac = 7+ 4 = 11. Therefore,

a+c=+/11.

sin 29)
5 )
lg cos 6

2
4.39 %% If log,,, 4cos0 = 3 (0 € (0, g)), find the value of log .2 ¢(

Solution: Changing the base number of the given equation, we have

2 lgcosf 2 2 sin 20
3= lg sin 0 =:= log;, g cosf = = Hence, log,..2 ¢ (

lgsinf — lgcos 6 -

) = —loggn2(sinf cos @) =

_1+logsin9c059__1+§__7
2 2 10

1
—logg,, ¢(sin @ cos 0)% =-3 log,; 4(sinf cosf) =

V3

440 %  Given f(z) = 2acos’x + bsinz cosz, f(0) = 2,f(%) = -+ 5 find the

set of x values that satisfy the formula f(x) > 2.

DO | —
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1 3 1 3

Solution: f(0) = 2a = 2 = a = 1. Since f(%) = §a—|— \/T_b =3 + \/7_

tuting @ = 1 into this formula, we have b = 2. Thus f(x) = 2cos’*z + 2sinzcosz =
2

sin2x 4 cos 2z + 1. Sincef(x) > 2, then sin2x 4+ cos2z+1 > 2 = sin(2x—|—%) > g =

3
< 2km + f{k’ € Z). Therefore the set of = values that satisfy

, substi-

s s
2k — 2 —
7r+4<(a:+4)

the formula f(z) > 2 is {z|km < x < kr + %,k € Z}.

441 %%  Let a,b,c are the three side lengths of AABC, and they form a geo-
metric sequence. sin B + cos B = m?. Find the range of m.

Solution: Since a, b, ¢ form a geometric sequence, then b> = ac. Applying the sine the-
1

orem, we have sin? B = sin Asin C. Then 1 —cos® B = —é[cos(/H—C) —cos(A-C)] =

2c¢o8’B+cosB—1=1-— cos(A — C) = 2c08’°B +cosB—1 >0 = cosB >

or cos B < —1 (truncated). Hence 0 < B < g Additionally since sin B + cos B =

\/§sin(B+%):>1§m2§\/§:>—{4/§<m<—1,0r1<m<{‘/§.

.
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4.42 %  Let o, 3 are the two real roots of the equation x4+ 2(sin § + 1)z +sin® 6 = 0,
and |a — 3| < 2v/2. Find the range of 6.

Solution: Since the equation has real roots, then A = 4(sinf + 1)* — 4sin*f =
1
8sinf +4 >0 =sinf > —3 Applying the Vieta theorem, we have
a+f=—-2(sinf +1)
203 = sin® @
Hence (a—B)? = (a+B)?> —4af = 8|sinf|+4 @. Since |a—f] < 2v2 = (a—f)?

1 1
8 @. According to @ and 2), we have 8|sinf| +4 < 8 = |sinf| < 5 = —3

NN

1
sinf < 5 Therefore km — % << k7r+% (ke Z).

4.43 %% Let A, B,C are the three interior angles of triangle AABC', show that
A. B C 1

Singsinasing < 3

Proof 1: si . . C 1( A+ B A—B)' c 1( , C C A-B
roof 11 sin 7 sin — sin o = — 7 (cos — cos —5—)sin o = —3 sin 5 sin 5 C05—
1(,20 . C A—B+1 s A—B 1 2A—B)_ 1[( C 1 A—B)2
1 5 smA Bsm 1cos . 40(135 04 14 OZ él —1 Hl(sin o =7 cos —

Zcos2 ; | = gcos2 ; — §(sm5 — 5 cos ; )2 < 3

A 1 —cosA 1 v+ — a? a’? — (b—c)? a?

Proof 2: Si in?> = ———— = —(1— = < —
root = SImee Sy 2 5 2 ) dbe Ibe’
d sin? A > 0 = sin A < Similarly ,we have sin B b sin ¢ < ¢

an a F b Yy _\ .

2 2 " 2vbe S 2 2v/ab

A . B . C a b c 1
Hence 51n§sm—sm—

< =z,
2 2 " 2Vbe2vac2ab 8

—

tan(g + %)),b - (\/ism(g +

)

), tan(= — 1)

T T
4.44 i t a= (2 — - .
*  Given vectors @ = (2cos —, 1 5 1 )

2
Let f(z) = @-b. Find the value of z when f(z) = v2, (0 < z <

Solution: f(x )—ab—2\/§cos£sm( +— )+tan(2 4)ta (——Z) _2\/§COS—(\/—§SI —+

/3 2 2 4 2 4 2" 2 2
2 l+tanZtans — 1

—cosf) + 2 2 = 2sin = cos = + 2c0s? 2 — 1 = sinx + cosy =

2 2 I —tang 1+ tan 3 2 2 2

ﬁsin(a:—i—%) = /2. Thus sin(a:—i—%) = 1. On the other hand, 0 < z < g, thus x = %

4.45 % Let f(z) = sin(wz + ¢)(w > 0,0 < ¢ < 7) is an even function defined

in R. Its graph is symmetric about the point M (Zﬂ’ 0). It is monotone on the interval

[0, g] Find the values of w and ¢.
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Solution: Since f(—z) = f(z) = sin(—wz + ¢) = sin(wz + ¢) , then 2 cos psinwz = 0.

Since x € R,w > 0, then cos ¢ = 0. In other words, since 0 < ¢ < 7, we have ¢ = g

3 3 3
Since its graph is symmetric about the point M(Zﬂ, 0), then ]““(I7T —x) = —f(zﬂ +x),

3 3 3
then f(zﬂ) = —f(f) when x = 0. Since f(f,()) is a point of the graph, then
3 3 3 3 3
f(f) = —f(% + g) = COS%, that is cos% = 0. Since w > 0, then % =

2 2 2
g+k7r,k:0,1,2,--~:>w:§(2k+1). When k = 0,0 = . f(x):sin(§x+g) is

decreasing on the interval [0, g) When k =1,w =2, |f(z) = sin(2z + g) is decreasing
7r
5]

10
on the interval [0, 5 When k& > 2,w > 3 f(z) = sin(wz + g) is not a monotone

2
function on the interval [0, g) After all, w = g orw= 2.

B —bcosA
4.46 %%  Let sides a, b, c correspond to angle A, B, C'in AABC, show a cos cosA

sin(A — B)
c

sinC"”

1 2L 22 P22
Proof: Since acos B—bcos A = —(accos B —bccos A) = e _rreze

c c c
a? —b? acos B —bcos A a? — b? (55 sin A)? — (555 sin B)?

, we have - = — = ; =
sin(A — B) csin(A — B) csin(A — B)
?sin? A — ?sin® B c(sin A —sin B)(sin A +sin B)  ¢2sin A=B cos A2 gin ALE cos 428 B
csin? C'sin(A — B) sin? C'sin(A — B) B sin? C'sin(A — B) B
csin(A — B)sin(A+ B) csin(A+B) csinC ¢
sin?Csin(A—B)  sin?C sin?C sinC’

447 ek 1f 0 € (0, g), compare tan(sin @), tan(tan 6), tan(cos 6).

sin 6

Solution: Since 0 € (0,%), then 0 < sinf < cosf < 1. Since tanf = 5 then
cos
sinf = tanfcosf. On the other hand, 0 < cosf < 1, we have sinfl < tanf. Since

0 < tanf < tan% = \/?g,l > cosf > COS% = 73, then 1 > cosf > tanf > 0. Hence

0 <sinf < tanf < cosf < 1. Since y = tanz is increasing in the interval (0,1), then
tan(sin f) < tan(tan ) < tan(cos#®).
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4.48 %%  Find the value of m which satisfies the inequality cos®a + 2msina —
2m — 2 < 0.

Solution: cos? a+2msina—2m—2 < 0 = sin? a—2msina+2m+1 > 0. Let sina = t,
then —1 < ¢ < 1. Assume f(t) = —2mt+2m+1=(t—m)>  —m*+2m+1 >
0,t € [—1,1]. (1) Iif m < —1, then f(t)mm =2+ 4m at t = —1. Let 2+ 4m > 0, then

1
m > —3 It is in contradiction with m < —1. Therefore m > ) should be rejected.

(2) If =1 < m < 1, then f()mim = —m* +2m + 1 at t = m. Let —m? +2m + 1 > 0,
that is m? —2m — 1 < 0, then 1 —v2 <m < 1. (3) If m > 1, then f(t)mm =2 > 0 at
t = 1. After all, m > 1—+2.

4.49 %%  Let the angles A, B,C of AABC form an arithmetic progression, a,b, ¢
are the side lengths corresponding to angles A, B, C, and ¢ — a is equal to the altitude

h on the side AC. Find the value of sin

h
Solution: From the given condition, we have h = ¢ —a = — — — The e-
sinA  sin
C—A C(C+H+A
quation is equivalent to sinC' — sin A = sin AsinC. Thus 2sin 5 coS —2'— =
1
é[cos((] — A) —cos(C'+ A)] -+ (x). Since A+ C = 2B and A+ B + C = 180", then
C—-—A 1 1
A+ C = 120°. Substituting it into (x), we have sin 5 = E[cos(C —A)+ 5] =
. C—-A 1 3 . C—-A 1 —cos(C—A) 3
sin — ——5[—COS(C—A)—|—1—§]=>SIII 5 = 5 +Z_l]:>
(sin )2—|—sinC_A 3 0. Hence sinC_A _ 1 or sinC_A _ 3 (reject-
o 4 ’ 2 2 2~ 2

C-A 1

=3
4.50 %  Given the function f(z) = asin+bcosx. (1) If f(
value of f(z) is V10, find the value of a,b. (2) If f(=) =1

f(z) is k, find the range of k.

ed). Therefore, sin

)= V2 and the maximum
g and the minimum value of

2
Solution: (1) It is easy to figure out that asin% + bcos% = V2. Thus g(a +b) =

V2 = a+b=2. On the other hand, f(z) = asin+bcosz = v/a2 + b2 sin(z +6). Since
the maximum value of f(z) is v/10 when sin(z + ) = 1, then Va2 + b2 = /10, that is

a? + b?> = 10. Since
at+b=2
a®>+b> =10
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a=—1
b=3
a=3
b=-1

3 1
(2) From the given condition, we have \/7_@—1— §b = 1, that is b = 2—+/3a. On the other

hand, f(x) = asin+bcosx = va? + b?sin(z + ). The condition sin(zx + ) = —1 can
lead to the minimum value of f(z). Hence —va? 4+ b? = k, (k < 0). For the equation

system
{ b=2—+3a

a? + v = k?

we have

or

Eliminating b, we obtain 4a?—4v/3a+4—k* = 0. Since a € R, then A = 48—64+16k> >
0= k? > 1. Since k < 0, we have k < —1.

4.51 %  Evaluate the equation V1 + x2 +

metric functions.

V1422
x

= 2V2 by applying the trigono-
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1=
|>1

Solution: Let z = tanf,0 € (——,—=),0 # 0. The equation is equivalent to +

272 cos 0

1

g 2v2 = sinf + cosf = 2v2sinfcosf = V2sin(f + Z) = V2sin20 =

in

Sin(@-}-%) = sin 20. Hence 20 = 2k7r+0+§ or 20 = (2k+1)7r—0—z,(k € Z). Thus
2k 5T

™ .
2k7r+zor9 5 +Z,(k€Z). Since 0 € (— 5 2) thenQ—ZorH——E

Therefore x = 1 or z = —2 — /3.

q;

A+ B
4.52 %% If sin(A + B) = tan + in AABC, and the three side lengths a, b, c

form an arithmetic sequence, evaluate the radius of its circumcircle and the radius of
its incircle.

A+ B . A+ B A+ B smAJ“—B
= 2sin CoS =

— =
A+B
2 2 Cos =5

Solution: Since sin(A + B) = tan

A+ B
2c052+ =1=cos(A+B)=0=A+B= g, we have b = ccos A, a = csin A.
Since a, b, ¢ form an arithmetic sequence, that is 2b = a + ¢, thus 2ccos A = c¢sin A + ¢,
hence 2cos A = sin A + 1---(i). On the other hand sin®* A + cos? A = 1---(ii). Ac-
4
cording to (i) and (ii), we have sin A = —,cos A = — . Assume the radius of incir-

cle is 7 and the radius of circumcircle is R. Since AABC is a right triangle, then
a+b—c csinA+4ccosA—c

r = = . Applying the since theorem — c__ 2R, we
2 4 1 sin 980
have R = g Therefore, }% _comAtecosAze sinA+cosA—1= T
c

4.53 %%  Let a,b,c are real numbers, find the sufficient and necessary condition
for that asinx + bcosx + ¢ > 0 always holds for any real number z.

Solution: (1) When a, b are not zero at the same time, we have asinz + bcosx + ¢ >
c

0 & Va?2+bsin(x + ¢) + ¢ > 0 & sin(x + ¢) > ———=——. The sufficient and
necessary condition for that the formula always holds is ———— < —1. That is

Va? + b?
a®?+ b < c.
(2) When a, b are both zero at the same time, then ¢ > 0.
As a conclusion, for any real number z, the sufficient and necessary condition for that
asinx 4+ bcosx + ¢ > 0 always holds is va? + b? < c.

3 3V3
4.54 %%  Let the function f(z) = 3 sin wx + V3 coswz + 1, (w > 0), and its period

is . If o, B are the two roots of the equation f(z) = 0, and o # km + 5, (k € Z),
compute tan(a + f3).
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5 ]
Since the period T' = - 7, then w = 2. Since «, § are the two roots of the equation
w

f(z) =0, we have
3sin(2a+ %) +1=0,
3sin(28 + %) +1=0.

Simplifying the equation system, we have sin(2a + g) — sin(20 + %) = 0. That is
2cos(a+ [+ g) sin(a — ) = 0. Since o — 3 # km, (k € Z), then sin(a — ) # 0. Thus

cos(a—i—ﬁ-l-g)zo. Henceoz-l—ﬁ-l—%:lmr-l—z (k:GZ)iaz-l—ﬁzlmr-l-E (ke Z).

2 6
V3

Therefore, tan(a + 8) = 3

4.55 %%  Given sinf = /|sint|, cos§ = y/|cost|, and 0 < 0 < g Find the
value of ¢ such that 6 is in the interval [0, %]

sin @

Solution: Since 0 < 0 < g then 0 <0 < — <0< tanf < 1. Since tanf =

u>|=1

cos 0

\/_~||sm V|tant|, then 0 < tanf < 1 < 0 < y/[tant| < 1< 0 < [tant| < 1 &
cost

T
—1 < tant < 1. Since y = tant is increasing on the interval (— 5 g) and the period

T = 7, then the solution of inequality —1 < tant < 11is lm—% <t < k;7r+% (ke Z).
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4.56 %% %  The side lengths a,b,c correspond to the angles A, B,C' in AABC.
cot B c

Ifa=(v3-1 d = lue A, B, C.
a=(v3—-1)c, an o0~ 2a — o Value 4, B,
. . . . . cos B sin C
Solution: Applying the given equation and the since theorem, we have — =
O sin B cos C'
2sinilln— pvolng (2sin A — sinC') cos B = sin B cos C' :Z 2sin Acos B = sin(f + C).
Ou the other hand, sin(B + C) = sin A, then cos B = 2, B = g A+C = 3” O.
: A 9 A+C A C
From the given condition - V3—1= i =3 = Sin 73 - cos =
e c smC’ smC’
233 cos A5C A-C
V3= LSC V3 = cos :sinC’:cos(g—C’). Since A, B, C are three
in
C—-A
interior angles of a triangle, thus 5 =5~ C. Thatis3C—A =7 @). According
5 7r s
h =—m1,A=—,B=—-.
o @ and @), we have C' 5™ g 3

4.57 %%  If the positive numbers a, b, ¢ form an arithmetic sequence, and a + b = ¢,

1 1 1
arctan — + arctan i + arctan — = g Find the values of a, b, c.
a c

Solution: Since a,b, ¢ form an arithmetic sequence, then a + ¢ = 2b. On the oth-

b 3
er hand a + b = ¢, solving the above two equations, we have a = 5,0 = §b. Let

1 1 1
arctan — = oz,arctang = f(,arctan— = ~. Since a,b,c are positive numbers, then
a c
1 1
a, 3,7 are acute angles. Hence tana = —,tanf = g,tan'y = —. Since arctan — +
a c a
1 1 t t
arctang = g — arctanz = tan(a + 3) = tan(g —7) = 1 int(:uj_a ?:Llnﬁﬁ = coty =
1,1
i b b 3 3
—“—c:>a+b—abc—c:>2+b—— b—b—éb ¥ —4b=0=b=2,b=0
T ab
(rejected), b = —2 (rejected). Therefore, a = 1,0 =2,¢ = 3.

4.58 %% If x € [—1,1], show arcsinz + arccosx = g

Proof: The function arcsinz and arccosz are defined for z € [—1,1]. Applying the
i

induction formula and the definition of inverse cosine function, we obtain sin(§ -

arccos x) = cos(arccosz) = x. Since 0 < arccosz < m, thus —7 < — arccosz < 0, then
T 7 0 I s . . :

—3 < 5= arccos r < BL that is 5 —arccosy € [—5 —]. Applying the definition of in-

. . . m . s

verse sine function, we have arcsinz = 5 T arccosT. After all, arcsin x 4+ arccosx = —
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4.59 Jk%  Given sinz + cosz = V2sin(z + %), x € [—%, g] Find the maxi-
mum and minimum values of the function y = (sinz + 1)(cosx + 1).

2
-1
Solution: Let sinx + cosx = u, then sinxzcosz = 4 ,and u = \/§sin(x + %)
When z = %, Umpax = V2. When 2 = —g, u reaches the minimum value. Since
21 3 21 2—1+3
Sin(—%)cos% _ 5 = —% _ 5 = u? = 2\/—. Since u > 0, then
2 -3 3—1 3—1

Uppin = 2\/— = \/_2 , then u € [\/_2 V2], Since y = (sinz 4 1)(cosz 4+ 1) =

1 3—1
sinz+cos z+sinz cosx+1 = §(u+1)2, and y is increasing on the interval [\/_2 V2],

2+3 3+ 2v2

therefore, yyin = YRR Ymax = 5 )
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in @ 0 in 0 20
4.60 %%  Given Sy _ 8 , and sm2 + COSQ = — 6 > Find the value of
/ T Y Y x e+ vy

. . T ) 1 1 tanQG
Solution: Since tanf = ;, we have sin“f = w20 1100 tanld+1
22 11 Y’

—~  andcos?f = = —
2+ y?’ sec2f  1+tan?6 a2+ 2
2

. Substituting sin? # and cos? 6 into

Xz y2 6 ZEQ y2

the given second equation, we have (902 I + RN = " = E + i
2 2

6= ()7 —6(5)+1=0. Thus = 3422 = (V2+1)2 Hence tanf = +(v/2+1)
Y y?

or tanf = +(v/2 — 1). Applying tan9 = +(v/2 + 1), we have § = nr + %T, (n € Z2).
Applying tan§ = +(v/2 — 1), we have § = nw + g, (neZ).

in A A —
4.61 %% % Given in AABC, s‘m = @, osa_ P Show cos C' = mp g
sinB n’ cosB q np — mq
in(B in B B si
Solution : From the given condition, we have M L = P €08 C_+ cos BsinC =
sin B n sin B
cos(B+C)

m m m
— = cosC +cot BsinC = — = cot BsinC' = — —cosC (D. Since
n n

! . - 'nc cos B
_b o LTS mAMBINY _ P tanBsinC = L + cosC @. Applying
q cos B q q
@ o @’ we obtain sin?(C — (m _ COSC)(E + COSC) =1 = mp + COSC(@ _ ]_))
n q nq n q
mp —ng

Therefore cosC = .
np —mg

4.62 %k*  Given cosf + cos¢ = a, sinf + sin¢g = b. Compute cos(d + ¢) and
sin 26 4 sin 2¢.

in @ 4 si b in 6 + si 2sin 42 cos ¢
Solution: Since 220 TN _ D ihe other hand, S0 TSRO 295 €08
cosf +cosdp a cosf+cosd  2cos +¢’cos ¢
b 1
ta;n :¢, then tan%(b = Assume tan +é = t, then cos(f + ¢) = o2 =
—b 2t 2ab
(12—4_627 sin(6 + ¢) = Te = 2 j_ 7 (Applying trigonometric function formulas).
Since 2(cos 8 + cos ¢)(sinf + sin ) = 2ab = sin 26 + sin 2¢ + 2sin(0 + ¢) = 2ab, we
4ab
have sin 20 —+ sin 2¢ = 26Lb — ﬁ = 26Lb(1 m)
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1 1 1
4.63 kK If 3tan! —tan ' = = tan~! =, evaluate the value of z.
2++/3 x 3
1 1 3t — tan®
Solution: Let tan™* = «, then tana = ——,tan3a = - a2n ==
\ 1 24+3 24+3 1 —3tan’a
3 T @A 32+v3)2 -1 20 + 12v/3 LT o
. = ; = = 1. Hence, 3a = tan™ " 1.
1 — iz (2+V3)3-3(2++3)  20+12V3
1 1 1
1 1 1

—tan "~ — = tan~

243 T

Therefore, the equation 3tan™

3 is equivalent to the e-

1 1 1 1
quation tan™' 1 — tan~* 3= tan~' —. Since tan(tan"'1 — tan™* 5) = tan(tan™! —) =
x x
1—3 1
T = —. After all, v = 2.

4.64 %k Let sina = psinf,cosa = gcosf,sina + cosa = r(sin§ + cos ),
show (p —)*(1 —¢*) + (¢ —7)*(1 —p*) = 0.
Solution: From the given conditions, we have p?sin? 8 + ¢* cos? B = sin® a + cos? o =
sin? B + cos? B. Dividing both sides of the equation by cos? 3, we have p? tan® 8 + ¢*> =
2
-1
? 5 . Since psin 8 + gcos 3 = r(sin 3 + cos ) =
-Dp
(p—r)sinf = (r — q)cos 3, then tan g = r—4 @. Applying D and @), we have
p—r
-1 _ (r—gq)

T o Simplifying the formula, we obtain (p—r)?(1—¢)*+(q—7)*(1—p)? =
0.

tan® 5 + 1, that is, tan® 8 =

4.65 %% % Let a,b,c are the side lengths of triangle ABC' corresponding to an-
gles A, B,C, (sin B +sinC +sin A)(sin B + sin C' — sin A) = 3sin Bsin C. b, ¢ are the
two roots of equation 22 — 3x 4+ 4cos A = 0, and b > c. The radius of circumcircle of
AABC' is 1. Find the value of ZA, a, b, c.

Solution: From the given conditions, we have b+c = 3, bc = 4 cos A. Applying the sine

law, b = 2Rsin B = 2sin B, ¢ = 2RsinC' = 2sin C'. Adding the two equations togeth-

b 3

; €_ 5 @. Multiplying the two equations, we obtain
b

sin BsinC' = ZC =cosA (. Simplifying the equation (sin B + sin C' + sin A)(sin B +

sinC' — sin A) = 3sin BsinC, we get (sin B + sinC)? — sin A? = 3sin BsinC' Q).

9
Submit D and @ into ), then i sin?A = 3cos A = 4cos’ A — 12cos A + 5 =

er, we obtain sin B+sinC' =

1 5
0= cosA = 3 or cos A = E(rejected). Hence ZA = 60°. According to the equations

b+c=3
be = 2

and b > ¢, we have b=2,¢=1,a = 2Rsin A = /3.

system
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1 1 1 1
4.66 Y% % Show tanx+§tan§ ﬁtan%—i— . 2—ntan2x—n = Q—ncotz——QcotQ:v

1—t¢t 1—t
Proof: Since cotz — tanx = an’ v =2 an’ v =2 = 2cot 2z, then
tan 2tanx tan 2z

o T x 1 T 1 x
tanz = cot x — 2 cot 2z. Similarly §tan§ = —cot - —cotr, - tan - = — cot — —

2 2 22 22 22 22
1 T 1 T 1 x 1

§COt§,"',2—ntan2_n:2_nC0t2_n_2n—1 on—1

have tanz + = tan & + — tan = + -+ + — tan - = — cot - — 2 cot 2
ave tanx — tan — an — .. —tall — = — COUl — — 2 CO xZ.
v g G T oy Ml G on M on T o0 O an

. Adding the above equations, we

1= 72
4.67 kK *x If 0 <z <1, show arcsinz — arcsin rove Tl E.

V2 4
z—+1—2a?

= . Since sina = x,0 < x < 1, then 0 <
7 B

. Hence cosar = /1 —sin?a =1 — 22 Since 0 <22 < 1= -1 < -22<0

Proof: Let arcsinz = «, arcsin

=
0<1—-22<1=20<V1I—-22<1l=-1<-V1-22<0=-1<z—+vV1—-22<1.
1 Tz —1— 22 1 z—+1—x? T T
That is ——= < ———— < —=. Since sinff = ————, then —— < < —.
\/5\ \/5 \\/5 ﬁ \/5 4\5\4
T T T 1 1 z—+1—22
Since sin(a¢ — —) = sinawcos — —cosasin— = g— — V1 — 20— = —— =
( 4) T 47r 7r4 T V2 T V2 V2 T
sin 3. SinceO<a<§,then—Z<a—Z<Z. Hencea—zzﬁ,thatisoc—ﬂzz.

x—\/l—x2_7r

Therefore, arcsin x — arcsin —— = —

V2 4

4.68 %% %  Solve the equation system

N
(3]

arcsin x arcsiny = Ez @
T

arccos r arccosy = — -+ @)
24

™ T

Solution: Applying arccosz = 5~ arcsin x, arccos y = 5~ arcsin y to rewrite the given

2
equation 2 as the formula (g — arcsin x)(g — arcsiny) = 2—4 Let a = arcsinz, § =

arcsin y, then the given equation system is equivalent to

T
f=1 52
T T
af —(a+8)5 ==
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That is,

. T i

Assume a, 3 are the roots of equation 1222 — 7wz + 72 = 0, then a = 3 b= T or
T T ) T ) T ) ) T

a = Z,ﬁ = —. Those are arcsinz = —,arcsiny = T or arcsinr = —,arcsiny = —

Y Y NI ’

The solutions are z1 = —,y; = 5 O T = ol = o We can verify that

! 2 2
Vi B ¥
ry=—,y1 = — and x2:7,y2

3
5 5 =5 are both the roots of the system.

4.69 %% Let A, B,C are the three angles of AABC' corresponding to the side
lengths a, b, ¢, and they form a geometric sequence, and b> — a? = ac. Find the value
of /B.

Solution: Since A, B,C form a geometric sequence, we assume A = —B,C = ¢B.
q
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1
Since A+ B+ C = 7, then —-B + B+ ¢B = m, that is B = S (— S-
q

P?+q+l
ince b> — a®> = ac, according to the cosine law b® = a? + ¢* — 2accos B, we have

ac = c* —2accos B. Since ¢ # 0, thus a = ¢ — 2a cos B. Applying the sine law, we have

sinA =sinC —2sin Acos B = sin A =sinC — [sin(A + B) +sin(A — B)] = sin A =
1

sinC —sinC —sin(A— B) = sinA=sin(B-—A)=A=B-A= A= §B. Hence,

1 1 2 2
“B=1B. Afterall, =2,B= —~— T
2 q 22424+1 7
7r x
470 e kk HfO0<z< <5 howcotz——cotx n,(n € N).
1 1
Proof: (1) When n = 1, cot = — cotz = —i—.cosx ST~ Since 0 < z <
2 smx sin sin x
T ,0 <sinx < 1, then > 1, that is cot — —cotxz > 1. The equation holds when
2’ - sin @ 2
T =
2
(2) Assume the inequation holds when n = k, (k € N), that is cot 2— —cotx > k, then
1 + cos 5% T
cot —cotr = ——— —cotzr = —|—cot——cotxwhenn—k:+1 Since
2k+1 sin 5% sin g 2k
>1,(0<z< ) keN, thencot2 —cotx > k+1. Therefore, for alln € N,
sin 5
cot ;—n — cotx > n holds.

1 1 1
471 % %% Find the sum of the formula tan™" 1712 2+tan_1 2. 3+tan_1 1+3. 4+

= tan~! (n+1)-
l+n-(n+1) 1+n-(n+1)

1) — tan~'n. Substituting n = 1,2,3,---, into the above equation and adding these

1

Solution: The nth term is tan™*

= tan"'(n +

+tan_1;+tan_1;+-~: (tan™'2—
1+1-2 1+2-3 1+3-4
tan' 1) + (tan '3 —tan'2) + (tan '4 —tan '3) + - = —tan"'1 + tan 'oo =
m

equations, we have tan™

+7r
4 2 4

A B
4.72 %k Kk Let A+ B+ C =7, and sin(A + %) = nsin%. Show tanatan— =

2
n—1
n+1
180° —A-B B—-A B—-A
Proof: sin(A—i—%) = sin(A—i-SOf) = sin(90° — ——=—) = cos —D. S-
A+ B A+ B
ince sin(A+g) = nsin g, then sin% —cos 22 Hence sin(A—i—%) = n.cos ;L - @.

Download free eBooks at bookboon.com



—A A+ B A B A . B

Applying @) and @), we have cos = n cos , that is cos — cos —+sin — sin 5 =
A B A . B
n(cos 585 — sin 5 sin 5) = (n+ 1)sin 5 sin 5 = (n —1)cos 5 €8 5 Therefore
B n-1
tan —tan — =

2 2 n+4+1

4.73 %k %% If tana,tan B are the two roots of the equation 2% + px +¢q = 0,
express sin®(a + 3) + psin(a + ) cos(a + B) + gcos?(a + B) by p and q.

Solution: According to the relation between roots and coefficients, we have tana +
tan § = —p, that is p = —(tana + tanf3),q¢ = tanatan 8. Hence the quantity is e-
qual to sin*(a + ) — (tan a + tan 3) sin(a + 3) cos(a + 3) + tan a tan 3 cos?(a + ) =
sin?(a + ) — (tana + tan 8) sin(a + B) cos(a + B) + tan artan B[1 — sin®*(a + B)] =
sin?(a + B8)(1 — tanatan 8) — (tana + tan 3)sin(a + B) cos(a + B) + tanatan 3 =
sin(a + ) cos(a + ﬁ){M

cos(a + )
tan « + tan 8

1 —tanatan

(1 —tanatan f) — (tana + tan §)} + tanatan f =

(1—tanatan f) — (tana+tan 5)} +tanatan f =

sin(a+ ) cos(a+ B){

tanatan g = q.

4.74 %% If (1 —tanf)(1 4 sin 20) = 1 4 tan , evaluate the value of 6.

sin 0 sin 0
Solution: The given equation is equivalent to (1 — —0)(sin9 +cosf)? =1+
cos

(cos® — sin@)(cosf + sinf)* = cosf + sinf = (cosf + sinf)[(cosf — sin)(cosf +
sind) — 1] = 0. If cos@ + sinf = 0, then tanf = —1, thus 6 = nw + %T (ne Z). If
(cos® — sinf)(cos @ + sinf) — 1 = 0, then cos®f — sin®f = 1, thus cos20 = 1, hence
20 = 2nm, that is § = nm  (n € Z). Therefore, § = nm + ??TW or=nm (ne€Z).

. . . A B C
4.75 %% Let A, B, C are the interior angles of triangle ABC', and cot X cot o> cot 2
. . A C
form an arithmetic sequence. Show cot 3 cot 5 = 3.
_ . A B cosé
Proof: From the given conditions, we have cotE + COtE = 200t§ = —5 +
sin £
2
cos% 2(308% sin% N sin# QSin% Since A B.C are the inte
= = = . Sin , B, r inte-
sin & sin £ cos 4£¢ sin 2 sin $ cos 41€

A+C A+C A

, COS ,sin —, sin — are all nonzero.

rior angles of triangle ABC', then sin

2 2 2’

1 A+C 5 i A . C N A . : 94 . N
n = 2sin — sin — — — — 8in —sin — = 2sin —sin —
ence cos S S cos2cos2 S 2s 5 s 2s 5

COSECOSE :3sin§sin 5 Therefore, cotacotg =3.
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4.76 e kk* If a € (0, g), RS (O,g), and o + 3 = 6 is a constant. Find the

minimum value of csca + csc (5.

, 1 1 sina+sing  2sin*5- ‘”ﬂ cos a;,é’ 4 sin 225 a—l—,é’ cos #
Solution: csc a+csc f = — = = -
sin « sm ﬁ sin asin 8 sin arsin 8 2sin asin 3
4 sin &2 a+'8 cos aT_ﬂ 2 sin &2 aw coS a—gﬂ 2sin aw cos 458 ﬁ Ca+p
= = = — S1n
_AB) — 1+cos( ﬁ) Ltcos(a+f) 2 M _ 2 0‘_4‘5
cos(a 1 B) cos(a + f3) 1 00520‘ _ COSQC“ cos? &5 cos? 2% 2

+ . Since a+ 3 = 6 is a constant, then the above

cosa—gﬁ - coso‘—;ﬁ coso‘—gﬁ + cos O‘ziﬂ]
1 1
quantity is equal to sin [—— 3 5+ o 5]- This function reach-
COS —5—~ — COS 5 COS =5~ +COos 5
.. o — . ..
es the minimum value when cos 7 = 1, i.e. o« = . The minimum value of
1 1 .0 2 2 .

csca + csc B is sin = + 5] = sin -—55 = —. As a conclusion,

21—cos— 1+cos— 2sin” 3 sin 5

2
(csca +csc fB)min = —5 (0< O < ).
S1n 3
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4.77 %% %% Let ¢ be the hypotenuse length of AABC, ZC = 90°, the area is
S. Find the values of a,b, ZA, /B.

1
Solution: From the given conditions, we have ¢ = a® + 1%, S = §ab Hence a® + 2ab +

b? = > +48, that isa+b = / 62 +45---D. Slmllarly we have a—b=+/c? .
According to @ and @), a = 5(\/62 + 45 + V2 —48), b= 5(\/02 + 4S5 — \/c2 —459).
s(VE+45+V/2 —45) (V2 +45 + /2 —45)?

LWE+4S -2 —4S) A +4S -2 448

A +4AS+2V/ct — 1652 + 2 —4S P+t — 1652 A+t — 1652

= A = arctan

a
We also can obtain tan A = 7 =

83 - 45 45
o b (VA +45 -2 —45) 2 +4S —2/cF — 1652+ 2 — 48
Similarly tan B = — = < = 5 5 =
a 5(\/024_45+\/C2 18) 2445 — 2445
2

2¢% — 2/t — 1652 2 —+/c*— 1652 2 —/c*— 1652
3S 1S = B = arctan 1S .

4.78 %%  If tan o, tan 3 are the two roots of the equation 2% —2(log; 12+ log, 12)x —
log; 121og, 12 = 0, show sin(a + ) 4+ 2sinasin 5 = 0.

Proof: The Vieta’s formulas lead to tan a + tan § = 2(log; 12 + log, 12), tanatan 5 =
—logs 12log, 12. Then T + sinf_ sinfa+ 5) = 2(logz4 + log,3 +2)--- D,

cosa  cosfS  cosacosf

sin o sin 3 .
cosacosf —(logg4+1)(log, 3+ 1) = —(logs 4 +1log, 3+ 2)---@. divided D by @),
then M = —2=sin(a+ )+ 2sinasin g = 0.
sin asin 3
6 cos 2 9
cosflcoss  cospcosy
4.79 %%k K * Let o T oo = 1, show cosf + cos ¢ = 1.
cos(f —5) cos(¢—3)
cosfcos 2 cos e cos ’ cos(0 + &) + cos(0 — &) cos(¢p+ &) + cos(op — £
broo; 00088 cosbeosd | cos0 %) +eos0— %) con(o+§) beoslo— ) _
cos(f —F) cos(¢ —3) 2cos( — §) 2cos(¢ — 3)
N cos(6 + %) + cos(0 — %) 1 cos(¢ + &) + cos(¢ — %) 1 0= cos(f + %) _
92 cos(f — %) ; 2 , 2 cos(¢ — %) 9 2 9 cos(0 — %)
cos(¢ + 5 cos 6 cos £ — sin f sin coS ¢ cos 5 — sin ¢ sin 5
— (¢ 3) ; = — ¢ Z - ¢ : Z. Cancellate the
cos(¢ — 3) cos 6 cos 5 ¢+ sin @ sin 5 oS ¢ cos 5 + sin ¢ sin 5
) ) ) cos cos% singzﬁsing cos cos%
denominator to rewrite the equation as — — = T = T T ¢ =
sin 6 sin 3 COS ¢ COS 3 2sin 3 cos 3 sin 3
2sin £ cos £ sin ¢ 0 2sin 2 sin ¢
2 29 2 'COQS_ = 2 2 = cosfcosgp = 4sin? = 2¢ =
cos ¢ cos § 2sin g sin 2 cos ¢ 2™

(1—cos0)(1—cos ¢) = cosf cos ¢ = 1—cos §—cos ¢p+cos 0 cos ¢. Hence cos +cos ¢ = 1.
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4.80 %k k%  Given sin{2cos™!(cot 2tan"! z)} = 0, evaluate the value of z.

1 _1—tan29 1— 2?2

) fan 20 2tanf _1 2@
-z -
= 0. Hence 2cos™* =
) 2x } 2z
nm,(n € N). That is cos™ lg—j = 4F. Dividing the equation by the cosine function, we
1—a?

2z

Solution: Let tan'2 = 6, then tanf = z,cot 20 =

Thus the given equation yields that sin{2cos™"

nm nm
have = cos TR (n € N). Since n is an arbitrary real number, then cos 5 = 0,

1—a? 1—2?
or 1, or —1. If 5 = 0, we have x = £1. If =1, then z = —1 + V2.
x x
1 — 22 . .
If 5 = —1, then z = 1 + /2. As a conclusion, the solutions are = +1, or
x

xz—liﬂ,orle:l:ﬂ.

1
4.81 %% Given tan 'z + 5 sec ! 5x = %, find the value of x.

1
Solution: Let tan 'z = 9,§sec’1 S5r = ¢. Then x = tan#,b5xr = sec2¢. Since
1

0+ ¢ = 7. we have 20 = & —20. Hence 5u = sec(y; —20) = cse2 = gy =

sin?f +cos?6 1 1 1
—————— = —(tan#f . That is 10z = — 2=1 =+-—.
2sin 6 cos Q(an +tan9) at is 10z x—i—x:Qx - 3
(B —
4.82 %% If a,b,c are the side lengths of triangle ABC, show % =
—c
bsin(C —A)  c¢sin(A — B)
2 _ a2 @2_p
b c _ asin(B—C) ksin Asin(B — C)
Proof: Let = = = k. btain that = =
root Lt GnA ~ sinB _ sin C We obtain tha b? — ¢? b2 — 2
ksin(B + C)sin(B — C)  k|(sin B cos C')? — (cos Bsin C')?]
b2 _ 2 - b2 _ 2
k[sin® B(1 — sin® C') — (1 — sin? B) sin® C] k(sin® B — sin® C) , sin B
= s = 2 . Since =
sin C' 1 i , sin? B — sin? C' 1
= —, applying the geometric theorem, we have = —, then
(5 - ) bsin(C — 4) ats
asin(B — L. sin(C' — 1 csin(A —
W = E SlHlllaI'ly, W = E, W = E Therefore
asin(B—C)  bsin(C —A) c¢sin(A — B)
2Z—c2  2-a2 a2
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4.83 %% %  For a triangle ABC, if tan Atan B > 1, show the triangle is an a-
cute triangle.

in Asin B — Acos B
Proof 1: Since tanAtanB > 1 = tanAtanB —1 > 0 = S 25 cos 2108

A+ B
0 = —M >0 = ﬂ > 0. Hence cosAcos BcosC > (0. There-
cos Acos B cos Acos B

fore cos A > 0. Otherwise, if cos A < 0 which means A is an obtuse angle, applying
cos A cos B cos C' > 0, we have cos B cos C' < 0 which means one of B and C' is an obtuse
angle. Hence A+ B+ C > 180°. The conclusion is contradicting to A+ B+ C = 180°.
Therefore cos A > 0. Similarly, we obtain cos B > 0,cosC > 0. As a conclusion,
AABC' is an acute triangle.

cos Acos B

Proof 2: Since tan Atan B > 1, then tan A and tan B are the same sign. If tan A and
tan B are both negative, we obtain A and B are both obtuse angles which is contradic-

tory with the given condition. If tan A and tan B are both positive, we obtain A and B
tanA+tanB  tan A+ tan B

tan(A+ B) tan C
On the other hand, since tan A + tan B > 0, then tan C' > 0, hence C' is also an acute
angle. Consequently, AABC' is an acute triangle.

are both acute angles. Since 0 > 1 —tan Atan B =
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sin 3
cosf— A
Solution: sina = Asin(a+ §) = sin[(a+ ) — ] = Asin(a + ) = sin(a+ ) cos f —
cos(a+f)sin f = Asin(a+p) = sin(a+p)(cos f—A) = cos(a+) sin f = tan(a+p) =
sin (3

cosf3— A

4.84 %  Given |A| < 1,sina = Asin(a + 3). Show tan(a + ) =

4.85 %%  Given 0 < x < m, find the minimum value of function f(z) = sinx +

sinz’

Solution: Since 0 < sinz < 1 for 0 < = < , then the minimum value of f(x) is
s 0
equal to the minimum value of f(x) for 0 < x < 3 Assume 0 < x5 < 27 < —, then

. 4 . 4 —(sinxy —sinxs)(4 —sinzysinx

f(x1)—f(xs) = (sinxy+——)—(sinzo+—) = ( ! , 2)( ! 2).
sin 1 sin sin x sin oo

Since 0 < sinxy < sinz; < 1,4 — sinzy sinzy > 0, we have f(x1) — f(z2) < 0, that is

f(z1) < f(x2). Therefore f(z) is decreasing on the interval (0, g] The minimum value

of f(z)ish at x = g Consequently, the minimum value of f(z) is 5 for 0 < x < 7.

4.86 %% % If o and 5 are two acute angles that satisfy the equation sin® a+sin? 8 =

sin(a + /). Show a+ = g

Proof: sin?a + sin? 3 = sin(a + 8) = sin?a + sin? 8 = sinacos 3 + cosasinf =
s

sina(sina — cos f) = sinf(cosa — sin3). Since 0 < «,f < 5 we have sina >
0,sin 8 > 0. Hence sin o — cos § and cos a — sin 8 are the same signs, or they are both
zero at the same time.
(1) If

sina — cos 8 > 0

cosa—sinf > 0
then

sina > cos 8 > 0

cosa >sinff >0
= sin? a 4 cos? a > sin? B + cos? 3, which means 1 > 1. It does not hold.
(2) If

sina —cos B < 0

cosa—sin 8 <0
then

cos B >sina >0

sin 8 > cosa > 0
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= sin? f + cos? B > sin® a + cos? o, which means 1 > 1. It does not hold. The above
two cases are both false. Therefore we have

cosff—sina=0---D
sinff —cosa=0---2

Checking M*+@?, we obtain sin a cos 34-cos asin 3 = 1 which implies that sin(a+3) =

1. Since a and 3 are acute angles, then o + 3 = g

4.87 yvx%  Given a,b,c in the interval (O,g), and a = cosa,b = sin(cosb),c =

cos(sin ¢), compare their values.

Solution: Their order is b < a < c. .
Otherwise, assume b > a. Since cosine function is decreasing on the interval (0, 5), then

T T
0 <cosb < cosa=a< 5 Applying the relation that is sinz < x when z € (0, 5),

we have 0 < sin(cosb) < cosb < cosa = a which means b < a. It contradicts to the
assumption. Therefore b < a. Next, assume ¢ < a. Since cosine function is decreasing

. . m . s .
in the interval (0, 5), thus 0 <sinc<c<a< BL hence cos(sinc) > cosc > cosa = a

which means ¢ > a. It contradicts to the assumption. Therefore ¢ > a. As a conclu-
sion, b < a < c.

4.88 %%  Given the three side lengths a, b, ¢ corresponding to angles A, B, C' of an
k

obtuse triangle ABC, sinC = 7 k € Z, and equation 2? — 2kx +3k> — Tk +3 =0

has real roots. The formula (¢ — b)sin? A + bsin® B = ¢sin® C holds. Find the values

of A, B,C.

Solution: Since the equation has real roots, then A = 4k? — 4(3k* — Tk + 3) > 0,
1

that is 2k> —= 7Tk +3 < 0 = 5 < k < 3. Since k is an integer, then £k = 1 or 2

or 3. Since k = v2sinC, and 0 < sinC < 1 in the obtuse triangle ABC, we have

1 2
k=1,sinC=—= \/—_, /C =45 or ZC = 135°. Since (¢ — b)sin? A + bsin? B =

22

csin? C, we apply the sine law a = 2Rsin A,b = 2Rsin B, ¢ = 2R sin C to obtain that
(c—b)a® +b® — 3 = 0. By solving the equation (b — ¢)(b* + ¢ — a® + bec) = 0, we have
b=corb®+c—a?+bc=0. Whenb=rc, B=45"or B =135". /B = ZC = 45°
and ZB = ZC = 135° do not hold, since they conflict with the given condition that

AABC is an obtuse triangle and ZA+ZB+ZC = 180°. When b*>+c¢? —a?+bc = 0, we

b2+ c2—a®> —bc 1
— % 2 Theref
2bc 2bc 2 Cretote,

can apply the cosine law to obtain that cos A =
LA =120, /B = 15°, /C = 45°.
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4.89 %% k% If ay,a9,a3, -+ ,a, are positive numbers which are all less than 1,

nm & 1 —ay
sho arcta = — — arcta .
WZI nay =~ Zr n1+ak
k=1 k=1
1—
Proof: Let a = arctanay, § = arctan 1 +ak, (k=1,2,3,---,n). Since 0 < a; < 1,
g
T T ag + %
then 0 < a < Z,O<B< 3 then 0 < o + 8 < 7. Hence tan(a + ) = T*‘fk):
) 1 - 1+ap
a;+1 1—a ,
k 5 = 1= a+f§ = T Therefore arctan aj + arctan B — T SQubstitut-
1+ ay 4 14 ay 4
ing separately k = 1,2,3,---,n into the equation and adding these equations, we
- 1—a n -
have Z(arctan aj + arctan T a:) = Iﬂ It can be shown that Za,rcta,n ap =
k=1 k=1
nm “ 1—ay
— — arctan .
4 kzl 1 —|— Qg

5. A+B A-B
4.90 %% %% Given complex number z = \/7_ sin L—H’ coS —5 where A, B, C

2
3V2
T\/_. (1) Compute tan Atan B. (2) If

|AB| = 6, calculate the area of AABC when ZC reaches its maximum value.

are the interior angles of AABC, and |z| =

v---v---v----v---vu---v---vv--vv--vv---v---ov--vv--vv--ovv--vv-cvv-cov-coAlcateluLUcent 0
www.alcatel-lucent.com/careers

','

One generation’s transformation is the next’s status quo.

In the near future, people may soon think it's strange that
devices ever had to be “plugged in.” To obtain that status, there
needs to be “The Shift".
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V5 . A+ B, A—B]2

Solution: (1) By the given condition, we have |z|* = [7 sin — ]* + [cos 5 =
3vV?2 51— A+ B 1 A—B 9
[—\/_]2 = — cos(A + B) + o cos( ) 9 = 4cos(A— B) =5cos(A+ B) =

4 4 2 2 18
9sin Asin B = cos A cos B. Hence tan Atan B = g

tan A + tan B tan A + tan B 9

2) tanC = —+t A B) = — = — = —(tan A
(2) tan an(4 + B) 1 —tan Atan B 1—% 8(8Ln +

9 3
tan B) < —thanAtanB =7 and tan C' gets the maximum value if and only if

1
tanA = tan B = 3 It means AABC' is an isosceles triangle when ZC' reaches its

maximum value. The value of altitude h on the side AB is h = | 5 | tan A = 1.

1
Therefore Saapc = §]AB]h = 3.

491 % %% Given a,b,c are three side lengths of AABC, a +b = 10, (a + b +
¢)(a+b— ¢) = 3ab, compute the maximal area and the minimal perimeter of AABC.

Solution: From the given conditions and the cosine theorem, we have

(a+b+c)(la+b—c)=3ab
?=a*>+b>—2abcos C

(a+0)*—c* = 3ab
a? 4+ b% — 2 = 2abcos C

a’?+ b —c%=ab
a? 4+ b% — 2 = 2abcos C

1
Thus cosC = = = C

5 = % Let the area is S. Since b = 10 — a, we have

S——absmC’—la(lO a)\g_ \/_( 5)2—1-M Smaxzﬁwhena—b—5

Let the perlmeter of AABC' is p, then p=a+b+c=10+ \/a2 + b2 —2abcosC =

1
10 + \/a2+(10—a)2—2a(10—a)§ = 10 + /3(a —5)2+25. When a = b = 5,
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4.92 %% %%k  Show — - R = cot a — cot 2" av.
sin2a  sin4a sin 2"«
1 sin «v sin(2a — ) sin 2« cos @ — cos 2asin o
Proof: — = — - = — _ = - - = cota —
sin 2o sin arsin 2a sin acsin 2« sin arsin 2a )
9 sin 2« sin(4a — 2a) sin 4o cos 2a — cos 4o sin 2«
CcO Q. = = = =
sin 4o sin 2 sin 4o sin 2a:sin 4o sin 2a;sin 4«
cot 20 — cot 22a.  Applying the recurrence relation, we have — S = cot 2% —
sin 8«
cot 2, -+, — gy cot 2" 'ar — cot 2"a. Adding all above equations , we obtain
sin 2"«
1 1
- + — +- = = cot a — cot 2"av.
sin2a  sinda sin 2"«
4.93 %% % Let ycosa — xrsina = acos2a,ysina + xcosa = 2asin2a, show

(z+1)5 + (x —y)5 = 2as.

COSr aCos 2w
sina  2asin 2«

Proof: From the two given conditions, we obtain x = = 2asin 2a cos a—

cosa —sina
sina  coso
. o . 2 . 2 .9 . . 2 .. 3
asin a cos 2a = 2a2 sin a cos” a — asin a(cos” a — sin” ) = a(3sin o cos” o + sin” ).
acos2a  —sino
2asin2a  cosa

2 2

Y= - = a cos a cos 2 + 2a sin 2asin a = acos a(cos” a — sin” ) +
cosa —sinaw
sina  Cos
4sin® acosa] = a(cos®a — sin®acosa + 4sin*acosa) = a(cos® a + 3sin® acos ).
Thus z +y = a(sin® a + 3sin® acosa + 3sinacos? a + cos® a) = a(sina + cos a)?.

r —y = a(sin® a — 3sin® acos a + 3sinacos? a — cos® @) = a(sina — cosa)®. Hence

(:H—y)%—l—(:c—y)% = a%[(sin a+cos @)?+ (sina—cos a)?] = a§[2(sin2 a+cos® a)] = 2a5.

4.94 vk % **  Let the incircle radius of triangle ABC' is r, the circumcircle ra-
1

dius of triangle ABC'is R, show r < §R‘

1
Proof: Let a, b, c are the side lengths of AABC, p = §(a—|—b+c), the area of AABC'is S.
2 _ _ _ _ _ _ _
ey T _ Sabe _ 4S* Ap(p—a)(p—b)(p—c) :4\/(29 a)(p b)\/(p b)(p —c)

R p 4S8  pabc pabe ab be
\/(p—c)(p—a) _4\/02—a2—|—2ab—b2\/a2—bQ+ch—02\/b2—a2+2ac—02 B
ca B 4ab 4be 4ca B
4\/2@()(1—cosC’)\/2bc(1—cosA)\/Qac(l—cosB) _4\/(1—0086’)\/(1—008A)
4ab 4bc dca N 2 2
(1 —cos B) . A B . C
-~ = 45sin — sin — sin —.
2 2 2 2
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A . B
+ =) —sin?(= — =), singsini reaches its maximum
C
value when A = B. Following the same logic, we can prove that SiHESiDE =
C A C C
sinQ(Z + Z) — sinz(z — Z) sin 3 sin — reaches its maximum value when A = C.
sinBsinC sin2(B+C) sin2(B C) sinBsin reaches its maximum value when
—sin — = —t—)— ——). —sin — X
2 "2 $ra s e 2 2 Ve
T

B = C. Hence sin — sin — sin — reaches its maximum value when A = B = (C = —.

3

N[ s

1
Therefore % = 4sin 3 sin 3 sin 3 < 4sin® % = 3 As a summary, r < = R.

4.95 k% %k  Solve the equation cos? —cos? ¢ = 2 cos® 6(cos —cos ¢)—2 sin® §(sin 6 —
sin ¢).

Solution: cos?# — cos® ¢ = 2cos®B(cos# — cos ) — 2sin’ O(sinf — sin¢) = cos* @ —
6 6 inf — sin 3¢

cos3 —12—3(:08 (cos® — cos¢) — 3sin 5 sin 3 (sinf — sin¢) = 2(cos? 6 —

cos® ¢) = cos30cosf + sin30sinf — cos 30 cos ¢ — sin30sin ¢ + 3cos?H — 3sin®H —

3cosfcos g + 3sinfsing = cos26 — cos(30 — @) — 3cos( + ¢) = 3sin?H — cos* O —

2 cos® ¢ = cos 20 —cos(30 — ¢) — 3 cos(0+¢) = 3—4cos® §—2cos® ¢ = 3—2(1+cos 20) —

(14 cos2¢) = —2co0s 26 — cos 2¢ = 3 cos 20 — 3 cos(0 + ¢) — cos(30 — ¢) +cos2¢ = 0 =

cos’¢p =

—68in39;¢sin9_¢ +281n39+¢sin3(9_¢) =0 = sin39+¢(sin3(92_¢> -
- 0 0 — 0 0 —
3sin 2¢):0:>sin3 ;¢(—4sin3T¢):O. Thussin3 ;¢200rsin 2¢:

30+ ¢ 0—o _

2

nt (n € N) or

0. Therefore, we have nm (n € N). As a conclu-

sion, § = nmw,¢ = —nw (n € N).

4.96 %k %%k %  The interior angles A, B, C satisfy sin Acos B —sin B = sinC' —
sin A cos C'. If the perimeter of AABC' is 12, find the maximal area.

Solution: The given equation can be written as sin A(cos B + cosC') = sin B + sin C'
where cos B + cos C' # 0. Otherwise, if cos B + cos C' = 0, we have cos B = cos(m — ().
Since 0 < B <7m,0<nm—C < m, then B=m—C, thatis B+ C = 7. It con-
tradicts to the condition A + B + C = 7. Hence cos B + cosC # 0. Therefore

. sin B + sin C' ZSinB%CCOSBT’C B+C . B+C ™ A
sin A = = JER¥e] 5o = tan . Since = = — —,
cos B + cos C 2 cos ZF< cos £5¢ 2 2 2 2

A A A A A cos4

then tan = tan(g—g) = cot 7 Then sin A = cot 3 = QSiHECOSE = siné'
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A A A 1 A 2
Since 0 < 3 < g, then cos o # 0. Hence sin® 3 =73 = sinE = g Therefore

A= g After all, AABC is a right triangle. Let a, b, ¢ are the side lengths correspond-
ing to the angles A, B,C', and a is the hypotenuse. We have b+ ¢ + vb? + ¢2 = 12.
Since b > 0,¢ > 0, then b+ ¢ > 2\/%, VB2 + 2 > /2be. Hence 2vbe + v/2vVbe < 12.

12 1 1
That is Vbe < =6(2—+v2). S = —be < =36(2 — V2)? = 36(3 — 2V/2).
Y ( ). Saasc 5 5 ( ) ( )

When b = ¢, we have the the maximal area (SAsBC)maee = 36(3 — 2v/2).

4.97 %k kK * Given asinz + bcosx = 0, Asin 2z + B cos2x = C' where a and b
are not zero at the same time, and 0 < z < 180°, show 2abA+(b*—a?) B+(a?+b)C = 0.

Solution: (1) When a = 0,b # 0, we have bcosz = 0, then cosz = 0,0 < x < 180°.
Hence x = 90°. That is Asin 180° + B cos 180° = C. Solving the equation, we have
—B = C. That is 2abA + (V> — a®)B + (a®> + b*)C = v*(B + C) = 0.

(2) When b = 0,a # 0, we have asinz = 0, then sinz = 0,0 < z < 180°. Hence z = (0"
or x = 180°. That is Asin0+ Bcos0 = C or Asin360° + B cos 360° = C. Solving the
equation, we have B = C. That is 2abA + (b* — a*)B + (a* + V*)C = a*(C — B) = 0.

(3) When a # 0,b # 0, the equation system is

asinx + bcosz =0, D
Asin2x + Beos2x =C. (@
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. : . b : :
Since cosx # 0, equation (D results in tanx = ——. We have sin2x = 2sinz cosx =
a

2tanx 2(—2 2ab
2tan x cos’ x = Ttz 1 +((—aé)2 RN @) and cos 2z = 2cos’x — 1 ==
2 1= 2 1= ﬂ @. Substituting 3) and @) into (2), we have
1+ tan®x 1+ (—2)2 a? + b? ' ’
2ab a’ —b? 2abA  (a* —V*)B

— _ 2 2 _
A B ) = C = ot = O = —20bA+(*—b")B =

(a® +b*)C = 2abA + (b — a*)B + (a® + b*)C = 0.

4.98 k% Let a,b,c be the side lengths of AABC corresponding to the an-

A A B C
gles A, B, C, show <COtZ — csc 5) : (cotg + cot 5) =(b+c—a):2a.

) ) . . B B— - A A
b+c—a sinB+sinC —sinA QSln%CcosTC—Qsmgcosg
Proof: We have = - = —= =
2a 2sin A 4sin 5 cos 5
cos ch — oS B%C sin % sin % ) A A cos % 1
= = Since cot — —csc — = — — —— =
A A @ m A . A
2sin £ sin £ 4 2 sin £ sin £
2 2 4 2
cos 4 1 2c0824 —1 cos 4 B C cosZ  cos&
4 _ = 4 = 2 and cot — + cot — = 2 2 —
sin % 2 sin % Cos % 2sin f Cos % sin %‘ 2 2 sin % sin %
. "B4C A A A A B C . B C
S1n 5 COS 9 cot 1 CsC 0} COS D) Sin 5 Sin 5 Sin 5 Sin 5
sin £ sin € - sin  sin & Then cot 2 + cot & B sind  cos4 - sin 4 @
2 2 2 2 2 2 2 2 2

A A B
From (D and 2), we have that (cot 7 ¢se 5) . (cot 5t cot g) =(b+c—a):2a.

4.99 sk k%% If the equation asinx + bcosx + ¢ = 0 has two distinct solutions

«, f which are in the interval [0, 2], show that tan a ;— B = % when b # 0.

Proof: The equation implies that asinz + bcosz = —c. Then ———=sinz +
b
Va2 + b? .

-
then sin(a + ¢) = __c @, sin(B + ¢) = —

C
a2_|_b2 ,/a2+b2

we have sin(a + ) — sin(f 4+ ¢) = 0. That is QCOS(a i

c a b

. Since «, f are two distinct solutions which are between 0 and 27,

@). Checking O — @),

cosx = — Let cosp = ,sinp = . Then sin(x +

B:O. S-

25+g0)sina

ince a # f and «, 8 € [0, 7], then agﬁ # 0. Hence cos(thB + ¢) = 0. That is

a+f . a+ 3. a+p a . a+pB b
cos p — sin sinp = 0 = cos sin

COS

_ -0
2 2 2 Va*+0b? 2 Var+1b?
: a+ 3 o : a+ 3 o
Since b # 0, then cos 5 # 0. Dividing the equation by cos and multiplying

a+p a+6:a

it by va? + b2, we have a — btan = 0. Therefore, tan

2 b
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@ Sl ya b 51 b 2 2
4.100 %%k **k* Show 5 csc (5 tan 3) + - sec (étan —) = (a+b)(a®+b%).
a
1 2 2
Proof: Let tan~! & — 6, then tanf = g,csc2€ = — = = =
b b 2 stg 1—cosf 1——=2
VR
2va? + 2 2vVa2 + 02 Va2 +bv2+b  2(a®+ V%) + 2bvVa? + b2
= = 5 . We have the
\/a2+b2—3b \/a2+b2—b\/§12+62+b a
1 0
equation % cs02(§ tan~! %) = % csc? 5= a(a® + b*) + abVa? + b2,
1 2 2
2

b
Let tan™' — = ¢, then tan¢ = — sec’ = = = = - =
a a 2 cos? £ 1+ cos¢ 1+ ==

2va?+b? 2v/a? + b2 \/a2+b2—a_2(a2+62)—2a\/a2+b2

= = . We have the
Va2 +bt2+a Va2 +0P+ava?+b —a b?
TS SR NPy 2 | 12
equation = sec (5 tan™ —) = 5 sec’ 5 = b(a® 4 b°) — abva? + b2.
a
3 1 b3 1 b
Consequently, % cscz(i tan™! %)—1—5 se02(§ tan~! =) = a(a®+b%)+abVa2 + b2 +b(a*+
a

b*) — abva? + b2 = (a + b)(a* + b?).

4.101 %% %%  The side lengths a,b,c of AABC form a harmonic series, show

that B sin C'sin A
at cos — =/ ———.
2 cosC +cos A

> Apply now
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roof: From the given condition that side lengths a, b, ¢ form a harmonic series, then

P

1 1 2 2ac . . . .
—+-= 5 Hence b = . Let the area of AABC'is S, and the half of its perimeter is
a

c a+c
2 2 _ 2 _
» WehavecosEZ /1—|—cosB:\/a +c b+2ac:\/(a+c+b)(a+c b):
2 2 dac 4ac
/p(p—0) S2 B besin AabsinC' 2ab?csin AsinC'
ac \aclp—a)lp—c) \dacp—a)lp—c) \bla+c)[t?—(c—a)?]

\/ 2abcsin Asin C B 2abcsin Asin C B sin Asin C
ab? +b2c+act +a2c—c3—ad3  \ a(B®+ 2 —a?) +cla®+ b2 —c?)

sin Asin C
V cos A+ cosC”

4.102 *kkkk If y = sin’®z + 10sin®z cos? z + cos™® x,—g <z < g Find

b2+ c2—q2 I PERNCIC N
2bc 2ab

the maximum value and minimum value of y.

Solutionl: Applying the double angle formula and half angle formula, we obtain
5
y = sin'’z + 10sin®xcos®z + cos'®x = (sin®z)® + 5(2 sinzcosz)? 4 (cos’z)? =

1 —cos2z.. 5 1+ cos 2 1 >
() + S sin2e+ (—= o) = 511 = cos 22)° + (14 cos 22)") + 3 sin’ 20 =

2+ 20 cos® 2z + 10 cos? 2z 5 9 1+ 10cos? 2z + 5 cos? 2z + 40(1 — cos?® 2x)
+§(1—cos 2r) =

32 16
5 cos* 2 — 30 cos? 2 41 5) 41 1
s AT 16COS rre 1—6(COS4 27 — 6 cos® 21 + 3) = 1—6(0082 2x — 3)21— 7 ;
When cos? 2z =0 (i.e. 7 = ﬂ:g), y has the maximum value 9,4 ? 6 x 9 1— 1= ZE.
When cos? 2z = 1 (i.e. 2 =0), y has the minimum value ¥,,;, = 6 4 — 1= 1.

d
Solution2: We can check the derivative of y, d_y = 10sin’ x cosz + 10(2sin x cos® v —
x

2 8

2sin® xcosw) — 10cos’ rsinz = 10sinx cosz[sin®z + 2(cos® v — sin®z) — cos® 2] =

4 4 2

1
5sin 2x[(sin* # + cos® x)(sin* z — cos*z) + 2cos22] = 5sin2z[(1 — 5 sin? 2z)(sin® z —

1
cos® ) 4 2cos 2z] = 5sin 2z[(1 — §sin2 2x)(— cos 2x) + 2 cos 2x] = Hsin 2z cos 2x(1 +

1 d
3 sin?2x). Let d_y = 0, we obtain the stationary point:
x
d
(1) z; = 0 when sin2z = 0. We find that the sign of d_y changes from negative to
x

positive, then 4,,;,(0) = 1 is a local minimum.

d
(2) 293 = i—% when cos 2z = 0. We find that the sign of d_y changes from positive to
x

9
negative, then ymax(:lzg) = ZE are local maxima.

1
(3)If 1+ 5 sin® 2z = 0, then sin? 2r = —2. The equation has no solution.
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4.103 %% % %% If n is an arbitrary natural number, show that sina + sin 2« +
. no _* (n+1)a
S1n -5 S1n s
sin &

sinda + -+ +sinna =

Proof: prove the conclusion by the method of mathematical induction.

(1) When n = 1, the left side of the equation is sin «, the right side of the equation is

sin § sin , , , , . i
——=—— which equals sin . The left side equals the right side. The equation holds.

sin &
2
(2) Assume the equation holds when n = k. Then sin av+sin 2a+sin 3a+- - - +sin ko =
k;a (k‘—|—1)0¢
sin %* sin
2 We add sin(k + 1)a to both sides, then sin a + sin 2a + - - - + sin ko +
sin &
2
. sin k—a sin (k+ Jo + sin & sm(k: + Do Sin (k+2 B [Sln 5+ 2sin 5 cos M]
sin(k+1)a = =
sin 5 sin 5
ﬁnwgn[$n +smﬁ””“-—$n%ﬂ angmlﬁnumg+ua '
= —— . Hence the equation
sin § sin 5

holds when n = k + 1.
According to (1) and (2), the equation holds for all natural numbers n.

4.104 Yk % %% If the maximum value of F(z) = |cos?x + 2sinz cosz — sin® x +
3
Az + B|, denoted M, is considered with parameters A and B for 0 < z < 3™ find the

values of A and B such that M has the minimum value.

Solution: F(z) = | cos 2z + sin 2z 4+ Az + B| = |v/2sin(2z + %) + Az + B].

3
Let fi(z) = v2sin(2z + %), 0<z< 5%) Then f)(z) has the maximum value /2 at

9 5
r="orz="" fi(z) has the minimum value —v/2 at o = o,
Let fo(z) = Az + B which is a monotone function. If A and B are not both zero, then
5 9
the sign of fs(x) can not change twice. Hence when x = z, T = —7T, orx = —W, there

is at least point of fo(z) which sign is same as the sign of f;(x), and their sum is large
than /2. Otherwise, for a pair of A and B with at least one of them nonzero, the
maximum value of F(z) is less than v/2. Then

F(3) = [VE+ 34+ Bl < V2
F():—¢%ﬁ”+M<¢_
() = |VE+ 541 Bl < V2

o[y

o°|§O°|

—+B<0 )
5M+B>O ®)
9’”‘JrB<O €)

According to @ and 2), we have A > 0. According to @ and 3), we have A < 0. It is
a contradiction. Therefore, M has the minimum value v/2 occurring at A = B = 0.
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5 SEQUENCES

2a,, . . .
5.1  Given a,y1 = 1 a; = 2. (1) Show sequence ai is an arithmetic sequence.
ap, "
(2) Find the explicit formula for a,,.
2ay, 2 ap + 2 2 1 1
Solution: (1) api1 = = _ Mty +— = — — = —. Hence
an + 2 Ap41 Qp, Qp, Ap41 Qp,

L. : . . . .
sequence {—} is an arithmetic sequence and its common difference is 7
an

1 1 11 1 1 1 1

(2)From the conclusion of (1), we have that —— — = -, ——— = — ...  —— =
as a1 2 as ay 2 Ap  Gp_1

1 1 1 1

5 We sum up these equations to obtain — — — = §(n — 1). Since a; = 2, then
Qp, aq

2
n=— e N).
== (neN)

1
5.2  Let a, be the number of the integer roots of the equation f(z) = >+ z + 5@ €
1

[n,n + 1], where n € N*. (1) Find the general term of {a,}. (2) Let b, = ,
Qp Q41

compute the nth partial sum of {b,} which is denoted by S.
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Solution: (1) Since f(z) is increasing on [n,n + 1], then the range is [f(n), f(n + 1)].

Hence a, = f(n+1)— f(n) = [(n+1)2+(n+1)+%]—(n2+n+%) =2n+2,(n € N*).

SRS 1 1 1 1,1 1

(2) bn = Untnpr  Cn+2)2(n+1)+2]  4(n+1Dn+2) iy )
1,1 1 1 1 11 "1

Hence, $ = 3G+ G+ + 7752 =16 072 ~8n g 16

4
NY).

(n €

5.3 Let sequence {a,} satisfy a; = ay = 1 and a, + a,_1 + a,_» = n® for n > 3,
compute aiggg.

Solution: From the given condition, we have a; = as = 1 and a; + as + az = 9. Hence
az = 7. Since a,, +a,_1+a,_» =n*and a, 1 +a, 2+ a,_3 = (n—1)?, adding them to
obtain a,, —a,_3 = 2n—1, which implies that that a,,_3—a,_¢ = 2(n—3)—1,---. Thus
1996 —aA1993 — 2% 1996—1, 1993 — Q1990 — 2x 1993—1, e,y —ay] = 2x4—1. Addlng the

201996+ 4) X 665 o' 5000 x 665 — 665 =

above equations to obtain ajges — a1 = 5
1329335. Therefore, ajgos = 1329335 + 1 = 1329336.

5.4  If sequence {a,} satisfies a; = 3, and a,11 = 2a, +1 (n € N*). Find the
general term a,, of the sequence.

Solution: Adding 1 to both sides of the equation a, 1 = 2a,, + 1 to obtain a,; + 1 =
2(a, + 1). We apply the recurrent relation to obtain a, + 1 = 2(a,—1 + 1),a,-1 + 1 =
2(ap—2 +1),--+,a3 +1 = 2(a; + 1). Multiplying the above equations and applying
a; = 3 to generate a, = 2" —1 (n € N*).

5.5 Let the function f(z) = logy,x —log,2 (0 < x < 1), and the sequence {a,}
satisfies f(2%*) = 2n. Find a,.

Solution: Since f(x) = log, v —log, 2 = log, x — @, then f(2%") = log, 2% —b&% =
a, — i = 2n. It leads to a —2na, —1 = 0. Hence a, = n++vn?+ 1. Since 0 <z < 1,
then 0 < 2%» < 1 which means a,, < 0. Therefore a, =n —+vn?+1 (n € N¥).

5.6  Given the general term of sequence {a,} as a, = 2n* —n, do there exist nonzero
n

constants p, ¢ such that the sequence { } is an arithmetic sequence?

pn—+q
Solution: Assume that there exist nonzero constants p,q such that the sequence

Qp . . . a a a . .
{ } is an arithmetic sequence. Then L 2 form an arithmetic
pn+q p+aq 2p+q 3p+gq

15
sequence. From a; = 1,a3 = 6,a3 = 15, we have ( ) x 2 = + )
p+q ptq 3p+q
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a, 2n®> —n n
= = —— when
pn+q —2qn +q q

} is an arithmetic sequence and the common difference

Then pq + 2¢*> = 0. Since ¢ # 0, then p = —2¢, then
Qn,

= —2q. We show that
p q { pm——

.1
Is ——.
q

5.7 Given the sequence {a,}, a1 =1, api1 = a, +3n (n € N¥), find ao.

Solution: a1 = a,+3n = ap11—a, =3n. Thena, —a, 1 =3(n—1), ay_1—ap o=
3(n—2), an2—a,3=3n—3), -+, a3 —az =3 X2, ay —a; =3 x 1. Adding the
(n—1)

above equations to obtain a, —a; = 3[1+2+3+---+(n—1)] =3 x o 5

3 -1 3 3
a, = a, + % = 5712 — §n + 1. Therefore, a;g = 150 — 15+ 1 = 136.

. Hence

5.8  Given two arithmetic sequences {a,,} : 1,5,9,--- and {b,} : 3,10,17,---. Con-
sider their first 200th terms and find out the number of the terms with same values.

Solution: Since a,, =4m —3,(m =1,2,---), b, =™ +3,(0=0,1,2,--+), @, < by,
dm — 6
then n = —2 (m,n € N*) when 4m — 3 = Tn+ 3. Thus my =5, my = 12, ---.

Assume my, = Tk — 2 < 200, (k € N*). Hence k = 1,2,3,---,28. Hence, there are
28 terms with same values.
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5.9  Assume the four roots of the equation 22—z +a = 0 and the equation 22—24+b = 0

1
form an arithmetic sequence with the first term T If a < b, determine the values of a, b.

11 1
Solution: Let the four roots of the two equations are 71 +d, 1 +2d, 1 +3d. Applying

1 1 1 1
the relation between roots and coefficients, we have 1 + 1 +3d = 1 +d+ 1 +2d = 1.

1
Then d = 5 Thus the two roots of the equation 2> — z +a = 0 are = and —. Hence

3 ) 1 1 5 1 17
a—1—6. An(;the;worggtsofx —x—l—b—OareZ—l—i-é—ﬁandzl+2x6—ﬁ.

Hence. b= — x — = =2
nee, 0= X 9T !

510 % Let f(z) = (yz ++v2)? (z > 0) and for {a,}, a1 =2, n > 2, a, > 0,
Sy = f(Sn_1). Find the general term of {a,}.

Solution: According to f(z) = (vZ++/2)% and S,, = f(S,_1), we have S,, = (v/S,_1 +
\/5)2- It means /S, — VSt = V2. Thus V'S, — VSt = \/57 VSn-1 =/ Sn2 =
V2, /85 — /Sy = V2, VS — /51 = V2. Adding the above equations to obtain
VS, — /S = (n—1)y/2. Since S; = a; = 2, then /S, = V2 + (n — 1)v2 = nv/2.
Hence S, = 2n%, (ne€ N*). a, =S, — Sp_1=2n*>—-2(n—1)> =4n — 2 when n > 2.
And a; = 2 when n = 1. Therefore, a, =4n —2 (n € N*).

1
+ — +
a1G2 Q203

5.11 %  Let each term of the sequence {a,} is nonzero, show that

1 n

ApAn41 a10n+1

Solution: Let the common difference of the sequence {a,} is d.

1 1 Apt1 — O d 1 1

—— — = = =—(—— ). Thus + +- 4

Qp, An41 ApnGp41 ApGp41 Apn Q41 d Qp, An+1 a1G2 203
1,1 1 1 1 1 1.1 I 1 ap—a

Unlny1  d ay  ay  ay as U Any1)  dar Gpp1) A @1Gpp

1 nd n

daianq a10n+1

5.12 %  Compute the sum of the sequence.
1 3 7 15
1) Given =, 22,45, 6-2, .
( ) leen 27 47 87 167
(2) S=a"+a" o+a" 20 +- - +a" TV +- - +ab" 0", where a # 0,b # 0,n € N*,
evaluate S.
(3)Given 1, 1+2, 1+2+2% -+ 1+2+2%+...+2""1 compute the nth partial sum

S, of the sequence.

-+, compute the nth partial sum .S,,.
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1 3 7 15 2" —1 1 1 1
lution: (1) Let M — ~ L ) (1 ) (1)t (1
Solution: (1) Let 2+4+8+16t + FT = ( 2)+( 4)+( 8)+ +(
1 1 1 1 1 =1 — 1 1
L DURIVE VI e U SIS L€ NS S SOOI A )

2n 2 4 8 2" 1—
(n—1)n—-2)
2
ThusSn:M—i—N:2%+n—1—|—n2—n:2in+n2—l (n € N™).

(2) Multiplying the equation by a or by b to obtain

2
Let N=2+4+6+--+2(n—1)=(n—1)2+ 2=n*>-n (n€N¥).

aS = an—l—l + anb+ &n_1b2 4+t an—r+lbr 4+t a2bn—1 + CLbn,
bS = a™b+a" ' + a2 + -+ @ 4 b 4 0L

The first equation minus the second equation, we have (a —b)S = a™*! — "1, Hence,

an+1_bn+1
g Y ,aF#b
(n+1)a™a="5

(3) Since a, = (1+24+22+ - +2"1)(2—1) =2"— 1, then 5, = Y (2" —1) =
k=1

2(1 =27

Soot o3 1 =202 oy e )

5.13 %%  Given sequence {a,}, a; = 1, and sequence {b,}, by = 0, with the re-
1 1

lationships a,, = §(2an_1 +b,-1) and b, = g(an_l + 2b,_1) for n > 2. Find a,, b,.

1 1
Solution: a,, + b, = §(2an_1 +bp1)+ =(ap_14+2by-1) =ap_1+bp1 =0y o+ byo=

3
-=ay + b1 =1 @
1 1 1
And an_bn = §(2an—1+bn—l)_g(an—l_’_an—l) = g(an—l_bn—l) = ( ) (an 2+bn 2) -
1 1
G e o
According to @ and ), we have a,, = 5(1 + 37%1), b, = 5(1 - 3%1)-

5.14  If the nth partial sum of the arithmetic sequence is 30 and the 2nth partial
sum is 100, compute the 3nth partial sum.

Solution 1: Let the first term be a; and the common difference be d. From the given

conditions, we have
-1
nay + Md = 30,

2n%2n - 1)

2na; + d = 100.
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Solving this equation system to obtain d = — 1= —+ —. Thus S5, = 3na; +
n o n
3n(3n —1 10 2 3n(3n — 1) 40
SnBn=1) ;5 100 +2)  3nBn=D40 _ ),
2 n? 2 n?

Solution 2: According to the properties of an arithmetic sequence, S,, S, — Sy,
S3p, — Say, form an arithmetic sequence. Hence 2(Ss, —S,,) = S, +(S3,—S2,,). Therefore
S = 3(San — S) = 3(100 — 30) = 210.

Solution 3: The formula of the nth partial sum of an arithmetic sequence implies
that S, is a quadratic function. We have

An? + Bn = 30,
A(2n)? + B2n = 100,

where A, B are constants. Solving the equation system to obtain A = —, B = —.
n

20 10
Therefore, S5, = A(3n)? + B3n = —(3n)* + —3n = 210.
n n

5.15 %%  The vertex coordinates of the quadratic function f(z) = az® + bx + ¢

3 1
Y _Z)’ and f(3) = 2. For an arbitrary real number z, the sequences {a, } and {b, }
satisfy f(x)g(x) + apx + b, = 2™ (n € N*), where g(x) is defined on the set of real
numbers R. Find the general terms of the sequences {a,} and {b,}.

is (

[ ]
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3 1
Solution: From the given condition, we have f(z) = a(z — 5)2 ~1
3 1
ince f(3) = 2, then a(3 — 5)2 —1= 2. Solving the equation to obtain @ = 1. Hence
flx)=2* -3z +2,z€R, f(1) =0, f(2)=0.
Applying f(1)g(1) + a, + b, = 1 to obtain a, +b, = 1 (@. On the other hand,

f(2)g(2) + 2a, + b, = 2" then 2a, + b, = 2" @. According to D and @), we
have a, = 2"** — 1, b, =2 — 2" n € N*.

(@ # 0). S-

1 21
5.16 %%  Given the arithmetic sequence {a,}, let b, = (5)“”, and by 4+ by + b3 = 5

1
b1babs = 3 Find the general term of the sequence {a,,}.

1 1 1 1
Solution: From the given condition, we have b1bybs = (5)“1(5)“2(5)“3 = (5)
1

1
5= (5)3 Hence a3 +as+az = 3. Since {a,} is an arithmetic sequence, we assume a; =
as —d and a3 = as+d, where d is the common difference. Thus as —d+as+as+d = 3,

aitaz+a3z _

1 1 1 1,_ 1 1 21 )
then ag = 1. bl + bg + b3 = (§)a1 + (5)(12 + (5)(13 = (5)1 d + 5 + (5)1+d = g SOlVll’lg
the equation, we have 2¢ +27¢ = —. That means d = 2 or d = —2.

Whend =2, =1-d=-1,a,=-142(n—-1)=2n—-3 (n € N*).
Whend = —-2,01 =1—-d=3,a,=3-2(n—1)=-2n+5 (ne€ N*).

5.17 %  Given {a,} as a sequence with positive terms, S, denotes the nth par-
tial sum, and 2/S,, = a, +1 (n € N*). Find the general term of the sequence {a,}.

Solution: Since 24/S, = a, + 1, then 2\/a; = a; + 1 for n = 1. It means that
(y/ai —1)> = 0. Thus a; = 1. We have 45, = (a, + 1)%,4S,_1 = (ay—1 + 1) for
n > 2. Subtracting the second equation from the first equation to obtain 4a, =
(an+1)?—(an1+1)* = (a,—1)*— (a1 +1)* =0= (ap +a,_1)(a,—a, 1 —2) =0.
Since a, + an+1 > 0, then a, — a,—1 — 2 = 0 which means a, — a,_1 = 2. Hence
{a,} is an arithmetic sequence with the first term 1 and the common difference 2,
ap,=14+(n—-1)x2=2n—-1 (ne N").

2
5.18 %  Let the nth partial sum of {a,} be S,, a1 = 1, a,41 = nt

S, (n =

Sny . :
1,2,3,--+). Show that (1) the sequence {—} is a geometric sequence; (2) S,+1 = 4ay,.
n

2
Proof: (1) Since a,+1 = nt Sp and apy; = Spp1 — S, (n = 1,2,3,--+), then
(n+2)S, = n(Suy1 — Sn) = nSpp1 = 2(n +1)S, = Si:rll = 2&. Therefore the
n n

n . .
sequence {—} is a geometric sequence.
n

Download free eBooks at bookboon.com



n—1

. Sn 1 Sn—l S,
(2) We apply (1) to obtain - ;1 = 4n 7 (n > 2). Hence S,11 = 4(n + 1)n 1
4ay,, (n = 2). Since ay = 35; = 3, then Sy = ay + ay = 4 = 4ay. Therefore S, 1 = 4a,

holds for an arbitrary positive integer n > 1.

5.19 %  Let the common difference of arithmetic sequence {a,} and the common
ratio of geometric sequence {b,} be both d (where d # 1 and d # 0), a; = by, a4 = by,
a9 = bip. (1) Find the values of a; and d. (2) Is byg a term of {a,}? If it is a term of
{a,}, which term is it? If it is not a term of {a,}, explain the reason.

Solution: (1) Since a,, = a1 + (n — 1)d, b, = byd"! = a;d" !, and a4 = a4, a19 = ao,
we have

a; + 3d = a,d?
a; +9d = a;d°

{ 3d = ay(d® —1)
9d = a(d” — 1)

Dividing the first equation by the second equation leads to d°+d* —2 = 0 which means
that d> = 1 or d®> = —2. Since d # 1, then d® = —2. Hence d = —+/2. Substituting it
into the equation, we have a; = /2. Therefore a; = \3/5, d=—/2.

(2) We apply (1) to obtain that the general terms of {a,} and {b,} are a, = (2—n)+/2,
b, = \?/ﬁ(—\‘g/ﬁ)”_l = —(—\3/5)”. Hence by = —32+¢/2. Since (2—n)\3/§ = —32v/2, then

n = 34. Therefore, by is the 34th term of {a,}.

5.20 %  Given the sequence {a,}, a1 =1, a1 = S, + (n+ 1), (n € N*).
(1) Show the sequence {a, + 1} is a geometric sequence. (2) Find the general term a,,
and the nth partial sum S,,.

(1) Proof: We apply a,i1 = S, + (n + 1) to obtain S,, = a,41 — (n + 1) and
Sp-1 = a, —n. Then a, = S, — Sy-1 = [ans1 — (n + 1)] — (@, — n). Thus

mn 1 i
ant1 +1 = 2. Therefore {a, + 1} is

nt1 = 2a, +1 & ay, 1 =2a,+1) &
Ui an, + Ant1 + (an + 1) T

a geometric sequence with common ratio 2.
(2) Solution: Since a; + 1 = 2, then a, + 1 = 2-2""! = 2" which is a, = 2" — 1.

Snz(2—1)+(22—1)+-~+(2”—1):(2+22+...+2n)_n:M_n:

1-2
2"l —n —2 (n€ NY).
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5.21 %k Let Pi(x1,y1), Pa(z2,92), - ,Pu(Tn, yn) (n = 3) be the points on quadratic

curve C, and a; = |OP|?, ag = |OBP%, -+ ,a,, = |OP,|* form an arithmetic sequence
with common difference d (d #0), and S,, = a; +as + - - + a,.
2
(1) If the curve C' is x_2 + %2 =1 (a=10,b=75), the point P;(10,0), and S3 = 255.
a
Determine the point Ps.
R

(2) If the curve C' is =+
a

value of S, as d varies.

=i 1 (a>b>0), the point P(a,0), Find the minimum

Solution: (1) Applying the point P(10,0), we have a; = |OP|*> = 10> = 100,

3
Gt + a3 = §(a1 + az) = 255. Then a3 = |OP3)? = 70. Thus
2

2
2+y:i =170 @, % + 3—35’ =1 @. Applying @ and @) to obtain x3 = +2/15,

y3 = £1/10. Therefore the coordinates of the point P; are (2\/ﬁ, \/E), (2\/1_, —@),

(22315, v/10), (—2v/15, —/10).

(2) Since a; = |OP;|* = a?, then d < 0 and a,, = |OP,|* = a* + (n — 1)d > b*. That
b’ — a? _ 5  n(n—1)

— < d < 0. Since n > 3, then S,, = na* + —=

b — a? , nn—10—ada* n(a®+b?)
[F,O) Therefore (Sn)mln =na” + 9 n—1 = 5 .

53:a1+

means d is increasing in

5.22  Let an arithmetic sequence has twelve terms where Seyen @ Soqq = 32 @ 27
and the sum of sequence is 354. Find the common difference d.

Solutionl: From the given condition, we have Seyen, — Soqq = —nd = 6d. Since

Seven : Soaq = 32 : 27, let Sepen = 32t, Soqq = 27t, then 32t + 27t = 354. Thus t = 6.
Hence Sepen = 32 X 6 = 192, S,qq = 27 x 6 = 162. Therefore Sepen — Soqa = 30 = 6d,
then d = 5.

S, 32 S 32 32

e — = = Seven = — X 354 = 192, Spqq =
Soad 27 Seven + Sodd1 32427 59 dd
354 — 192 = 162. Since Sepen, — Sodd = énd = 6d, then 6d = 192 — 162 = 30. Therefore
d=75.

Solution2:

5.23 % Let {an}, a1 = 1, nay41 = (n+ )a, +1 (n > 2). Compute the the
nth partial sum S,,.

Solution: na,+1 = (n+1)a, +1 (n>2)=n(ap+1)=n+1)(a,+1) (n>=2).

n+1

Let b, = a,+1, then b, = bn. Thus by = 2,00 =2x2, b3 =3x2,by =4%x2,---,
n

b, = nx2. Therefore S,, = ay+as+- - -+a, = by+bo+---+b,—n = 2(14+2+- - -+n)—n =
n? (n>2).
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5.24 %%  Given the quadratic function f(x) = n(n + 1)z? — (2n + 1)z + 1, and
n is chosen as all natural numbers, compute the sum of lengths of all line segments on
the x-axis intercepted by the graph.

Solution: n(n+1)z?—(2n+1)x+1 = Owhen f(z) = 0. Thus (nx—1)[(n+1)z—1] = 0.

1 1
Then z; = —, 9 = Pl Let the parabola intersects x-axis at the point A,
n n
and the point B,, then the sum of lengths of the intercepted line segments S, =
1 1 1 1 1
AB AsB o+ |ABy = (1— = —— )+t (———)=1- .
B o Bl =0 )+ G =) =) =1
lim S, = lim (1 — =1.
g, 5 = i =5y

5.25 %% (1) Given an arithmetic sequence {a, } that satisfies a; = —60, a;; = —12.
Let b, = |a,|. Evaluate the 30th partial sum of {b,}.

(2) If the general term of the arithmetic sequence {a,} is a, = 10 — 3n, compute
|a1] + Jag| + - -+ + [ay].

Solution: (1) Let the common difference of the arithmetic sequence {a,} is d. Since

a; = —60, a;7 = —12, then —60+ 16d = —12. Thus d = 3. Hence a,, = —60+ (n—1)3.

It means a,, = 3n — 63. 3n — 63 =0 if a, = 0. Then n = 21. as =0, agp = 3.
—6040 30 —21+1)(30 — 21

Method 1: Sgl = T+X20 = —600. 530—521 = (30—21+1)X3+( +2 )< )X

3 = 165. Therefore the 30th partial sum of {b,} is S30 = [S21| + | S30 — S21| = 765.

Method 2: Since a, = 3n — 63, S30 = a1 +as + -+ +ago — 2(a; + ag + -+ - + ax) =

_ 2 60 —
GOT+7><30—2$><20:765.

(2) Since a,, = 10 — 3n, then a; > 0,ay > 0,a3 > 0, a4, as,--- ,a, < 0. Hence

a1+ as+---+a,, (n<3
R R nsd

a;+astaz—ag— - —ay, (n=>4)
[ sy
2(a1 +az +as) — (a1 +ag+ - +ay,), (n > 4)
—3n%+ 17
u’<n<3)
= 2
— 1
24_#’(7124)
—3n?2+17
Lk LA
- 3n2 —17n + 48
n 2n—|— ,(n>4)
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5.26 %  Given f(x) is a linear function, and f(8) = 15. f(2), f(5), f(4) form a

geometric sequence. Denote S, = f(1) + f(2) +--- + f(n). Compute lim (S—Z)
n—oo M

Solution: Let f(x) = kx + b. From the given condition, we have

8k +b=15
(5k + b)* = (2k + b)(4k + 1)
=
k=4
b=—17
Then f(x) = 4x — 17. Consist the sequence —13,—9, —5,---  (4n — 17) when = =
-1 4n —1 2n? —1
1.9, 5, = SBFA =D s lim(S—Z) — lim "—25” -
15 2 n—oo N n—00 n
2 — lim — = 2.
n—oo N
1

5.27 %  Let all terms of the arithmetic sequence {a, } are positive. Show

-
v a1 + \/as
1 1 n—1

—+...+ = .
\/a_2+\/a_3 \/an—l_l_\/a'n \/a_l_\/an

W e

Vowo Tavexs | Resanr Toocks | Macs Tovers | Vowo Buses | Vowo Cowsteuction Esumsent | Wowo Pesm | Vowo Aero | Vowo IT
Vowo Fimswcer Sepces | Vowo 3P | Vowo Powerream | Vowo Pasrs | Vowo Techwowoey | Wowo Loasncs | Busisess Anes Asie
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1 1

1
+ R e
w/CL1+\/CL2 \/CL2+\/CL3 w/an_l—i-\/an

1 AN A1 — \/Qy, 1
ey = — — ./ n—1 — A/ n M =
an 1+ /ay, Ap—1 — Qp, d( tn—1 an) =

1 1 1 a—a,
—sWar—vartya—yagte o yan-i—yan) = —a(\/a_l—\/@) NCEN
la—ja+m-1)d = 1—-(n-1)d n—1

d Vatyva,  dyaitJan Jat Ja

Proof: Let M = the common dif-

ference is d. We have

5.28 %  Solve the nth partial sum of the sequence 1,3a,5a% 7a3,--- , (2n — 1)a" L.

1 2n—1
Solution: When a = 1, the sequence is 1,3,5,7,--- ., (2n —1). S, = it ;L )In =
n* (neN¥).
When a # 1, S, = 1+3a+5a*+7a®+---+(2n—1)a™*  (D. Multiplying the equation
@ by a to obtain aS, = a+3a* +5a® +7a* +---+ (2n—1)a" @. Using O — @), we
have (1—a)S, = 14+2a+2a*+2a*+---+2a" ' -~ (2n—1)a" =1— (2n—1)a" +2(a+
1— n—1 2 _n
Al =a") g — ) 4 2029
(20— Vo 2o~ a) e
1—-—02n—1)a" a—a"
N™).
T—a " (1=az €N

a?+a+-+ad" ) =1-2n—-1)a" +2

While 1 —a # 0, then S,, =

5.29 %%  Let the nth partial sum of the sequence {a,} is S, = 2n? {b,} is a
geometric sequence, and a; = by, by(as — ay) = by. (1) Find the general term of {a,}
and {b,}. (2) Let ¢, = Z—n, evaluate the nth partial sum T, of the sequence {¢,}.
Solution: (1) S; =a; =2whenn=1. a, =S, —S,_1 =2n?> —2(n—1)? =4n — 2
when n > 2. 4n —2 = 2 = a; when n = 1. Hence the general term of {a,} is
a, = 4n — 2 = 2+ 4(n — 1). Therefore {a,} is an arithmetic sequence with the fist
term 2 and the common difference 4.

Let common ratio of {b,} is ¢. Since by(as — a1) = by and by = byq, then byiqd = by.

Thus g = ~ = 7. Otherwise, by = ar, then b, = big" ™" = =

2) cnzz—”:(2n—1)4"—1. To=ci+co++ey=14+3x4+5x42+. .+ (2n—

1)4n—1 GSL Multiplying the equation () by 4 to obtain 47}, = 1x4+3x424+5x 43+ - -+
(2n—1)4"  @. Using ®—@), we have 3T}, = —1—-2x (4+4% 444"+ (2n—1)4" =

4(1 — 41 5 1 1
-1- QQ + (2n —1)4" = = + =(6n — 5)4" = =[(6n — 5)4" + 5]. Therefore
) 1-4 3 3 3
Tn:§[(6n—5)4”+5] (n € N¥).

5.30 %  The sequence {a,} is a geometric sequence, a; = 8, b, = logya,. If the
first 7th partial sum S7 of {b,} is the maximum value, and S; # Sg. Find the range of
the common ratio ¢ of the sequence {a,,}.
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Ap+1

Solution: b,+1 — b, = logy ani1 — logya, = log, = log,q. Then {b,} is an

n
arithmetic sequence, and its first term is b; = log, a; = 3, its common difference is
log, q. From the given condition, we have

bz >0
b8<0

Then

3+6logy,g =0
3+ Tlogy,q <0

~Jjw

).

1 3 2
Thus ~3 < log, g < —= Hence ¢ € [%,2

5.31 %%  For a positive number, its decimal part, integer part and itself form a
geometric sequence. Find this number.

Solution: Let this number is x, its integer part is [z], its decimal part is x — [z].
From the given condition, we have z(z — [z]) = [z]*> which means 22 — [z]z — [z]* = 0
1++5

where [z] > 0, 0 < z — [z] < 1. Solve the equation, then =z = []. Since

2
1++5

-1
0 <z—[z] <1, then 0 < 5 [] — [x] < 1. Thus 0 < [z] < 1. Hence

1++5 1++5

5 < 2. Therefore [z] =1 =z = 5

0<lz] <

5.32 %%  The sequence {a,} has k terms (k is a fixed number). Its nth partial
sum S, = 2n?+n (n < k,n € N*). If we remove one term (neither the first term
nor the last term) from the k terms, the average value of the remaining (k — 1) terms
is 79.

(1) Find the general term for {a,}. (2) Determine k£ and which term is removed.

Solution: (1) From the given condition, we have S; = a1 = 3, a, = S, — Sp—1 =
(2n?+n)—[2(n—1)>+(n—1)] =4n—1,(n > 2). Since a, satisfies the above formula,
then a, =4n —1, (n<k,n € N*).

(2) Let the removed term be the tth term, then 1 < ¢ < k. From the given condi-
tion, we have Sy —a; = 79(k — 1). Thus 2k* + k — (4t — 1) = 79k — 79 = 4t =
2k* — 78k + 80 = 4 < 2k* — 78k + 80 < 4k = 38 < k < 40. Since k € N*, then k = 39.

k2 — 39k +4
Hence ¢t = # = 20. Therefore the removed term is the 20th term.

5.33 %% Given f(z) =2 — (2n+ 1)z +n*+5n —T.

(1) If the y-ordinate of the vertex of the graph of f(z) form a sequence {a,}, show
{a,} is an arithmetic sequence.

(2) If the distance from the vertex of the graph of f(x) to x-axis form a sequence {b,},
evaluate the nth partial sum of {b,}.
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Solution: (1) f(z) = 2> = 2n+ Dz +n?>+5n—7 = [z — (n + 1)]*> + 3n — 8, then
a, = 3n—8. Since a,41 —a, = [3(n+1) — 8] — (3n—8) = 3, then {a,} is an arithmetic
sequence which common difference is 3.

(2) Applying (1), we have b, = |3n — 8. When 1 < n < 2, then b, = 8 — 3n,
(5+8—3n)n  13n—3n?

by = 5, S, = 5 When n > 3, then b, = 3n — 8,
14+3n—8)(n—2) 3n®—13n+28
S":5+2+1+4+7+"'+(3n—8):7-|-( +on 2)(71 ): n 2n+ |
Thus y -
S =
" 3n? — 13 28
n 2n+ (n>3)

5.34 %% % If we insert a number a between two positive numbers, the three num-
bers form an arithmetic sequence. If we insert two numbers b and ¢, the four numbers
form a geometric sequence. Show (1) 2a >b+c¢ (2) (a+1)* = (b+ 1)(c+ 1).

Proof: (1) Let the two positive numbers be m and n (m,n > 0). Then m+n =2a @,
me="0> @,nb=c®> @. Applying O to obtain a > 0. Applying @ and @) to obtain
2 2

b,c > 0. Thus ?—i-% =m+n = 2a. Then 2abc = b* + = (b+¢)(b?* + * —be) >
(b+ ¢)(2bc — be) = (b+ c¢)be. Hence 2a > b+ c.

EXPERIENCE THE PC
FULL ENGAGEMENT...

RUN FASTER. i, o
RUN LONGER.. D MORE & PRE-ORDER TODAY &%
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m-+n

(2) Applying (1) to obtain a = > /mn = Vbe. Thus a* > be. Applying

(1) again, we have 2a > b+ ¢. Thus

a® > be
2a > b+ c

=a’+2a=bct+b+c=(a+1) >bc+b+c+1=(b+1)(c+1).

5.35 %  For an arbitrary real number z, [z] denotes the integer part of x. It means
[x] is the biggest integer number which satisfies [z] < z.

(1) evaluate [log, 1] + [log, 2] + - - - + [log, 1024].

(2) Deduce the formula of [log, 1] + [logy 2] + - - - + [log, (2" — 1)].

Solution: (1) [logy1] = 0, [logy2] = [log,3] = 1, [log,4] = [log,5] = [log, 6] =
[log, 7] = 2,-- -, [log, 512] = [log, 513] = - -+ = [log, 1023] = 9, [log, 1024] = 10. Thus
log, 1] + [logy 2] + - + [logy 1024] = 2+ 2 x 22 + 3 x 2% + -+ + 9 x 2° + 10 = 8204.

(2) Let [log, 1] + [logy 2] + - -+ + [logy(2" — 1)] = S,. Applying (1) to obtain S, =

242x2243x 2+ +(n—1)x 271 25, =2242x23+3x 24+ 4+ (n—1) x 2™
The second equation minus the first equation, we have S, = (n — 1) x 2" — (2 + 22 +
B4 42" =(n—1)2" — (2" = 1) =n2" - 2" 11 (n € N*).

5.36 %%  How many terms are same in the first 100the terms of the arithmetic
sequence 5,8, 11,--- and the arithmetic sequence 3,7,11,--- 7 Evaluate the sum of
these same terms.

Solution: The general term of the arithmetic sequence 5,8,11,--- is a, = 3n + 2,
the general term of the geometric sequence 3,7,11,--- is b, = 4m — 1, (m,n € N*).
Let 3n +2 = 4m — 1, then n = Z%m—l. Let m = 3k, (k € N*), then n = 4k — 1.
Hence the general term of the same terms of the two sequences is ¢, = 12k — 1. Let
5 < 12k — 1 < 302, then % <k < 252. Thus k = 1,2,---,25. Therefore there are 25

terms which are same in the first 100th terms of the two sequences.

Thus {cx} is an arithmetic sequence whose first term is ¢; = 11 and common difference
114114 (25-1) x 12

11411+ ( 5 ) | = 3875.

isd = cy —c; = 12. Hence Sy5 =

5.37 %% % (1) Consider a geometric sequence {a,}, a; = 1, and it has even number
of terms. The sum of all odd terms is 85. The sum of all even terms is 170. Evaluate
the common ratio ¢ and the number of terms n.

Download free eBooks at bookboon.com



(2) All terms of the geometric sequence {a,} are positive, and it has even number
of terms. The sum of all terms is four times of the sum of all even terms. The product
of the 2th term and 4th term is nine times of the sum of the 3th term and 4th term.
Compute a;, the common ratio ¢, and the term number n when the nth partial sum
of sequence {lga,} reaches the maximum value.

(3) The nth partial sum of the geometric sequence {a,} whose terms are all posi-
tive is 80. The largest term is 54. The 2nth partial sum is 6560. Find the common
ratio q.

Se’uen 170
Solution: (1) Since the term number is even, then S 2, Seven =
odd
1x [1—(g%)¢
- [1 (2(1 ] = 85. Thus 2" = 256 = 2 = n = 8.
—q
Seven 1
(2) Sn — 4Seq)en = Seven _|_ Sodd = 4Seven = Sodd = 3Seven = =—-=4q. Fl"OIIl the

Sodd 3
condition asay = 9(az+ ay), we have a2q* = 9(a1¢*> + a1¢®). Thus a? —108a; = 0. Then

a; = 108. Such that the nth partial sum of sequence {lga,} reaches the maximum
1 1 1
value, we have lga, = lg(a;¢g"™ ') > 0, then 108(5)”_1 > 1. Thus (g)”_1 > 108"
11
= log%(§1) =3+ loggd = n <4+logz;4 <4+ 1=25. Therefore

the nth partial sum of sequence {lga,} reaches the maximum value when n = 5.

(3) From the given condition, we know that the last nth partial sum of the posi-

tive sequence {lga,} is larger than the first nth partial sum, then ¢ > 0, a,, = 54,
(1—q") Sy — S, 6560 — 80

a ayq 54 D, S, T 80 @, q 5 <0 8
. .ap 54 2 2 T
Applying D to obtain — = 3= 3 Thus a; = 3¢ Substituting it into @), we have
q
2q(1-81
M = 80. Thus ¢ = 3.
L—q
1
5.38 %%  The function is defined on (—1,1), f(ﬁ) = —1 and satisfied that
F@)+ F) = F({ ) for .y € (-1,1)
1 2z,
(1) If the sequence {f(x,)} satisfies that x; = 5 and T,41 = . —faﬂ' Compute f(z,).
1 1 1 2n + 5 "
2) Show + + - > — .
@) flz)  flae) f(zn) n+2
) 1 20, L XTntTn .
(1) Solution: f(z1) = f(5) = ~1. f(zas1) = f(m) = f(m) = f(xn) +
flzn) = 2f(z,) = % = 2. Thus {f(z,)} is a geometric sequence and its first
Tn

term is —1, the common ratio is 2. Therefore f(z,) = —2""', (n € N*).
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1 1 1 11 1 1— o=

2) Proof: + e —— = (14 = — et - _ —
@ f(z1)  f(z2) flan) ( 2 22 2n—1) 1-1
1 1 20 + 5 2(n+2)+1
_(2—2n1_1)——2+2n11>—2. On the ither harid’_n—i—Z j_T%:
n+
—(2+ = -2 - < —2. Thus + +- 4t > — .
2 n+2 fla)  fla2) 1es) n+2

. a1—|—2a2+3a3+---+nan
5.39 If th ot and {b,} satisfy b, =
Y % % e sequence {a,} and {b,} satisfy 14243+---+n

and {b,} is a geometric sequence. Show {a,} is also a geometric sequence.

)

1
Proof: Since (142434 - -+n)b,, = a;+2as+3az+- - -+na,, then @bn = a;+2ay+
(n—1)n
3as+---+na, @. We also have Tbn,l =a1+2as+3a3+---+(n—1)a,1 @.
1 —1
Checking @D — @ to obtain n(n + )bn— (n >nbn_1 =na,, n=23-)=>a,=

2

1
5[(n+ Db, —(n—1)by—1], (n=2,3,4,---) (x). Since {b,} is a geometric sequence,

let the common difference be d. Substituting b, = by + (n — 1)d into (*), we obtain
1 3
a, = 5{(71—1— Db+ (n—1)d]| —(n—1)[by + (n—2)d|} = by + é(n— 1)d,(n=2,3,---).
a1+2a2—|—3a3+~~+nan 3

For b,, = I N ——— ,letnzl,;henblzal. Thusan:a1+§(n—

3 3
d,(n = 2,3,--+). Hence a, — a,_1 = [a1 + i(n — 1)d] — [a1 + §(n —2)d] = §d
(constant). Therefore {a,} is also a geometric sequence.

3.40 k%  Let the first nth partial sum S, of sequence {a,} satisfy S, = 1 —
2
gan (n S N*)

(1) Calculate S, and a,. (2) If we let T, denote the first nth partial sum of sequence
{a,S,}, compute lim T,.
n—oo

2 2 5 2
Solution: (1) S, = 1 — 30n =5, =1- §(S” — Sp-1) = §S” =1+ gSn—l =
5 2 Sp—1 2 . 2 3
g(Sn — ].) = g(sn_l — ].) = m = 5 Since Sl =1- gsl, then Sl = g,
2 2
Si—1= g —1= —z Then {S, — 1} is a geometric sequence and its first term is ——,
2 2.2 2 2
the common ratio is 5 Sp,—1= (—g)(g)"_l = —(g)” Therefore S, =1— (g)", ap =
2 2 2 2 2,5 3,2
n_n_zl__n_l__n—lz_n—l__n:_n__lz__n N*
Sa= St = 1=V -1-Cr = O =) = ()" (G-D = 3()" (ne NY)
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3,2 32,2 3,2
(2) Since a, = 5(53)” = 53(5)"_1 = 3(52)”_1, theng{;n} is a ge;)metricgszquence
and its first term is = the common ratio is = an Sy :65(5)”_1[1 - (g)"] = g(g)”_l -
62 0m1 : _ _ _5 25 _ 2_5
%[(5)] .Thusnll_{goTn—nh_)IgOanSn—l_%—1_(%)2—1—?—?.

5.41 %  Let the common ratio of the geometric sequence {a,} is ¢ > 1. The square

of the 17th term is equal to the 24th term. Compute the range of the integer number

. . 1 1 1 1
n which satisfies ay +ay +as+---+ap, > —+ —+ —+ -+ —.
aq (05} as Qp,

Solution: a?; = agy = (a1¢'%)? = a;¢**. Since ¢ > 1 and a; # 0, then a; = ¢7°.
1 1 a(l—q¢)  (1-5)

. 1 1 o
Since a3 +ag +az+---+a, > —+ —+ —+---+ —, then > T,
a; Qg Qs an, 1—gq 1—5

which means a; > (D. Substituting a; = ¢~ into (D), we have ¢~ 1& > ¢!,

alqnfl
Since ¢ > 1, then —18 > 1 — n. Thus n > 19. On the other hand, (n € N*), then
n > 20. Hence the range of the integer number n is [20, 4+00).

This e-book Y o N
ismadewith SETASIGN

SetaPDF h Y 4

\7\‘ PDF components for PHP developers

www.setasign.com

Download free eBooks at bookboon.com Click on the ad to read more

67


http://s.bookboon.com/Setasign

5.42 %%  Given the arithmetic sequence {a,} and the x-dependent equations a;z? +
204,11 + a;49 = 0,(i = 1,2,--- ,n), and a; and the common difference d are both

nonzero real numbers. (1) Show these equations have same solutions. (2) If another
1

Bi+1 B+1 "B +1

Proof: (1) Since a;2%+2a; 12 +a;, 2 = 0 and {a,} is a geometric sequence which means
2a;11 = a; + a9, then a;x? + (a; + a;0)r +a;32 = 0. Then (22 +x)a; + (x+1)a; 2 = 0.
Since a; and the common difference d are both nonzero real numbers, then a; # 0 and
airo # 0. Thus 2> + z = 0 and x + 1 = 0. Hence x = —1. Therefore these equations
have same solutions z = —1.

solution is f3;, then form a geometric sequence.

2a;
(2) Applying the relation of roots and coefficient to obtain g; + (1) = — il _
a;
2 a; +d 2 2 1 1 1
_M:_Q__¢Bi:_1__$ — — - —
a; a; a; Gini+1 i+l —1-2 1
1 a; — Qi1 —d 1 1 1 1
T = Ry (constant). Then BT G 3.1 form a
geometric sequence.
543 %% Given f(z) = vz2—4 (x < —2). (1) Find the inverse function
1
fHz). (2) Let a1 = 1,a, = —f *(a,_1), evaluate a,. (3) If b = by =
) ) ay + as
oot by = ————— -+ compute the first nth partial sum of {b,}.
ag + as Qn + Qi1

Solution: (1) Since y = f(z) = Va2 —4 (zr < —2), then z = —\/y?>+ 4, which
means f1(z) = =22 +4,(z > 0).

(2) From the given condition and (1), we have a,, = y/a2_; + 4. Squaring both sides
of the equation, then a2 = a?_; + 4, that is a2 — a?2_, = 4. Hence a3 — a} = 4,

a3 —a3 =4,--- a> —a?_; = 4. Adding the above equations and applying a; = 1 to
obtain a? = 4n — 3. Thus a, = v/4n —3, (n € N*).
1 1 1 s —a; a3 —a
(3) Sp=bi byt +b, = + +o =2 —+2—24
a1 +ay ag—+ as Ap + Apy1 4 4
Unt1 — Qn  Appr—ar  VAn+1-—1 .
= = 1 = 1 , (neN7).

5.44 %% %  For the arithmetic sequence {a,}, a1 = 1, the common difference is
d, the first nth partial sum is A,. For the geometric sequence {b,}, by = 1, the com-
mon ratio is ¢ (|]g| < 1), the first nth partial sum is B,. Let S,, = By + By + -+ - + By,.

If lim (— — S,,)=1, evaluate d and q.
n

n—oo
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—1 1(1 —qg"
Solution: From the given condition, we have A, = n + nin )d, B, = (1—¢ ),
2 1—gq
n _ g(=¢") n
o _ - +(0-@)++(0-¢) """ _ (-gn-gl-g¢") o
! 1—q 1—g (1—q)?

A’I’L - 1 1 - - 1 —q" nh—I>Iéo qn:o
inceJi_}r{)lo(F—Sn):1,thenn1i_r>1010[1—|—n2 d—( Q)(Tll_g)(2 q)]zl Y
om—1 (I-qgn—q . d 1 d q
1 d— =0=1 - -4 ——]=0=
Jm [ Togr =07 G =gt g

d 1
___:0
2d1—q
q
—= =0
2 1 qp
=

5.45 %%  If the product of the first 3th terms of an increasing geometric sequence
{a,} is 512, and subtracting 1,3,9 from these three terms respectively form an arith-

. 1 2 n
metic sequence. Show — + — + — 4+ ---+ — < 1.
aq (05} as Qp,
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a
Proof: Let the first 3th terms of the increasing geometric sequence be —, a,aq. From
q

the given condition, we have a®> = 512, then a = 8. Similarly from the given condi-
8

tion, we have (g — 1)+ (ag —9) = 2(a — 3), then (- — 1) + (8¢ — 9) = 10. Solving
q q

1
the equation, we have ¢ = 3 or ¢ = 2. Since {a,} is an increasing sequence, then

8 1 2 3

q:2,a1:—:4,an:4><2"_1:2”+1. Let S = — + — + 2 4.4 b =

L 9 3 ° 123a1a2a3 i
n

e R AT th S—— (@ — 2

R RETRERITT @, then — TRt T @. (O-O®) x
1 1 n 1 n

leadstoS——+Z+-~+2—n—2n+1:1—2—n—2n+1<1.

5.46 %%  Let the common difference of arithmetic sequence {a,} is nonzero, {b,} is
a geometric sequence. If a; = 3, by = 1, ay = by, 3a5 = b3. For an arbitrary positive
number n, there are constants « and 3 such that a,, = log, b, + 8 always holds. Eval-
uate o + .

Solution: Let the common difference of {a,} is d, the common ratio of {b,} is g¢.
Since a; = 3, by = 1, ay = by, 3as = b3, then

3+d=gq
3(3 + 4d) = ¢

d=6
q="9

Hence a, = 3+ (n — 1)6 = 6n — 3, b, = 9", Then 6n — 3 = log, 9" ' + 8 =
nlog, 9 —log, 9+ [ always holds for an arbitrary positive number n. Thus log, 9 = 6,
B—log,9 = -3 = a® =9 = 3% Since @ > 0, then a = 38 = 35 = V3,

1 2
b=-3+ 0839 =-3+7 =3 Therefore o + 3 = /3 + 3.
3

Thus

log, a

5.47 %%  The third-order arithmetic sequence {a,} is 1,2,8,22/47,-- - find the value
of aig.-

Solution: Since {a,} is a third-order arithmetic sequence, then let a,, = An® + Bn? +
Cn+ D where A, B, C, D are undetermined coefficients. From the given condition, we
have the following relationships: Whenn =1, A+ B4+ C+ D =1 (O); When n = 2,
8A+4B+2C+ D=2 @; Whenn=3,27TA4+9B+3C+D =8 @3); When n =4,
1
64A+16B+4C + D =22 @. According to the D, @, @ and @, we have A = 3
1 1 1
B = —g5 C' = —1, D = 2. Thus the general term of {a,} is a, = 5713 — 5712 —n+2.

1 1
Therefore a;p = 5 X 103 — 3 X 102 — 10 + 2 = 442.
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548 %  For the sequence {a,}, fu(z) = a1x + agz* + -+ + a,2", and a; = 3,
1

fu(l) = p(1 — 2—n) (1) Evaluate p. (2) Find the general term of {a,}. (3) Find the

minimum value of positive integer n such that 3f,(2) > 2005f,(1).

1

Solution: (1) From the given condition, we have f,,(1) = a1 +as+---+a, = p(1— 2—n)
Since a; = 3, then g = 3. Thus p = 6.

(2) when n > 2, a, = 6(1 — 21”) —6(1 — inl) = 3(%)"—1,3 (n € N*¥). 3

(3) Since f,(2) = 2a1 +4as + --- +2"a, =2 x 3 +4 X §+---+2"2n71 = 6n and
3fn(2) = 2005f,(1), then 3 x 6n > 2005 x 6(1 — QL) Then 3n > 2005(1 — 5=). When
n < 10, it does not hold. Whenn > 10, 2205 1. Then 3n > 2004 which means

n > 668. Since n € N*, then the minimum value of n is 669.

549 %% Given ay = a; = 1, and apa, + a1ap—1 + - -+ + a,a9 = 2"a,. Show
1
n = — holds for all n € N*.

n!
1

Proof: (1) When n =0 or 1, ap = a1 = = 1. p(0) and p(1) hold. (2) Assume
1

when n = k, p(k) holds which means a; = o Applying the recurrence relation, we

1 1 1
have a1 + Tl + 20k — 1)) + .- k'l' + aps1 = 2 a1 when n = k + 1. Then
1
(28 — 2)apyy = (=] 1)!(Cli+1 + G+ + Gy = k+ 1)!(2k+1 —2). Thus

Qpr1 = m When n = k+1, p(k+1) also holds. Therefore for all integers n > 0,

1
a, = — holds.
n!

5.50 %%  Let A, B,C be the three interior angles of AABC. 1gA,lg B,lgC for-
m an arithmetic sequence. Find the range of B.

Solution: From the given condition, we have lg A + 1lgC = 2lg B, then B? = AC.

Thus C > B > A and B < g Hence [r — (A + C)]? = AC < (A+C)2. Since

A;C<B<E$w—(A+C)>A+C:>A+C<2—7T:>B>7r—2—ﬁ_:

3 2

3
[\
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5.51 %% % For {a,}, e = 1, 8a,11a, — 16a,.1 + 2a, +5 =0, (n € N*). And

(ne N).
(1) Find the value of by, by, b3, by. (2) Find the general term of {b, }, and the nth partial
sum of {a,b,}, denoted as {5, }.

Substituting it into the equa-
6

bn+1 bn B bn+1

1 1
Solution: (1) Since b, = —, then a, = —+

Qp, 3

= N

3
tion 8a,i1a, — 16a,.1 + 2a, +5 = 0, we have + 0 = 0. It means

4 1 1 4 8
bpi1 = 2b, 4— 3 Since a; = 1,4then2$ = b_1 + 3 Thus b; = 2. Hence by = 2b; — 3= 73
bs =20y — = =4, by = 2b3 — = = —.
3 273 ; by 3737 3
4 4 4 ) 4 2
(2) From (1), we have b,; = an—g. Then bn+1—§ = 2(bn—§). Since bl_§ =3 # 0,
4
then {b, — 5} is a geometric sequence and its first term is 3 the common ratio ¢ is 2.
4 2 1 1 4 1
Hence b,, — 3= 52"_1 = 52". Thus b, = 52" + 3 (n € N*). Since b, = - %,
1
then a,b, = %bn + 1. Therefore S,, = a1by + agby + -+ - + ayb, = §(b1 +by++b,) +n=
1 4 4 4.5 2(1-2") 5 1
—[(by—==)4+(bg—=)+ -+ (by—=)]+=-n=3—""4-_n==(2"+5n—1 N™).
360°
thinking
Deloitte
Discover the truth at www.deloitte.ca/careers © Deloitte & Touche LLP and affiated entities.
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5.52 %% % If the increasing sequence {a,} satisfies a,12 = an41 + a, when n > 1,
a7 = 120. Find the value of ag.

Solution: Let a; = z, as = y, x,y € N*. From the given condition, we have x < vy,
and as = +y, ay = + 2y, a5 = 2x + 3y, ag = 3 + dy, ar = 5 + 8y, ag = 8x + 13y.
Since a; = 120, then 5x + 8y = 120. We have

r =8t
y=15—->5t

15
where ¢ is a integer number. Since y > x > 0, then 15¢—5¢ > 8t > 0. Thus 0 <t < IER
Then ¢t = 1. Hence x = 8,y = 10. Therefore ag = 8 x 8 + 13 x 10 = 194.

5.53 %%  If the nth partial sum of an arithmetic sequence {a,} with positive com-
mon difference is S,,, agay = 117, ay + a5 = 22. (1) Find the general term a,. (2) If
n

+c

the arithmetic sequence {b,} satisfies b,, = , evaluate the nonzero constant c. (3)
n

Calculate the maximum value of f(n) = W (n € N7).
n+1

Solution: (1) Since {a,} is an arithmetic sequence, then asz+ a4 = as+as = 22. On the
other hand, asa, = 117, then as, a4 are the two roots of the equation 22 —22x+117 = 0.
Since the common difference d > 0, then az < a4. Solving the equation to obtain
az =9,a4 = 13. Then
a + 2d =9
{ a + 3d =13

a1:1
d=14

Thus a, =1+ (n—1)4=4n—-3 (n € N*).

-1 Sh
(2) From (1), we have S, = n x 1 + MZL = 2n®> —n. Then b, = =
2 1 62 15 nre
2 —

Z+ Cn (n € N*) = b1 = 1——|—C,b2 = 2——|—C’ i = 3—_'_105 Since {bn} is an arithmetic
sequenlce, then 2by = by + bs. Thus Sy =7 s + Ty = 2¢2 + ¢ = 0. Therefore
c= —35 or ¢ = 0. Since c is nonzero, then ¢ = 5

2n? —n 2n n

3)F 2 have b, = —— = 2n, th = = =

(8) From (2), we have n—1 " e () = S ) 36)  nE s 3Tn 136
1 1 1 1
= < = —. f(M)max = n when n = 6. Thus the maximum

1
lue of is —.
value of f(n) is 9
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5.54 Y% %  Given the function f(z) =
1

(1) Let a; =1, = —f"Ya,), (n€ N*). Evaluate a,.

Ap
(2) Let S, = a? +a3+---+ a2, b, = Spi1 — S,. Determine whether there exists the
minimum value of positive integer m such that b, < ;% holds for n € N*. If yes, find

the value of m. Otherwise, explain the reason.

1 1
2—4,(:6 < —2), then + = —(/4+ —. Thus
l‘ —

: 1 [ 1 11
1 _ - . - _ -1 _ _ _ -
fHz) = —/4+ ot (x > 0). Since — 7 (an) 4+ a2 = 2., a 4.

Hence {—} is an arithmetic sequence and a; = 1, the common difference d is 4. Then
a’n

Solution: (1) Since y = f(x) =

1 1 1
— = — + (4n—1) = 4n — 3. Since a,, > 0, then a, = ——,(n € N*).
ai i ( ) \/4n—3< )
1
2

(2) From the given condition and (1), we have b, = S,41—5, = a, ,, = nt1)—3 =

holds for n € N*.

m m
. Since b, < 2% th ™ Th
gl Since by < o, then o= < o5 Thus m > =y

< 5 = m > 5. Therefore there exists the minimum value of positive integer

dn +1 .
m = 6 such that b,, < %5 holds for n € N*.

5.55 %%  The nth partial sum of a geometric sequence {a,} is S, the product

S
is p, the sum of the reciprocal of every term is 7. Show p? = (T)", (n € N¥).

Proof: (1) When the common ratio ¢ = 1, then S = na;, T = E,p = ay,p® =
a1

S S
it = (T)" = (a})" = a". That means p* = (f)" holds.
1 1
1—q" 1 == m—1
(2) when the common ratio ¢ # 1, then S = a(l=q ),T = i 4 ) = q -
1—g¢q 1— a1q" (g —1

N (e . nn=1) e S, a1 (1 —q") aig” (g —1 n
apq D — gt p? = aitg™ 1)7then(f) = (1—q) qn(_l )] -

)P

S
a?q"" Y = p?. As a conclusion, p* = (=), (n € N*) holds.

T

5.56 %% %%  There are n numbers which form a sequence. Their numerators form
an arithmetic sequence, the first term is a, the common difference is d. The denomi-
nators form a geometric sequence, the first term is b, the common ratio is q. Show the
(@ —aq—d)(1—q")+nd(l—q)

first nth sum S,, satisfies S,, = bq"*l(l —q)?
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d 2d —1)d
Proof: From the given condition, we have S,, = g+a i —|—a + +- - -+M =
b bq bq? bgn—1

{Q+g++ - +¢" Na+[g"*+2¢"*+3¢" "+ -+ (n—3)* + (n—2)g+ (n—

.

bqn—l

1—
1)]d} - - (%). For the above equation, we find that the coefficient for a is 1
—4q

The coefficient for d can be solved by the following method:
Let A=q"2+2¢"34+3¢"1+ -+ (n—3)¢* + (n—2)q+ (n — 1). Dividing the both

A —1
sides by ¢ to obtain 7 =q¢" 3 4+2¢" 4+ (n=3)g+ (n—2)+ % Subtracting
A -1
the above two equations, we have A — = = ¢" > +¢" 3 +¢"* 4+ 4+ q+1— -
q q
_ n—1 _ _ n—1 _ o o
Then A(1— 1) = L€ _n-l 4 4 (1=¢")g=-(n-D(-q) _
: 4 1—gq q q—1 (1—<1)q1 o
ut _(C?ZL)—_q()Q —d") @. Substituting (D and @) into (x), we have S,, = bqn—_l[l_—_qqa-i-
nl-—q¢—-010-¢"), (@-¢)1-qga+nl—-—q—1-q¢")d
2 d] - -1 2
(1-1q) bg"~'(1 —q)
_ (a—ag—d)(1 —q") +nd(1—q)
bg"~*(1 —q)° '
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5.57 Y%k k%  We put n?(n > 4) positive numbers as n rows and n columns:

a1; a2 @13 a4 -ccAip
Q21 QA22 A3 Q24 *°:Q2p
31 Az (33 A34 - A3p
Q41 Q42 Q43 Q44 - A4p
an1 (07%)] an3 Ap4g ccrUpp

where the numbers in each row form an arithmetic sequence and the numbers in each

column form a geometric sequence which common ratios are all equal. Given agy = 1,
1
Qg2 = 3, Q43 = 16 Evaluate ajy 4 age + ass + agq + - + Gpp.

8
Solution: Let the common difference of the sequence from the first row is d, the com-
mon ratio of the sequences from columns is ¢q. then the common difference of the 4th
term is dg®. Then

a24:(a11+3d)q:%
age = (ay +d)g® = =
8

L g =2

Qa = — —_— —
BT TG

1
Solving the equations system, we have a;; = d = ¢ = :|:§. Since these n? number-

s are all positive, then a1y, = d = ¢ = % For any 1 < k < n, ag = aeg®t =
[G11+(1k—1)61i]qk1 = kz—lk, S T G11+G22+a33i+"'+ann = %+2%+3%+~~+n2—n
Since 55 =52 + 2. % +3- o +--Fn- oni T Subtracting these two equations, we
have %S = %+2—12+%+%+~~+2in —n2n1+1 = %(11:?) —n2n1+1. Therefore
S=2- 2:1 —2%,(77,24).

5.58 %k kKk  Let {a,}, {b.}, {c.} satisfy b, = a,, — api2, ¢y = @y + 2ap41 + 3ap42,
(n € N*). Show that {a,} is an arithmetic sequence if and only if {¢, } is an arithmetic
sequence and b, < b,y1  (n € N*).

Proof: “=7": Let the common difference of the arithmetic sequence {a,} be d;, then
b1 — bp = (@ny1 — any3) — (an — any2) = (Ang1 — @n) — (Ang3 — any2) = dy —dy = 0.
Thus b, < byy1,(n € N*). On the other hand, ¢,.1 — ¢, = (ans1 — an) + 2(aps2 —
ant1) + 3(apy3 — apy2) = di + 2dy + 3dy = 6d; (constant), then {c,} is an arithmetic
sequence.

Download free eBooks at bookboon.com



“<”: Let the common difference of the arithmetic sequence {c,} is da, and b, <
bni1, (n € N*). Since ¢, = a, + 20,41 + 32 D, then c,0 = apio + 20,13 +
3an4s  @. Using D — @), we have ¢, — ¢py0 = (a — apio) +2(an11 — pny3) + 3(apio —
Unia) = bp+2b,11+3byi2. On the other hand, ¢, —c,10 = (¢ —Cpi1) +(Cpi1 —Cngo) =
—2d2, then bn+2bn+1 +3bn+2 = —2d2 @, and bn+1+21)n+2+3bn+3 = —2d2 @ USiIlg
@ -, we have (b 41—b,)+2(bnr2—bp11)+3(bpys—bni2) =0 ©. Since b, 41 —0b, > 0,
bpio—bnr1 =0, byy3—byio = 0, we have b,11—b, =0, (n € N*) by ). Assume b,, = ds,
then a, — a,412 = ds (constant). Then ¢, = a, + 2a,4+1 + 3ap42 = 4a, + 2a,41 — 3ds,
Cni1 = 4aniq1 + 20,190 — 3ds = 4ayq + 2a, — 3ds = 4a,,q + 2a, — 5d3. Subtract-
ing the above two equations, we have ¢,11 — ¢, = 2(an41 — a,) — 2d3 which means

1 1
Upy1 — Qp = §(Cn+1 —cp) +dz = §d2 + ds (constant) (n € N*).

Therefore {a,} is an arithmetic sequence.

Az Az A1 A

Figure 1

5.59 %%k  See Figure 1, let the radius of sector AOB be R, ZAOB =0(0 < 0 <
g) ABj is perpendicular to OB, B; A; is parallel to AB, A1 B> is perpendicular to OB,

By A, is parallel to AB, and keep going, then we obtain two sequences of points { A, }
and {B,} on OA an OB. Let the areas of AABB;, AA BBy, -+ ,AA,B,Bpni1--- be

S1, Say++,Spa1,e -+ . Evaluate the sum S of all these areas.

. . o m™—0 T 0 .
Solution: From the given condition, we have ZABO = =5 5 Consider-
ing the line perpendicular to AB through the point O, we have AB = 2R cos ZABO =

T 0 .0
2Rcos(§ — 5) = 2Rsin 7" 0 0 0
In right triangle AAB; B, BB; = ABcos ZABO = 2R sin 3 cos(g — 5) = 2R sin? 5=
0 0
(1 —cos®)R, AB; = 2Rsin 2 sin(g - 5) = Rsinf, OBy = R— BBy = Rcosf, OBy =
1 1
Rcos*0, OBy = Rcos®0,---. Thus Saapp, = 5831 -AB; = 5(1 —cosO)R - Rsinf =

1
5(1—COS 0)R2 sinf = Sl. Since AABBl N AAlBle N AAQBQBg e N AAanBnJrl
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S A, B? OB?

On the other hand, AB||A;B;||A2Bs, we have ¢ = gj == Alel = OB; =
R2 cos? 0 ) " (1 —cosO)R?sinf 1 sin 6
—_— = 6. H S = i S, = 2 = R~ =

R2 cos enee faed ; F 1 —cos?6 2 1+cost
1 2¢in 8 cos? 1 0
“R2.T2 2 — “R%’tan—.
2 2cos2g 2 >

5.60 %% %% Given a > 0 and a # 1. The sequence {a,} is a geometric sequence.
The first term is a, the common ratio is also a. If b, = a,lga, (n € N*). Does there
exist a such that every term of {b,} is less than its next term? If yes, find the range
of a. If no, please explain the reason.

Solution: Assume there exists a real number a such that b, < b, for alln € N*. From
the given condition, we have a,, = a-a"~ ' = a", then b, = a,lga, = a"lga™ = na"lga.
Thus na™lga < (n+ 1)a"tlga for all n € N*.

(1) When a > 1, since lga > 0, then n < (n+1)a for all n € N* which means a >

n+1
1 < 1 < a always holds. Therefore b, < b,,; always holds

for all n € N*. Thus —
n
for a > 1 and n € N*.
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(2) When 0 < a < 1, since Iga < 0, then n > (n + 1)a for all n € N* which means

a < " foralln € N*. Since no_q1- is increasing when n is increasing.
n+1 n+11 n+1 )
Thus the minimum value of is = when n = 1. That means that — —

n
n+1 " 2 X n+1 7~ 2
always holds when 0 < a < 3 Therefore b, < b,

always holds. Thus a < o
n —{ 1
always holds when 0 < a < 5 and n € N*.

1
According to (1) and (2), the range of a is 0 < a < gora> L.

1
5.61 %% %%  Given a sequence {a,} with a; =0, a,, = Z(an_l +3) (n=2,3,---).

Find the general term a,,.

1 1
Solution: From the given condition a, = Z(an_l + 3), we have a,_1 = (a2 + 3).

1 1 1
Then a, —a,—1 = Z(an—l_an—Z)a Up-1—0Qp_o = Z(an—2_an—3)>' a3 —ay = Z(a2_a1)-
1
Multiplying all the above equations together to obtain a, — a,,_1 = (Z)”’z(ag —ay) =
3.1 3.1 3.1 3
Z(Z)nd (n > 2)- Then a, —an_1 = Z(Z)nﬂa Ap—1 — Ap—2 1: 1(1_1)”3’1 L) —all = 1
Adding all the above equations to obtain a, — a; = 1[1 tytot (Z)”’?’ + (Z—l)"’Q]
: ]' B (i)nil ]' —1 *
Since a; =0, then a,, = - - —5—=1—(=)"" (ne€ N").

4 1-1% A

5.62 %% %  Consider a sequence {a,} with a; = as =1, a3 = 2, and a,a,41042 # 1
an for arbitrary natural number n, and a,a,110,120,13 = Ay + Api1 + Gppo + Apois.

Evaluate a1 + as + - -+ + aqgo.

Solution: Since a,0,410,120013 = Ap + Qi1 + Gpio + apes, then ajasazay = a; +
as + az + ay, and we have a; = as = 1, ag = 2, thus ay = 4. From the given condi-
tion7 we have AnQn410n420n+3 = Qp + Api1 + Api2 + Apy3, Qpt10p420n430n4+4 = Qpy1 +
Apio + Gpy3 + anyq. Subtracting the second equation from the first equation to obtain

U1 Gnt20n3(Qn — Apyy) = Ay — Apyq which means (a, — ap14)(Ang10p 420,13 — 1) = 0.
100

100
Since a,a, 10,12 # 1, then a,, 4 = a,. Therefore Z a; = T(al +as+asz+ay) = 200.
i=1

5.63 Yk kK If two sequences {a,} and {b,} satisfy a; = 1, as = r (r > 0),

b, = anani1, and {b,} is a geometric sequence with common ratio ¢ (¢ > 0). Let
lgc,

Cp = Qgp—1 + G2, (n € N*). (1) Find the general term of {¢,}. (2) If d,, = @,
gCn

r=29%2_1 ¢= > find the maximum and minimum terms.
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bn
Solution: (1) Since {b,} is a geometric sequence with common ratio ¢, then b+1 =q

n

(pi10 a
Since b, = a,a,41, then A - q. It means nt2 _ q,(n € N¥). Thus the

Apn Q41 Qp,
sequence ai, as, as, - ,aa,—1, - - and the sequence as, a4, ag,- - - ,a2,, - - are both geo-
tri ith ti Th _ n—1 _ n—1 _ n—1 __
metric sequences with common ratio q. en ag,_1 = a1q" " = q", Aoy, = aq" T =

r-q"t, (n € N*). Therefore ¢, = agp_1 + as, = ¢ +r¢" ' = (1+71)¢"t, (n € N*¥).

1 Ig ey
(2) Since ¢, = (1 +7)g" ' = (1 + 212 — 1)(5)"_1 = 22027 then d, = # =
gCn

1g 220.2—(n+1) 1
- =14+ — e N™).

lg 2202 o202 "EN)
When n — 20.2 > 0 which means n > 21 (n € N*), then d,, is decreasing as n is
increasing. Thus 1 < d, <dy; =1+ 1 —200 225 (D.
When n — 20.2 < 0 which means n < 20 (n € N¥), then d,, is decreasing as n is

1

increasing. Thus 1 > d,, > dyy =1+ 20-202 -4 Q.
By applying @ and ), we have dyy < d, < do1, (n € N*). Therefore the maximum
term of {d,} is do; = 2.25, and minimum term is dyy = —4.

5.64 %% Givenc; =1, o =1, ¢hyo = cpa1 + ¢y, find the general term c,,.

Solution: From the given condition, we have that the roots of the characteristic equa-

L+v5  1-V6 1++/5 1—\/5)n
— .

tion 22—z —1 = 0 are d 5 . Assume ¢, = A( )"+ B( 5

2
1 1—
+\/5+B 2\/3:1.

2
2 )+ B 2

When n =1, then A

When n = 2, then A( )2 =1.

= ———. Thuse¢, =

1
N

By solving the above equations, we have A =

1-5,
="

1
NG

(

\
b b | b \

Figine 2
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5.65 %%k Kk  See Figure 2, in RtAABC (RtA represents right triangle), there are
infinitely many squares Sy, S, S3, Sy, - -, and the leg BC' = a. The sum of areas of al-
1 these squares is half of the area of Rt AABC'. Compute the length of the other leg AC'.

Solution: Let the side length of the first square is by, from left to right, the others
are by, bz, -+ ,b,,---. Let AC = x.

- b

By applying the similarity of triangles, we have a7 _ 2 = b = “@w o _ - ¢ _

a x at+zx S+1

a tan B tan B tan B

= . Similarl have by = ————b; = (————)%a, b3 =

ot B 1 [ +tanB" ntar y e fave b Ut B (1+tanB)B“’ ;
tan 3 tan 9 tan 9 19 tan 2 12
B s b = (22 ng Then b2 = (—n 2 )2 b2 = [ 2472,

(1—|—tanB) @ (1—|—tanB) G- Then s <1+tanBa) 2 Kl—t—tanB)a]
tan B tan B
b2 = [(%)%]Q?. . gi = [(ﬁ)"a]? Thus {b?} isBa geometric sequence
t t
with the first term (LG)Q, the common ratio is (L)2. From the given
1+tan B 1+tan B
1 tan B )2 2 1
condition, we have lim {b?} = ~ax, which means % = —ax. Since z =
I - (el

a’-tan’ B 1 1 1
atan B = — 7 _ “¢2tan B. Then tan B = ~. Therefore AC' = a-tan B = ~a

1+2tanB 4 2 2

.
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5.66 kK If the sequence {a,} satisfies a; =1, as =7 (r > 0). {apa,11} is a
geometric sequence with the common ratio ¢ (¢ > 0). Let b, = agp—1 + a2, (n € N*).
(1) Find the range of ¢ such that a,a,41 + ani1Gn12 > Ani2anys.

1
(2) Find b,, and lim T where S,, = by + by +---+ b,.

n—oo n

Solution: (1) ajas = r when n = 1. Since {a,a,41} is a geometric sequence with
the common ratio ¢. Then apany = r - ¢ * (n € N*). asaz = rq when n = 2.
Thus a3 = q. asay = rq*> when n = 3. Thus a4 = rq. asas = r¢®> when n = 4. Thus

as = ¢*>---. Hence the sequence {a,} is 1,7,q,rq,¢*,7¢* - ,¢" 1, rq" 1, ---. Since

1++5

g1 + Qpy1Gnio > Qnyolnys, then 7¢" =1 4+ rg™ > rg™*t. Therefore 0 < g < 5

(2) By applying b, = ag,—1 + a2, (n € N*)and (1), we have by = 1471, by = (1+7)q,
bs = (14+7)g% - b= (1+7)¢" " Thus S, = by +by+---4+by, = (1+7r)(1+q+¢*+

1—q"
n=1y — (1 ]
+q¢")=(1+r) -
(1+7r)n, g=1,n€ N7
.1 : l—q l1—gq
lim — =1 = 0 1;
0, qg>1.
: . a2 +3
5.67 %% %  Given the sequence {a,} with a; = 2, a,41 = 5 . The sequence
Qp
by, 1
{b,} satisfies b, = 3 — a2, (n € N). Show (1) b, < 0. (2) | b+1| < 5 (3)
1 n
bn] < ()" (n > 2).

Proof: (1) From the given condition, we know that {a,} is a positive sequence, and

2
3 n— n—
a,_1 + _ Ap—1 3 < 9 Ap—1 ) 3
2&71,1 2 QCLn,l 2 2an,1

3 — (v/3)? = 0. This means b, < 0.

= V3. Thus b, = 3 —a? <

n

Ay =

a2+34\2
b, 1 3—a2, 1 3—-(%-) 1 a’ +3 boyr, 1
2 S e O P N G <>
St s e R a2 us |5 =l <3
by b by 11 1 1.,
3) 1b,| = b1] - | 2] - [=2] - - - <|—1l-=.=... =2 (n>2).
) ol = I 2121 2 <=1 g g = (> 2)

5.68 %k k%  Let the first nth partial sum of {a,} be S,, and a1 = 1, S,41 =
da, +2,(n € N*).
(1) Let b, = ant1 — 2a,, show {b,} is a geometric sequence.

(2) Let ¢, = g_Z’ show {¢,} is a geometric sequence.
(3) Calculate S, = a1 +as+ -+ + a,.
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(1) Proof: Since a,.1 = Spi1 — S, = 4a, — 4a,_1, then a,1 — 2a, = 2(a, — 2a,_1).
Since b, = a,+1 — 2a,, then b, = 2b,_1, (n > 2). On the other hand, by = as — 2a; =

bn
So —3a; = (4a1 +2) —3a1 = a1 +2=3,q = 2

n—1
sequence with the first term 3 and the common ratio 2.

(2) Proof: By Applying (1), we have b, = 3 - 2", then a,; — 2a, = 3 -2""!. Since

= 2. Thus {b,} is a geometric

an, e ai 1
cn:2—n,thencn+1—cn: ﬁ(an+1—2an) = FSQ 1 :Z, and01 = g = 5
Thus {c,} is a geometric sequence with the first term —, the common ratio is -.

1 3 3 1
(3) Solution: By Applying (2), we have ¢, = 5 +(n—1)- 1T Then

an =2"¢, =2"2(3n—1). Whenn > 2, then S, =4a, 1+2=4x2"3Bn—4)+2 =
27=1(3n — 4) + 2.

When n = 1, then S; = a; = 1 which also satisfies the above equation. Therefore
S, = 2""1(3n — 4) + 2 always holds for all n € N*.

5.69 %k ** The adjacent terms of {a,}, a, and a, 1, are the roots of the equa-

1
tion xz—cnw+(§)" = 0, and a; = 2. Find the sum of infinite sequence ¢, co, -+ ,Cp, -+ - .

Solution: By applying the Vieta’s theorem, we have ¢, = a, + ani1, Gp - Gpy1 =

1 1
(g)" D. Then a,41 - Gpyo = (5)’”rl @). Dividing the equation ) by the equation

(o] (o] (o] (o] o0
An+42
D, we have =3 :> E Cn = E Gn+§ Q41 = E Aok41+2 E a2k+§ Q2k+1 =
n=1 n=1 k=0 k=1 k=1
[o.¢]
2 E ok+1 + 2 E Qo — 1.
k=0 k=1

1 1
Since a1 = 2, ajas = 3 then ay = g By applying a4

2 _ % and the formula for the

00 1
2 =
sum of infinite decreasing geometric sequence, we have Z Cp =2 ! +2- 7 j T -2 =
n=1 3 3
9
5

5.70 %k %%k  Given {a,} is an arithmetic sequence, {b,} is a geometric sequence,
and a; = by, ag = bs, a1 # as, a, >0, n=1,2,---. Show a,, < b, when n > 2.

Proof: Let the common difference be d and the common ratio be ¢. Since as = a1 + d,
d
by = biq = a1q, as = by, we have a; + d = a1q. Then ¢q = 1+—

On the other hand, a,, > 0,n = 1,2,---, then d > 0. Thus q > 1. Hence a,, — b,, =
a1+(n—1)d—a1q”*1 = al(l—q"’l)—i-(n 1)d— a(1=q)(14+q+--+¢"?)+(n—1)d <
a1(1 = g)(n— 1)+ (n — 1)d = (n — Dfay(1 - ) +d) = (n — 1)(az — b3) = 0.
Therefore a,, < b, when n > 2.
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5.71 % %%  For an arbitrary real number sequence A = (ay,as,---), we define
AA as the sequence A = (ag — ay, a3 — as, - -+ ). Its nth term is a, 41 — a,. Assume the
differences between the adjacent two terms are all 1, and a19 = ags = 0. Evaluate a;.

Solution 1: Let a1 —a, = by, then b,,—b,_; = 1. Thus {b,} is an arithmetic sequence
and its common difference is 1. Hence b,, = by+n—1. This means a, 1 —a, = b;+n—1.

n—1
—1 -2
We obtain an:al—l—Z(bl—Hﬁ—l) :al—l—(n—l)bl—i-(n )2(n ) Since b; = as—ay,
k=1
—1 -2
then a, = (n — 1)as — (n — 2)a; + (n=1n )
18 x 17
a19 = 0 when n = 19. Then 18ay — 17a; = — x D.
91 >2< 90
ago = 0 when n = 92. Then 91ay — 90a; = — @.

Solving the equation (D) and the equation @) to generate a; = 819.
Solution 2: Let the first term of the sequence AA be d. Then the sequence AA is
(d,d+1,d+2,---). Its nth term is d + (n — 1). Thus the nth term of sequence A is

n—1

n = a1+ Y _(ars1—ap) = ay+d+(d+1)+- -+ (d+n-2) = al—l—(n—l)d—l—%(n—l)(n—Q).

This shows that a, is a quadratic polynomial with respect to n, and the coefficient of

1
its first term is 3" Since a19 = agy = 0, then a, = i(n — 19)(n — 92). Therefore

1
a; = 5(1 —19)(1 — 92) = 8109.
Solution 3: From the given condition, we obtain that {a,} is a second order arithmetic

sequence. Thus its general term is a quadratic polynomial whit respect to n. Since
a9 = age = 0, we let a,, = A(n — 19)(n — 92) where A is an undetermined coefficient.
Since ag—2as+a; = 1, then A[(3—19)(3—92)—2(2—19)(2—92)+(1—-19)(1—-92)] = 1.

1
By solving the equation, we have A = 7 Therefore a; = 5(1 —19)(1 —92) = 819.
5.72 %%k %  Given sequence {a,} with a; =1, a; + as + - - - + a,, = n?a,, (n € N*).
Find the general term of the sequence {a,} and Sig.

Solution: From the given condition a;+as+- - -+a, = n*a,, we have a;+as+- - +a,_1 =
(n — 1)%a,_; by substituting n for n — 1. Subtracting the second equation from

—1
the first one, we have a, + (n — 1)%a,_; = n%a,. This means a, = n+ -1 =
n
n—1n—2 n—1n—-2n-—3 n—1n—2n—3 1 2
Ap—2 = Ap—3 = " = =] = ———,
n+1l n n+1l n n-—1 n+l n n—-1 3 n(n+1)

NY).

2 200
SIOO:a1+a2+"'+(I100:1002 =

100(100 + 1) ~ 101"
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5.73 %% %  Given the nth partial sum of sequence {a,} as S, = 1+ ka,, k is a
constant and k # 1. Find a,, and S,,.

1
Solution: Since S, = 1+ ka,, we have S; = a3 = 1+ kay, then a; = 1_%
' 1 k
ay = So — 51 = 1+ kay — ay. This means2(1 —k)ag = 1 — 1% — _12——k'
k . k noo K"
Thus ay = —m. Similarly, a3 = ma..., A1 = (—1) Wu
Jon—1 s k 1 ko as k?
n = (=1)"!'——— Thus — = — = - — = 3/
an = (=D gy Thus 2 T 1ok~ T-F o -0
k _ Kk i _ __k_ Hence {a,} is a geometric sequence with
O—k2  1-% e, 1-k " & q v
k n—1
ay = 1% and q = _m Therefore an = (_1)71—1(1]{:_—]{;)71,(” S N*>7 STZ =
k:nfl k
l+ka,=1+k(-1)"' e =1+ (=) (+—)" (K £1 N¥).
ey = 1+ 1) = 1 ()P () (k£ e )

5.74 %% %%  The three sides of AABC form an arithmetic sequence, and the dif-
ference between the largest angle and the smallest angle is 90°. Show the ratio of the

three sides is (V7 +1) : V7 : (V7 —1).
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Proof: Let the side lengths of AABC be a — d,a,a + d, the smallest angle is «, the
—d d
largest angle is 90° 4+ «. From the given condition, we have a. = — ot =
sina sin(90° + «)
a a—d+a+d a 2a a
; = - : = — = - = =
sin(90° — 2a) sina 4 sin(90° + o) sin(90° — 2«) sina+cosa cos2a

| —

2cos2a = sina + cosa = 2(cos® @ — sin® ) = sina + cosa = cosa — sina = — =

V2sin(45° — o) = % = sin(45° —a) = ? Then cos(45° —a) = {/1 — (\/TQ)2 = @

V2V

Thus sin o = sin[45"—(45° —a)] = sin 45° cos(45° —a) —cos 45° sin (45" —a) = —— ———

2 4
22 7T—1
g% = \/—4 , sin(90° + a) = cosa = cos[45’ — (45° — )] = cos45° cos(45° —

2414 242 1
a) + sin45%sin(45° — a) = ££ + ££ — VT +

2 4 2 4 4
VT+1
4

. sin(90° — 2a) = cos2a =

2

cos? ar — sin?

o (NT—1, VT
P (e v
As a conclusion, the ratio of the three sides is (v/7 +1) : V7 : (v/7 = 1).

o=

d5a, +6 .
5.75 %k K%k  Given the sequence {a,}, a; =5, ap11 = ¢ _:_4 . Find the general
Qn,
term a,,.
. ow+6 . 2 .
Solution: Let z = n which means 2 — x — 6 = 0, then the two fixed points
x
5} 6 5a, + 6 2(an, — 3
of f(z) = ;:_4 are x = 3, x = —2. Hencean+1—3:;—_:_4—3:% @,
5a, + 6 7(a, +2) api1 — 3 2 a, —3
n 2=—+4+2=——" . B + @), then —/——— = - .
(pt1 + an+4+ P @. By O+® enan+1—|—2 7(an+2)
Hence {a } is a geometric sequence with the first term @ il and the com-
Gy, ay
2 a,—3 2.2 P 3. 77 4 ot
mon ratio ? = Zn ) = ?(?)n—l = (?)n Therefore Ay = ’771%271
1
5.76 %k %Kk  Given sequence {a,}, a1 = 2, ap41 = % + — (n € N*). Show
Qn

1
V2<an<vV2+-
1
Proof:(1) V2 < a; =2 < V2 + 1= V2 + 1 when n = 1. Thus p(1) holds.

1
(2) Assume p(k) holds when n = k. This means V2 < a;, < V2 + T
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1 1
When n = k+1, then axy1 = % +—2=2 %— = /2, and the equation holds if and
Qg Qe

1
only if % = — which means a; = v/2. Since a; > \/5, then equal sign cannot hold

ay
1 2+1 1
for the above formula. Then ag,; > V2. Since i1 = Ik + — < V2 Ey — =
2 Qg 2 \/§
1 1
\/§+% <V2+ Pl Hence p(k + 1) holds when n =k + 1.

1
V2 < a, < V2 + = always holds for all n € N*.
n

5.77 k%%  Given sequence {a,}, 3a,41 +a, =4 (n > 1), a3 = 9, the nth

partial sum is S, and |S,, —n —6] < o Find the smallest positive integer number n.

Solution: By applying the recurrence relation, we have 3(a,+; — 1) = —(a, — 1)

where n = 1 is a root of equation 3n? +n = 4. Let b, = a, — 1, byy1 = apny1 — 1,

then b, = —gbn, by = a; — 1 = 8. Hence {b,} is a geometric sequence with

1
the first term 8 and the common ratio -3 Therefore b, = 8(—=)""'. S, —n =

3 0= Ly
o

1 1
Since |S, —n — 6| < o5 = 2.3 < o5 = 3"~1 > 250. Therefore the smallest

positive integer number such that the inequality holds is n = 7.

(ar—=1)+(ag—1)+---+(an—1) =b1+by+---+b, =

5.78 %k *k Kk %k  Given sequence {a,}, a1 = 1, ay = 2, a2 = 4a,11 — 3a, + 2,
find the general term of {a,}.

Solution: By applying the recurrence relation, we have a, 12 — a1 = 3(ap11 — ay,) + 2.

Cna1 Cn 1 Cn 1
Let apy1 —a, = n;th =1, ¢py1 = 3¢, + 2, = a1 )= 2X 5 X
et pp1—a, =c en c; 1 Cpt1 = 3Cp + an - + (3) 301 + 3
1 Cn — 1 1.1— (4t 1
(3)" Thus 275 =+ 372 % (1) = 142 x (3)—— 25— =2~ (3", Then
3 3n = 3 37 1—3 3

n—1
Cpn=2%x3"1~1, apy1 = a, +2-3"1 — 1. Therefore a, = a; + 2(2 N L 1) =

k=1
n—1

3
1+2><T—(n—1):3"_1—n—|—1 (n € N¥).
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5.79 % %%  Let the sequence {a,} satisfy (2 — a,) - a,o1 = 1,n > 1. Show

lim a, = 1.
n—oo
. . 1
Proof: From the given condition, we have a,,1 = , then a, = ——.
— Qap, 2— Apn—1
no1— 1 1
Subtracting both sides by 1 to obtain a, — 1 = Il 72 Thys = -1+
2—ap_1 a, — 1
1 1 1 I1—(n—1)(ag — 1)
— =24 ——=-.=—(n-1 = . H
Ap—1 — 1 + Ap—2 — 1 (n ) + a; — 1 a) — 1 enee
a; — 1 . . a; — 1
n = 1. Theref | n =1 11=1.
= T D =1y T Therefore lim a, = lim [5—mve 5 U

5.80 kK k% If {a,} and {b,} are both positive infinite sequences, a; = a, b; = b,
and ay, by, any1 are arithmetic, by, apy1,bpy1 are geometric. (1) Show {v/b,} is an
arithmetic sequence. (2) Find the general term of {b,}. (3) Compare a,, and b,,.

(1) Proof: From the given condition, we have a2, = byb,41, a2 = by,_1b,. Thus
Qp + Api1 = \/bn “bp_1 + \/bn -bpy1 = 2b,. Divide the both sides by +/b,, then
Vb1 + \/bni1 = 2v/b,. Hence {1/b,} is an arithmetic sequence.
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(2b — a)?

(2) Solution: Since v/b; = Vb, a3 = biby and a; +as = 2by, we have by = . On
2b —
the other hand, since {bn} is a positive sequence and a,, < b,,, then \/b_2 = a. Thus

b
a 3b—2a
d= /by — /b = —\f—\[>o\/ = b+ (3 \/B:\/B(au

b—(n—1a b—(n—1)al?
terms are positive)- - -, \/bn = % Thus b, = n (T; )l :
(3) Solution: Since {/b,} is an increasing sequence and a2 = b,,_1b,, then b, | < a,, <
b, which means a,, < b,,.

3+ an
5.81 %k kK  Given sequence {a,}, a3 > 0, 4,41 = —;a

ay such that a,.; > a, for any positive number n. (2) Iif a; =4, b, = |apt1—a,| (n €

5
N*), and let the nth partial sum of {b,} be S,, show S,, < 7

. (1)Find the range of

3 n 3 n— - Un—
(1) Solution: a,41—a, = \/ ta —\/ Tt -1 when n >
2 2 /3+an /3+an 1
Since the denominator is positive, then a,y; — a, > 0 <:> Ap — Uy > 0 & -+ &
3+a 3
Ay — a1 = z L. a; >0, and a; > 0. Thus 0 < a1 < 7 Hence the range of a; is
3
ai € (075)'

(2) Proof: By applying the method of (1), we obtain that a,+1 — a, < 0 holds for any
positive n when a; > o Since a; = 4, apy1—a, <0, then b, = |ap11 —an| = ap—api1.
Hence S, = by +by+-+-+b, = (a1 —az)+(aa—az)+- -+ (an—ani1) = 4— a1 Addi-

3 n 3
tionally, since a, s < @, which means % < Gpy1, then a,, 1 > 7 Therefore
3 5
S, <4— ===
2 2

5.82 %% k%  Let the positive sequence ag, a1, as, -, ay,, - satisfy \/a,a, 2 —
Van 10,2 =2a,_1 (n>=2), and ag = a; = 1. Find the general term of {a,}.
Solution: The given equation leads to \/a,a, 2 — 2a,_1 = \/Gn_10,_2. Dividing both

sides by \/@n_1a,—2 to obtain n__ 2, 9L — 1 @. Thus \/anl - 2\/%2 _
Ap—2

Qp—1 Ap—2 Ap—3
1 @, /22, /2 =1 ©L Byapplying ®x1+@x2+@x 22+ - +@®Lx2"2,
aq Qo
we have , / n —on-t o 1424224+ ... 42" 2 This means A/ n =1+2+
Qp—1 Qo an—1
22 4. 42" 242" = 2" — 1. Hence a, = (2" —1)%a,_1 = (2" —1)*(2" ' = 1)%a, » =

sz—1
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As a conclusion,
1,n=0;

n = [1(2 —1)2,n e N*.
k=1

5.83 %k k%K  Given sequence {a,}, a; = 2, the nth partial sum is S,,. a, is the
arithmetic mean of 35, —4 and 2 — §Sn_1 for any n € N*. (1) Show {a,} is a geometric

1
sequence, and find the general term a,. (2) Show §(log2 Sp 4 10gy Spi2) < logy Spi1.

4 4
(3) If b, = — — 1, ¢, = logy(—)?. Let T, is the nth partial sum of {b,}, and R, is
a a

the nth partial sum of {c,}. Does there exist a positive integer n such that T,, > R,,.
If yes, find its range. If no, please explain the reason.

5
(1) Proof: 2a, =3S,—4+2— §Sn_1 when n > 2 which leads to 2(S,, — S,—1) = 35, —
5 1 1 1
2—§Sn_1. Then S,, = §Sn_1+2, Spi1 = §Sn—|—2. Since a; = 2, then 2+ay = 3 X 2+ 2.

Ap41 Sn—i—l - Sn (%Sn + 2) - (%Sn—l + 2) 1
us as ence a Sn — Sn_l Sn — Sn_l 5
az 1 1

=35 After all, {a,} is a geometric sequence with the common ratio 5

Therefore

ai
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2(1—5%)
(2) Proof: From (1), we have S, = ————
1—3

logy Spi2) < logy Spy1, we only need to show S,S,10 < STZLH. Since S, Sp12 = [4 —
1 1. 1

1 1
=4 - (5)”_2. To show E(logQ Sy, +

Lo 1 Lo Mm—2 Q2 Lo 1y 2 2n—2
~\n 4— (V] = 16—=5(=)" n — [4— (=) — 16—4(=)" ~\2n
(o) =165 G2 Sty = )" =10l
then 5,42 < S2,,. Therefore §(log2 Sn +10gy Spy2) < logy Spy1-
4 4
(3) Proof: From the given condition and (1), we have b, = — —1 = —1=2"-1,
Qn on—2
4
cn = logy(—)? =log,(2")? =2n. T, = 2(1 +2+22+---+2"" 1) —n =2(2" — 1) —
Qn
n(n+ 1)

2t —p — 2. R, =2(14+2+3+---+n)=2x =n®*+n. T, < R, when

n=1273. T, > R, when n = 4,5 which means 2""! > n? + 2n + 2. When n > 6,
then 2 = (1+ )" =)+ e+ T+ > 2 + o+ 6y =
n?+3n+4>n%+2n+2. Thus T, > R,, when n > 4.

1 1
5.84 %k k%  Given sequence {a,}, ar >0 (k=1,2,--- ,n),and S, = i(an—l——).
Find a,, and S,,. "

1 1 1 1
Solution: Since a; = Sy = §(a1—|——), then a; = 1. Since ay = S5— 5] = 2(a2+ )—1,

1
then as = —1 4+ V2, Sy = as + S; = V2. Since a3 = S3 — Sy = (a3+ ) \/_then

as = —\/§+\/§, S3 = a3+5 = \/g, ---. We have the conJecture. an = \/n — 1++/n,
S =+/n, (n € N*).

Now we show the conjecture using mathematical induction.

Proof: (1) When n = 1, then a; = /1 = Sy. p(1) is correct.

(2) Suppose p(k) is correct when n = k. This means a; = —vVk — 1 +vk and S, = Vk

1
both hold. Then when n = k+ 1, we have a4y = Spe1 — Sk = =( )—VEk=
k+1

2
—2Vk = a2, +2Vkap — 1 = 0= (aps1 +Vk)? = k+ 1. Since
Qg1

Q41 > 0, then A1 = —\/E—l—\/]{] + 1. Thus Sk+1 = ak+1+5k = (—\/E—i-\/k + 1)+\/_ -
V'k + 1. Hence p(k + 1) is correct when n =k + 1.
Therefore a,, = —v/n — 1 + y/n and S,, = y/n both hold for any n € N*.

2041 = Q41 +

5.85 %k kKK  Given sequence {a,}, a; =0, a,1 = 2a, +n*> (n € N*). Find the

nth partial sum S, of {a,}.

Solution: a,,1 = 2a, + n? implies a,4+1 — 2a, = n.

Since S, = a; + as + --- + a,, then 25, = 2a; + 2ay + --- + 2a,. Subtracting the

second equation from the first equation, we have —S,, = a1 + (a2 — 2a1) + (a3 — 2as) +
-+ (a, — 2a,_1) — 2a,. This means =S, = 0+ 12+ 2%+ --- + (n — 1) — 2a,.
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—1)(2
Thus S, = 2a, — n(n =120 = 1) (n € N*)(*). Let a, = an® + bn + ¢, then

aln+1)2+bn+1)+c= 62(an + bn + ¢) + n?. Simplifying the equation to gener-
ate (a + 1)n* + (b —2a)n — [(a +b) — ] = 0. Thus a = —1,b = 2—2,0 = —3. Hence
Qe+ [(n+1)24+2(n+1)43] = 2(a, +n+2n+3)= 2T [cfn : ;2) Lifi; Sa
2. a1 +1*+2x 143 =6 when n = 1. Therefore {a, + n? + 2n + 3} is a geometric
sequence with the first term 6 and the common ratio 2. Then a, + n? + 2n + 3 =
6 x 2"7' 2a, = 6 x 2" — 2 x n? — 4n — 6. By substituting it into (x), we have
n(n—1)(2n —1)

S, =6x2"—2n*—4n — 6 — c (n € N*).
2
5.86 %k %K% Let the function fi(z) = itz Define f,i1(x) = filfu(2)],
x
n 0)—1 .
and a, = %, n € N*. (1) Find the general term of {a,}. (2) If Ty, =
a1+ 2as + - - + 2nas,, Q, = 4n427f${jrl, n € N*. Compare 975, and Q.
2—-1
Solution: (1) From the given condition, we have f1(0) =2, a; = 272 fn+1( )=
2
2 fas1(0) =1 7.0 1 — fa(0)
filfn(0)] = ————=. Thus a,4; = = " — _
WO = 13 £2(0) T RO +2 0 S EG 2 442100
1£,00)—1 1 ) n 1 . .
—3 j;g ; = — 50 This means aa: = -3 Thus {a,} is a geometric sequence

1 1,1
with the first term 1 and the common ratio —5 and a,, = Z(—ﬁ)”_l,n e N*.

(2) Ty, = a1 +2a2+ - - -+ (2n — 1)ag,—1 + 2naz, @. Subtracting both sides of (D by

1 1 1 1 1
—5 to obtain —§T2n = (—§)a1 + (—5)2612 +-- 4+ (—5)(2n — 1Dag,—1 + (—5)271@2” =

3
as+2az+ -+ -+ (2n —1)ag, —nas, @. Using O — @), we have §T2n =a;+as+as+

(=L 1 1 1 1 no1
4 2 2n—1 2n 2n—1
C + ag, S L 7 e S M Zyene1 oy
e 1 Ty 6 62 T332 "
1 1 1 n 1 1 11 =n 1 1. 3n+1
Ty = = — —(—=yr g Byt 22 2 g 2 g . Thi
m =g 5(x)" t5(=3) 5 0w 5 2 g~ ol pan ). This
3n+1 4n2 +n 3n+1
or,, =1 tl o _ Anv+n . Sn+l
HHeans =i o T et (2n + 1)2

When n = 1, then 2*" =4, (2n+1)2 = 9. Thus 9Ty, < Q,,.
When n = 2, then 2" = 16, (2n + 1)? = 25. Thus 97, < Q,.
When n > 3, then 22" = [(1+1)"]* = (2 +c}+---+c")? > (2n+1)% Thus 9Ty, > Q...
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ELEMENTARY ALGEBRA EXERCISE BOOK I SEQUENCES

5.87 %k % %% Let x; and x5 be the two real roots of equation 22 — 6z + 1 = 0.
Show z7 + x4 is always an integer but not a multiple of 5, for any natural number n.

Proof: According to the relation of roots and coefficients, we have x1+x5 = 6, r125 = 1.
Let a, = 27+ 2%, then a; = 21 +15 = 6, as = 22 + 13 = (11 +22)? — 22179 = 34. Since
P42l = (1 + ) (2 o)~z (272 + 257 2), then a,, = 64,1 —a,_» (n > 3).
Let b, be the remainder of a,, divided by 5. By applying the above recursive formula, we
have by = by_1 — bn_s, buys = bt — bos brss = o —burr = (bst — bn) — bup1 = —by.
Then b, 16 = —by13 = b,. Thus {b,} is a sequence whose period is 6.

Since a; = 6, then b; = 1. Since ap = 34, then by = 4. Since a3 = z% + 25 = (v, +
22)[(w1 +2)? — 3z115) = 198. Thus by = 3. Since ay = ]+ 5 = [(71 +22)? — 22125)* —
2(x129)2 = 1154, then by = —1. Since a5 = 2§ +a5 = (23 +23) (2] +23) — il — izl =
(1 +22)[(21 +22)* — w129 [(11 +79)? — 22120 — (2129) 2 (21 +72) = 6726, then by = —4.
Since ag = x8+25 = (22)+(23)® = (23 +23) (2] —2i2i+23) = [(v1+22)? =221 22){ (21 +
12)% — 2x125]? — 3(x122)%} = 39202, then by = —3. Therefore b, # 0 for any natural
number n and an is not a multiple of 5.

5.88 %k Kk Kk %k Let sequence {a,} and sequence {b,} satisfy ay = 1, by = 0, and

an+1:7an—|—6bn—3 @ .
{ boy = 8a, +7h, —4 @ =01L2)

Show a,, (n=0,1,2,---) are complete squares.
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1
Proof: By applying the equation (), we get b, = é(anH — Ta, + 3). Substituting

1
it into @), we get b1 = =(Taps1 — a, — 3) @. From the equation ), we get

6
1
bpi1 = 6(a"+2 — Tapi1 +3) @. From the equation @) and equation @), we get
1 1 1

(pio = 14a,,1 — a, — 6. This means a, o — 3= 14(apsy — 5) — (a, — 5) where 3 is
the root of the equation x = 14z — =z — 6.
Let d L then d 1 L_1 d L 7 6by — 3 L_7 d

TL: n T T, en = ——:—7 = — — = (Qn — —_— __:_7TL e

€ a B 0 9 9 1= a1 9 0 0 5 ) +2

14d, 11 — d,. The characteristic equation is 2> = 14x — 1, and the characteristic roots

1 7
are r10 = 7+ 4+/3. Then d,, = (74 4\/5)” + (7 — 4\/5)” Since dy = 2 d; = 3

then

Cc1+co =

_|_l\.’>|+—A

7
7(01 + Cg) 4\/5(01 — 02) = 5
1 1
Solving the equations to obtain ¢; = ¢y = 7 Thus d,, = 4_1[(7 +4V3)" + (7T — 4V/3)"].
1

an = d + 5 = i[(2+\/§)2n+2(2+\/§)n(2— V3)" 4 (2—/3)*] = i[(2+\/§)n+<2_

\/3)”]2 Let (2+ \/3)" = A, +B,V3 (A, B, are all positive integer number). Then
1 1
(2—+/3)" = A, — B,V/3. Hence a, = T(An+ B.V3+ A, — B,V3)? = Z(2An)2 = A2

Therefore a,, (n=0,1,2,---) are complete squares.

5.89 %k *k kK  Given sequences {a,} and {b,}, a; =1, ay = —1, by = 2, by = —3,
and an11 = 3a, — 2by,, byy1 = 5a, — 4b,. Find the general terms of sequence {a,} and

{0n}-

Solution: From the given condition, we have a, 1o = 3a,+1 — 2b,11 = 3a,:1 — 2(5a, —

4b,) = 3an+1—2(5a,+2a,41 —6a,) = —api1+2a,. let ayio—rian01 = ra(@ne1 —710,).
Comparing the coefficients to obtain r; +ry = —1, r1ry = —2. Then ry, ry are the two
roots of the characteristic equation 2> + ¢ —2 = 0. Thus r, = 1,7, = —2. This
Ay — Qo
means anio — Apy1 = —2(Apy1 — ap) = Ay — a1 = —(Ap_1 — ay_2) = B e
Ap—1 — Gp—2
-2, Gn1 7 Gn-2 —2, - ,a3 —@2 —2. Multiplying the above equations to ob-
Qp—2 — Gp—3 az —
.o On —Qp_1 n—2 _ n—1 _ n—2
tain ———— = (=2)""%. Thus a, — a1 = (=2)"', ap_1 — ap_o = (=2)"72,--+,
o — aq
as —a; = (—2). Adding the above equations to obtain a, —a; = —2 + (—=2) +
—2[1 — (=2)1 1—(=2)"
+ (=2)""'. Hence a, =1 1= (=2)""] = (=2) (n € N*). similarly,
1—(-2) 3
1+ 5(=2)"!
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6 FUNCTIONS

1-2
6.1 Let the function f(x) = T v
x

symmetric about y = x. Evaluate ¢(2).

, and the graphs of g(z) and y = f~(z + 1) are

1—2x
1+x
fle+1) = % Hence g(z) and f(z) = 7

r+3 x+3

11—z

Solution 1: Since y = f(x) = o
T

l—y -1
, then + = ——=. Thus xr) =
L Thus @)

are inverse functions for each other.

T
Si 2=———,th 2) = —2.
ince -3 then 9(2)

Solution 2: Since y = f~'(x + 1), then z = f(y) — 1. Thus g(z) = f(z) — 1. Then
o(2) = f(2)—1= -2

1 1
6.2 Compute the range of x = T+ T
log;g loglg
2 5
Solution: _ ! =1 ! 1 1—l 1—1 10 d2 =
ou10n.x—log%%+log%%—og%E—l—og%g—og%E—ogg , an =

log; 9 < logs 10 < log, 27 = 3. Hence = € (2, 3).

6.3 Let z; and z be the two real roots of the equation 2% — (k —2)z + (k* + 3k +5) =
0 (k € R). Find the maximum value of z% + 3.

Solution: According to the Vieta’s theorem, we have 1 +zy = k—2, 2125 = k*>+3k+5.
Then 22 + 22 = (21 + 12)% — 21129 = (k — 2)? — 2(k* + 3k +5) = —(k + 5)% + 19.
Since the equation has two real roots, then A = (k — 2)? — 4(k? + 3k +5) > 0. This

means 3k + 16k 4+ 16 < 0. The range is —4 < k < —3 To find the maximum value of
4
r?+ 3, we need to find the maximum value of y = —(k+5)*+19 when —4 < k < —3
4
Since the symmetric axis k = —5 is not in [—4, _5]’ then the function is decreasing in

4
[—4, —5] Therefore the the maximum value is ¥nae = —(—4 + 5)? + 19 = 18.

6.4  If the function f(z) is defined for all real numbers R, and f(10+z) = f(10 —x),
f(20 —x) = —f(20 + z). Is f(z) a periodic function? And determine f(x) is odd or
even.

Solution: From the first given equation, we have f[10 + (10 — z]) = f[10 — (10 — z)].
Thus f(z) = f(20 —2) (. Combining the given second equation, we have f(z) =
—f20+2) @.
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Then f(40 +x) = f[20+ (20 + z)] = —f(20 + ) = f(x). Hence f(x) is a periodic
function. By applying @O and @), we have f(—z) = f(20 + x) = —f(x). Therefore
f(z) is an odd function.

6.5 The function F(x) is an odd function, and a > 0,a # 1. Determine the function

1
G(z) = F(x)(aw — + 5) is odd or even.

x) = —F(x). Let g(z) = 1 _1_1 -

F= a*—1 2
= +1 a® +1

1) 2(1 a®)
) holds in R when a > 0 and a # 1.
G(z) is an even function.

Proof: Since F'(x) is an odd function, then

a®+1 a’+1 =

& then g(—z) = -
S =1y ther 90 = gy T (L -
g(x) is also an odd function. G(x) = F(z)g(z
then

Since G(—r) = F(=z)g(—z) = F(z)g(x), t

= —g(z). This means

6.6 Given the set M = {z,xy,lg(xy)}, the set N = {0,|z|,y}, and M = N, e-

1 1 1
valuate (z + 5) + (2% + E) + (2° + E> o (21 4 W)'
Proof: Since M = N, we get that at least one element of M is zero. From the definition
of logarithmic function, we have xy # 0. This means x and y are both nonzero. Thus

1

lg(zy) = 0. Then 2y = 1. Hence M = {z,1,0}, N = {0, |z|,—}. Additionally, by
x

applying the equal of sets, we have
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{ T =|z|
1
1==
T
_1
{ 1= [z

But it is contradicting to the element distinction in a set when x = 1. Thus x = —1,
1

y = —1. Then z***! + =2, 2"+ —=2,(k=0,1,2,---).
Y

or

2k+1
y+

1 1 1
Therefore (z + g) + (2 + E) + (2 + E> b (220

y2011) - T

1

6.7 Gi =
tven f(z) Va2 +2r+1+ Va2 — 1+ Va2 —2r+1
f(B) 4+ f(2011).

, solve f(1) 4+ f(3) +

Solution: f(x) !
olution: €Xr) = —
V2 +2r+ 1+ Va2 — 1+ Va2 —2x+ 1
Ya1— a1
(z—1)—}/(z+1)2(z—1)+ %/(x2—1)(x:i-1)— Y/ (@2=1)(z—1)+ 3/ (2—1)%(z+1)—(z—1)

_ Yati-—Ya—1
2— 3/ (z+1) (22 1)+ }/ (22— 1) (z+1)— /(22— 1) (x— 1)+ }/ (22—1) (z—1)

:%<\3/.T+1—\3/.T—1).
Thusf(1)+f(3)+f(5)+--~+f(2011):%(\3’/_—0+\3f—\?/§+\‘°f—€/?1+-~+

/2012
V2010 — V2008 + V2012 — v/2010) = R

6.8 Given f(z) = asinx + bz + 4,(a,b € R), and f(lglog;10) = 5. Find the
value of f(lglg3).

Solution: Since f(x) —4 = asinz + by/x, then f(x) — 4 is an odd function. Thus
f(=z) —4 = —(f(z) —4). This means f(—z) = —f(z) + 8. Additionally, since
lglg3 = —lglog, 10, then f(lglg3) = f(—Ilglog; 10) = — f(lglog; 10)+8 = —5+8 = 3.

6.9 Given f(z) is an odd function, g(x) is an even function, and f(z)—g(z) = 2* — .

Find f(z) and g(z).

Solution: Since f(z) is an odd function , then f(—z) = —f(z). Since g(z) is an
even function , then g(—x) = g(z). Thus f(z) — g(z) = 2* —z = f(—x) — g(—z) =
?+x=—f(r)—g(x)=2*+2= f(x)+ g(r) = —2* — . Then

{ fl@) —g(x) =2 —x
f@) +g(x) = —2* —x

= /() = ~,9(z) =~
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1
6.10 %  If the domain of the function y = f(2?) is [—1,1], find the domain of
g(x) = f(z +a) + f(z —a).

1 1
Solution: Since the domain of the function y = f(z?) is [_Z’ 1], then ~1 <z <L
Thus 0 < z? < 1. Hence the domain of the function y = f(z) is {z|0 < x < 1}. Then
the domain of g(x) is the solution set of the following system:
0<z+4+a<1
0<z—ax<l1

Then
—a<zrx<1l—a
a<zr<1l+a

1
The domain of g(x) = f(r+a) + f(x —a) is {z] —a < x <1+ a} when —5<a< 0.
1
The domain of g(z) = f(z+a)+ f(xr —a)is {z|la <z <1—a} when 0 < a < 3 Note

1 1
that z € ) when a < —= or a > —.

2 2
248+
6.11 %  Given the range of y = % as {y|l < y < 9}, find the value
x
of a and b.
248+
Solution: Since y = %, then (y — a)z? — 8z +y — b = 0. Since v € R,
x

then A = 64 — 4(y — a)(y — b) > 0 when y # a. Simplifying the formula to generate
y* — (a + b)y + ab — 16 < 0. Since the range of y is {y|1 < y < 9}, then 1 and 9 are
the two roots of the equation with respect to y. According to the relationship between
roots and coefficients, we have

a+b=10
ab—16=9

Then a =b = 5.
xz%ERWheny:a. Therefore a = b = 5.

6.12 %  For arbitrary x,y € R, the function y = f(x) always satisfies f(z + y) =
f(z)+ f(y) — 1. And f(z) > 1 when > 0 and f(3) =4. (1) Show y = f(x) is an in-
creasing function. (2) Find the maximum value and the minimum value of f(z) in [1, 2].

(1) Proof: Let x1,29 € R, and x; < zo, then f(x2) = f(za — 21 + 1) = f(zg —
x1) + f(x1) — 1. Thus f(x9) — f(x1) = f(za —x1) — 1. Since x1 < x9, x93 — 1 > 0, we
have f(xe —x1) > 1 which means f(zy — 1) —1 > 0. Hence f(z3) — f(21) > 0. Then
f(xe) > f(x1). Therefore y = f(x) is an increasing function.

Download free eBooks at bookboon.com



ELEMENTARY ALGEBRA EXERCISE BOOK I FUNCTIONS

(2) Solution: From (1), we know that f(x) is an increasing function in R. Then f(z)
is an increasing function in [1,2]. The minimum value of f(x) is f(1) = 2 when = = 1.
The maximum value of f(z) is f(2) = 2f(1) —1 = 3 when x = 2. Therefore the
maximum value of f(z) is 3 and the minimum value of f(z) is 2 when z € [1,2].

6.13  For all ordered pairs of positive integers (x,y), f(x,1) = 1 holds. f(z,y) =0
and f(z+1,y) = y[f(z,y) + f(z,y — 1)] both hold when y > z. Evaluate f(5,5).

Solution: Since f(z,1) =1, then f(1,1) =1, f(2,2) = f(1+1,2) = 2[f(1,2)+f(1,1)]
20+ f(LD] =2f(1,1) =2=2x1. f(3,3) = f(2+1,3) = 3[f(2,3) + f(2,2)]
3f(2,2) =3 x2x1,---. Thus f(5,5) =5 x4 x3x2x1=120.

6.14 % If the real numbers = and 6 satisfy log(x + 7) 4+ 2 cos(f + 2012) = 4. Compute
|z — 2| + |z — 722|.

Solution: logs(x 4+ 7) + 2 cos(d +2012) = 4 = 2 < logg(z 4+ 7) = 4 — 2 cos(f + 2012) <
6=>9<2+7<729=2< 2722 Thus|z—2|+|r—722| =2—-2+722—2 = 720.
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1
6.15 % Let A = [1,b] (b > 1). The function f(r) = —2* — 2 + § The range

2 2
of f(x)is A when z € A. Find the value of b.
: 1, 3 1 5 : : :
Solution: f(z) = T mTtg = —(x — 1) 4+ 1 is a parabolic curve, and its sym-
metric axis is # = 1, the vertex is (1,1). Thus f(z) is an increasing function when

z € [1,b] (b > 1). Then f(x) reaches the maximum value f(b) when x = b. Since
1

f(b) € [1,b], then f(b) = b. This means §(b— 1)24+1=0b. Then b* —4b+3 = 0. Hence

b=1orb=3. Since b > 1, then b = 3.

6.16  Given the function f(x) = ax® + bz + 1 where a,b are real numbers, r € R.

f(@), (x> 0)
F(z) =
w={ T 2

(1) If f(—1) = 0, and the range of f(z) is [0,4+00), Find the analytic formula of

F(z). (2) Under the condition of (1), g(z) = f(x) — kz is a monotone function when

x € [—2,2]. Find the range of k.
a—b+1=0

Solution: (1) From the given condition, we have b T By solving the
22a B ( )

. = °+2z+1,(z >0
equation system, we have { h_o - Thus F(z) = { 2?21 (x<0)

(2) g(x) = 22 + (2 — k) + 1 is a monotone function when z € [—2,2] if and only
— 2—k

if 5 > 2 or 5 < —2. Then k£ > 6 or k < —2. Thus the range of k is

(—o0, —2] U [6, +00).

6.17 %  The graph of f(z) = kx + b intersects z axis at A and intersects y axis

at B. AB = 2i + 27, (i is the unit vector of positive x axis, j is the unit vector of
positive y axis), and g(z) = 22 — x — 6.

1
(1) Evaluate k and b. (2) Find the minimum value of % when f(z) > g(z).

b b
Solution: (1) From the given condition, we have A(_E’ 0), B(0,b). Then AB = {E’ b}.

Thus 2 = 2.b— 2,k = 1.

k
1
(2) Since f(x) > g(z), then x +2 > 22— —6. thus -2 < = < 4. % =
x

2 —x -5 1 g(z) +1 1
=424+ ———5. Si 2> 0, then =—2—— > 2 2)———-5=

p— T+ +1:—|—2 ince x+2 > 0, then @) (x+ )JJ+2
—3, and the equation holds if and only if z +2 = 1i.e. = —1. Hence the minimum

1
value of M is —3.
f(z)
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6.18 If the equation (2 — 271#73)2 = 3 4 ¢ with respect to z has real roots, find
the range of real number a.

Solution: We simply the given equation to get a = (2 — 271#=32 — 3. Let ¢ = 271#3],
then 0 < ¢t < 1,a = f(t) = (t —2)® — 3. Since a = f(¢) is decreasing on (0, 1], then
f(1) < f(t) < f(0). This means —2 < f(¢) < 1. Thus the range of real number a is
a€[-2,1).

6.19  If the maximum value of the function f(r) = —32* — 3z + 4b* + % (b>0) on
[—b,1 — 0] is 25, find the value of b.

Solution: From the given condition, we have f(r) = —3(z + =)* + 4b* + 3.
(1) The maximum value of f(z) is 4% +3 = 25 when —b < —

11 1 3
Then b = 5 It is contradicting to 5 <b<K 5

<1l-bie.

| =N | —

1 1
(2) f(x) is decreasing on the interval [—b, 1 — b] when ~5 < —bie 0<b< o Then
3
f(=b)=(b+ 5)3 < 25.
1 3
(3) f(z) is increasing on the interval [—b,1 — b] when —5> 1—bie b> o

1
Hence f(1—10) :bQ+9b—Z5 = 25. Then b = g

6.20 % If for all z,y € R, f(r +vy) = f(z) + f(y) holds. (1) Show f(x) is an
odd function. (2) if f(—3) = a, express f(12) as a function a.

(1) Proof: Obviously, the domain of f(z)is R. Let y = —z where f(z+y) = f(x)+f(y),
then f(0) = f(z) + f(—x). Let x = y = 0 where f(0) = f(0) + f(0), then f(0) = 0.
Thus f(z) + f(—x) = 0 which means f(z) = —f(—x). Hence f(x is an odd function.
(2) Solution: Since f(—3) =a, f(zx +y) = f(z) + f(y), and f(x) is an odd function,
we have f(12) = 2f(6) = 4f(3) = —4f(—3) = —4a.

6.21 % If M is a set of functions that satisfy the following conditions: (1) the
domain of f(z) is [—1,1]. (2) If 1,29 € [—1,1], then |f(z1) — f(x2)| < 4|z1 — 22
Determine whether the function g(z) = z? + 22 — 1 defined on the interval [—1,1]
belongs to the set M.

Proof: From the given condition, we know that g(x) satisfies the condition (1) ob-
viously. Let zy,29 € [—1,1]. Then |z1] < 1, |zo| < 1. Since |g(x1) — g(z2)| =
|(23 + 211 — 1) — (23 + 229 — 1)| = |(z1 — o) (71 + 22 + 2)| < |71 — Ta|71 + 72 + 2| <
(|e1] + |wo| + 2)|x1 — 22| < 4|21 — 22|, Thus g(x) satisfies the condition (2). Hence
g(x) e M.
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6.22 %  Given the set A = {z|(x —2)[x — (3a+1)] < 0}, B = {a:|m(_x(;—22i)1) < 0}.
(1) Find AN B when a = 2. (2) Find the range of the real number a such that B C A.
Solution: (1) A = {z|(z —2)(x —7) <0} = (2,7), B = {x|i :;l < 0} = (4,5). Thus
ANB=(4,5).

(2) Since B = (2a,a® + 1), then A = (3a + 1,2) when a < é In order to have B C A,

20 2 3a+1
a?+1<2

1
we must have { for which a = —1. A = ¢ When a = 3 There is no a

1
such that B C A. Then A = (2,3a + 1) when a > 3 In order to have B C A, we

b 20 = 2
must have - 5 1" g g
number a such that B C A is [1,3] U {—1}.

. Thus 1 < a < 3. As a conclusion, the range of the real

6.23 %  The statement p is that the equation a?z? + ax — 2 = 0 has solutions on the
interval [—1, 1], and the statement ¢ is that there is only one real number x such that
the inequality 2% + 2ax + 2a < 0 holds. If the statement “p or ¢” is a false statement,
find the range of a.

------------------------------------------------------ ovv--vv-cvv-cov-coAlcateI-LUcent 0
www.alcatel-lucent.com/careers

r, / .
(A ” >
.

One generation’s transformation is the next’s status quo.
In the near future, people may soon think it's strange that
devices ever had to be “plugged in.” To obtain that status, there
needs to be “The Shift".
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Solution: a?z? + ax —2 = 0 = (az + 2)(ax — 1) = 0. Obviously, a # 0, then

2 1
r =——orx = —. Since x € [—1,1], then || < 1 or |-| < 1. Thus |a] > 1. Since
a a a a

there is only one real number z such that the inequality x2 + 2ax 4 2a < 0 holds, then
there is only one intersection of the parabolic curve y = 22 4 2ax + 2a and x-axis. Thus
A= 4a —8a = 0. Hence a = 0 or a = 2. Then |a| > 1 or a = 0 when the statement
“p or ¢” is a true statement. Therefore the range of ais {a| —1<a<lor0<a <1}
when the statement “p or ¢” is a false statement.

6.24 %  The function f(x) is defined on the interval [0, 1], and f(0) = f(1). If for arbi-
1
trary distinct 1, o € [0, 1], | f(z2)— f(z1)| < |x2—x1] holds. Show | f(z2)— f(z1)| < 3

1
Proof: Let 0 <z < w9 < 1. (1) If zg—21 < <, then [ f(z2)— f(x1)] < |xe—a1] <

- (2)

2’
If 29 — 21 > %, since f(0) = f(1), then |f(z2) — f(z1)| = | f(z2) — f(1)+ f(0) = f(z1)| <
|f(@2) = FD)]+1£(0) = f(z1)] < (1 —22) + (21— 0) =1 — (22 — 1) < !

1
As a conclusion, |f(zg) — f(x1)] < 3

l\DI»—l

5.

6.25 %  Given f(z) is an increasing function on the interval (0, +o00), and f(1) =
f(@) + fy) = f(,y), show [f(x)] > |f(y)| when 0 <z <y < L.

Proof: Since f(x) is an increasing function on the interval (0,+00), and 0 < x < v,
we have that f(z) < f(y). This means f(z) — f(y) <0 @. Since 0 <z <y < 1,
then f(z) + f(y) = f(zxy) < f(1) = 0. This means f(z) + f(y) <0 @. By applying
@ x @, we have [f(z)]* — [f(y)]* > 0. Thus [f(z)| > |f(y)I-

6.26  Let f(z) is a function defined on R — R. Show f(x) can be expressed as
the sum of an odd function and an even function.
Proof: Assume f((z) = g(x) + h(z) where g(z) is an even function and h(z) is odd

)
function. Then f(—z) = g(—x)+h(—2z) = g(x)—h(z). Thus{ ;E ) = o) = g(x ()‘)l‘h( () ) -

1 1
Slf @)+ f(=2)), hz) = S[f (@) = f(=2)].

Conversely, since g(—x) = %[f(—x)+f(:v)] = g(z), then g(x) is an even function. Since
h(—x) = %[f(—x) — f(z)] = —%[f(x) — f(=x)] = —h(z), then h(z) is an odd function.

Therefore f((x) can be expressed as the sum of an odd function and an even function.

Solving the equation system, we have g(x) =
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Figure 3

6.27  As shown in Figure 3, the circle ®D intersects y-axis at the points A and B,
and intersects x-axis at the point C' on the left. The straight line y = —2v/2z — 8
intersects y-axis at the point P. The coordinates of the center D is (0,1). (1) Show
PC' is a tangent line of the circle ®D. (2) Determine whether there exists a point £
on the straight line C'P such that Sagop = 4Sacop- If yes, find the coordinates of E.
If no, please explain the reason. (3) When the straight line C'P turns around the point
P, it intersects the inferior arc AC at the point F' (here F' does not coincide with A or
(). We connect OF. Let PF = m, OF = n, find the relation between m and n, and
determine the range of the variable n.

(1) Proof: The straight line y = —2v/22 — 8 passing through C' intersects x-axis at
cO
C(—2+v/2,0) and y-axis at P(0,—8). Then cot ZOCD = = 2V/2, cot LOPC =

0D
P
—;gc= = 2V/2. Since ZOPC + ZPCO = 90°, then ZOCD + ZPCO = 90°. Hence, PC

is a tangent line of the circle ®D.
(2) Let the point E(x,y) on the straight line C'P such that Sagop = 4Sacop. Then

1 1
§><8><\x]:4><§><1><2\/§. Thus = +v/2. Since y = —2v/2x — 8, then y = —12

when z = /2 and y = —4 when = —v/2. Thus there exists a point £(v/2, —12) or
E(—\/_, —4) on the straight line C'P such that Sapop = 4Sacop-
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(3) Let the straight line PF' intersects the arc AC at the point F', and intersect-

s the arc BC' at the point ). We connect D@Q. By applying the cutting theorem,

we have PC? = PF-PQ @O. In ACPD and AOPC, /PCD = ZPOC = 90°,

/CPD = ZOPC. Thus ACPD —~ AOPC, pe _ PD which means PC? =

PO - PD (2. According to @ and @), we have PO - PD = PF - PQ. Addition-
ally, since ZF PO = ZDPQ, then AFPO «~ ADPQ. Hence ;—g = % = % Since
PD =9, DQ = CD = /(2V/2)2 + 12 = 3. Thusﬂzgzs, OA=3-1=2
Therefore m = 3n (2 < n < 2v/2). !

6.28 %  Given the function f(x) = log,(z + 1), and the point (z,y) moves on the
graph of f(z), the point (g, g) moves on the graph of y = g(x). Find the maximum
value of the function p(z) = g(x) — f(x).

1
Solution: From the given condition, we have g(z) = ilogQ(Sx + 1). Then P(x) =

3r +1 3r+1
. Let u = ——, th 2 2u —
CESIE et u e en uz® + (2u

3)z+u—1=0. Since u has meaning, then A = (2u —3)? —4u(u—1) = —8u+9 > 0.
3

9 9
This means u < 3 Thus pmaez () = log, \/g = log, 3 — 3

1
5 log,(3z + 1) — logy(x + 1) = log,
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3
6.29 %  Suppose the function f(z) = 4/2 — T i .
x

tion g(z) = lg[(zr —a — 1)(2a — x)](a < 1) has the domain B. (1) Find A and B. (2)
If B C A, find the range of the real number a.

has the domain A, and the func-

2 2—2—3 -1
Solution: (1) From the given condition, we have f(x) = \/ v n 133 = \/x 1
T T

—1
1 > 0, then x > 1 or z < —1. Thus A = (—o0,—1] U [1,400). Since
T

{ (x—a—1)2a—2x)>0 N { [z — (a+ 1)](z —2a) <0

a<l1 a<l1

Since

, then 2a < © < a + 1.

Thus B = (2a,a + 1).
1
(2) Since B C A, then 2a > 1 or a+ 1 < —1. This means a > 2 or a < —2. Since

1
a < 1, then 5 <a<1l,ora < —2. For B C A, the range of real number a is

(=00, —2] U [%, 0.

6.30 %  The graph of the linear function f(x) = ax + b passes through the point
(10, 13), and its x-intercept is (p,0) and its y-intercept is (0,q), where p is a prime
number and ¢ is a positive integer number. Find all linear functions that satisfy the
above conditions.

Solution: Since the x- and y-intercepts of the linear function f(x) = az + b are
: b= . . .
(p,0) and (0, q) respectively, we have { Zp_ +q 0 . Solving these equations to obtain

x
a = —E, b=gq. Thusy = 4, + q. This means — + y_1q Since the linear function
p

p q
passes through (10, 13), we have 10g + 13p = pg. Then (p — 10)(¢ — 13) = 130. Since
p is a prime number, then p is only 11 or 23. Hence, ¢ = 143 when p = 11; ¢ = 23
when p = 23. The linear functions which satisfy the conditions are y = —13x 4 143;
y=—x+ 23.

6.31  Given a quadratic function f(z) = az® + bxr + ¢ (a > 0). The two roots

of the equation f(x) —x = 0 are 1,9, which satisfy 0 < z; < 25 < —. In addition,
a

the graph of f(z) is symmetric about the straight line x = 2. Show zy < %

Proof: From the given condition, we have f(z) —z = ax® + (b — 1)x + ¢. Since

the two roots of the equation f(x) —x = 0 are x1,xq, which satisfy 0 < 21 < 29 < —,
a

b—1 1 b—1 b—1 1 b-—-1
we have 0 < 11 < —— < 29 < —, and —— — 11 = 29 — < - — . This
—2 a —2a —2a a —2a
means —— < xq. Thus zg = —— < ﬂ
a 2a 2
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6.32 %k  Given f(z) = z* + az® + bax® + cx + d (a,b are constants), and f(1) =
2009/ (2) = 4018/(3) = 6027. Evaluate i[ FAL) + F((=T).

Solution: Let n = 2009, F(x) = f(z) — nx, then F(1) = F(2) = F(3) = 0. Thus
Fa) = (z = 1)z = 2)(z = 3)(z — 7).
1 1

QD)+ F(-T)] = PO +F((~7)+ 1n—Tn] = L[F(11) 4 F(~7)] +n = 1[10x9%

8x (11—=r)+(=8)-(=9)-(—10)-(=7—7)] 42009 = —[10x9x8x (11 —r+7+7)]4+2009 =

o |

1
ZXlOX9X8X18+2009:5249'

6.33 %% Ifa > b > c, show that the equation 322 —2(a+b+c)z+ab+bc+ca = 0 has
two real roots with one located in the interval (¢, b) and the other one in the interval
(b, a).

Proof: Let f(z) = 32* —2(a+b+c)x+ab+bc+ca. Since A = [-2(a+b+c)]* —4x 3-
(ab+bc+ca) = 4(a+b+c)> —12(ab+be+ ca) = 2(2a® + 2b* + 2¢? — 2ab — 2bc — 2ca) =
2[(a —b)*+ (b—¢)* + (¢ — a)?]. Since a > b > ¢, then A > 0. Thus the equation has
two distinct real roots.

fla) =3a>—2(a+b+c)a+ab+bc+ca=a*>—ca+bc—ab=(a—c)la—0b) > 0
f(b) =3b* —2(a+b+c)b+ab+bc+ca="b*—ab—bc+ca=(b—a)(b—c)<
fle)=3c*—=2(a+b+c)c+ab+bc+ca=c*—ca—bc+ab=(c—a)(c—0b) >

The two x-intercepts of the graph are in the interval (¢,b) and (b,a). Thus the equa-
tion has two real roots with one located in the interval (¢, b) and the other one in the
interval (b, a).

6.34 % Let p be a real number, and the graph of the quadratic function y =
22 —2px—p has two distinct x-intercepts A(x1,0), B(xs,0). (1) Show 2pz;+x3+3p > 0.
(2) If the distance between the two points A and B is not larger than |2p — 3|. Find
the maximum value of p.

(1) Proof: According to the relationship between roots and coefficients, we have
T + Ty = 2p, v15 = —p. From the above equations, we have x5 = 2pzy + p. Since
A = (=2p)? — 4(—p) = 4p* + 4p > 0, then 2px; + 2% + 3p = 2px1 + (2pxs + p) + 3p =
2p(xy + xo) + 4p = 4p? + 4p > 0.

(2) Solution: AB = |zg — 21| = /(22 + 21)% — 4mozy = /4P + 4p < |2p — 3|. Squar-
ing both sides to generate 4p? + 4p < 4p? — 12p + 9. Solving the inequality to obtain

p < —. Thus the maximum value of p is —
16 16
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Figure 4

6.35 %%  Asshown in Figure 4, A, B, C are three points on the graph of the function
y = logi . Their x-coordinates are ¢, t + 2, t + 4 (t > 1), respectively. (1) Let the
area Spapc be S, find S = f(t). (2) Determine the monotonicity of S = f(t). (3)
Find the maximum value of S = f(¢).
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Solution: (1) Starting from the points A, B,C, we draw lines AA’, BB',CC’ per-
pendicular to x-axis with the foot points A’, B’,C". Then S = SyapesoiaAA'B'B +

1
StrapezoidBB/CIC - StrapezoidAA/C/C = _[log% 1+ log% (t + 2)] (t +2- t) X 5 - [log% (t +

1 1 2+ 4t
2)+10g%(t+4)]-[(t+4)—(t+2)]§+[log% t+logs(t+4)](t+4—t)x 5 =logs ————= =

2 5 (t+2)2
4
1 1+———),t=>21).
Og3( + ) +4t)’( )
(2) Let u = t* 4+ 4t be an increasing function on the interval [1, +00), and u > 5. Let

9
v = 1+ — be a decreasing function on the interval [5,+00), and 1 < v < 5 which
u

: . . . . 9 .
means S = log, v is an increasing function on the interval (1, 5] Hence, the composite

function S = f(t) = logs(1 +

4
o 4t> is a decreasing function on the interval [1, +00).

(3) According to (2), S reaches the maximum value when ¢t = 1, and its maximum

9
value is Spar = f(1) = log, E= 2 — logs 5.

6.36 %%  Given f(2r — 1) =2? (z € R), find the range of the function f[f(z)].

Solution 1 : Let A(2z — 1)> + B(2x — 1) + C = z®. Comparing the coefficients to

1 1 1 1 1
obtain A :1 I,B = §,C’ = Thus f(x) = ZSL’2 + §x+ 1= Z(Jc—i— 1)%. Hence

FUFE@] = {3+ 17+ 17 = Sz + 12 + 4P Then f1f(@)] >
1
Wi g

AN
] =

1 1 (The equation
holds when x = —1). This means the minimum value of f[f(x)] is —=. The range of the
function f[f(x)] is [1/4, +00).

t+1
Solution 2 : Let 2z — 1 = ¢, then z = % From the given condition, we have
t+1 1 1
ft) = (%)2 Notice that ¢ € R and = € R, then f(x) = (x—; ) = Z(x +1)?,

flf(z)] = i[i(aﬁtl)Q—l—l}? = 6—14[(ZL‘—|— 1)2+4)%. Thus f[f(z)] > }l (The equation holds
when 2 = —1). The range of the function f[f(z)] is [1/4, +00).

6.37 %k Let A =[-1,00U (1,2] and B = [0,2]. The map f : A — B maps =
to y = |x|. Show that f: A — B is a one-to-one map and find its inverse map.

Proof: Let z1,29 € A, and x1 # xq, with f(z1) = |21|, f(z2) = |2a|. If 21| = |22],
according the given condition x; # x, then x; = —x9. This means 1, ro are opposite
numbers. Without loss of generality, let x1 > 0,25 < 0, according to the given A,
we have 1 € (1,2],29 € [—1,0). Obviously, |z1| > 1, |x2| < 1 for this case. Thus
|z1| # |x2|, which is contradicting to the given condition.
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On the other hand, let y; € B, then 0 < y; < 2. Notice B = [0,1] U (1,2]. Then
y1 € [0,1], or y1 € (1,2]. When y; € [0,1], then there is a unique element in A,

xr1 = —11, corresponding to it. When y; € (1,2], then there is a unique element in A,
Ty = yp, corresponding to it. According to the property of a one-to-one map, we know
. o . 1,2
that f: A — B is a one-to-one map, and its inverse map is x = { v (v € (1,2)) .
—-Y, (y S [07 1])

6.38 %%  Given theset A = {(z,y)|[r*+mz—y+2 =0,z € R}, B = {(z,y)|lz—y+1 =
0,0 <z <2} If AN B # ¢, find the range of the real number m.

2

Solution: The problem is equivalent to the following: the equation system { Z - i ++1mx +2
has solutions on the interval [0, 2]. This means z* 4 (m — 1)z + 1 = 0 has solutions on
the interval [0,2]. Let f(z) = 2? + (m — 1)x + 1, since f(0) = 1, then the parabolic
curve y = f(x) passes through the point (0, 1). Thus the parabolic curve y = f(x) has
an x-intercept in the interval [0, 2]. It is equivalent to f(2) = 224+2(m—1)+1<0 O

A=(m—-1)2-4>0

—m

or ¢ 0< <2 .

f2)=2242m—1)+1>0

3 3
From (@), we have m < —5 From @), we have —3 < m < —1. Thus the range of m is
(—o0, —1].
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6.39 %%  If the functions f(z) and g(x) defined for the real numbers satisfy f(0) = 0,
and for arbitrary x,y € R, g(x —y) = f(2)f(y) + g(x)g(y) holds. Show [f(z)]**** +
[g()]*** < 1.

Proof : Let x = y, then [f(z)]* + [g( N2 = g(0)(*). In (%), let = 0, then
[(())] +[9(0)]* = g(0). Since f(0) = 0, then [g(0)]* = g(0). Thus g(0) = 0 or
g(0) = 1.

(1) If we substitute g(0) = 0 into (*), then [f(z)]* + [g(z)]* = ¢(0). Thus f(x) =
g(z) = 0. Hence [f(x)]?**? + [g(z)]***? < 1.

(2) If we substitute g(0) = 1 into (x), then f(z)? + g(z)* = 1. Thus |f(z)] < 1,
l9(x)] < 1. Hence [f(2)]*"* < [f(2)] [9(2)*"* < [g9(2)]*. Therefore [f(2)]*"* +
lg(@)]**" < [f(@)* + [g(2)]* < 1.

640 Kk Let f(x) = a? 4 pr g A = {sle = f()}, B = {alflf@)] = o)
(1) Show A C B. (2) If A={-1,3}, find B.

(1) Proof: Let z( is an arbitrary element in the set A which means zy, € A. Since
A = {z|z = f(x)}, then xg = f(x). Thus f[f(zo)] = f(xo) = zo. Thus zy € B.
Therefore A C B.

(2) Solution: Since A = {-1,3} = {z]|2? 4+ px + ¢ = z}, then the equation z? +
(p — 1)z 4+ g = 0 has two roots —1 and 3. By applying the Vieta’s theorem, we have
{ (__11—;3 3_:_§1p_ 1 = { 5; :; . Then f(z) = 2* — x — 3. Thus the elements
in the set B is the roots of the equation f[f(x)] = z. This means (z? — z — 3)? —
(r? — x — 3) — 3 = x. Simplifying the equation to generate (2?2 —x —3)> — 2?2 =0 =
(22— —-3+2)(2®—2r—-3—2)=0= (22 —-3)(2> — 22 —3) = 0. Thus 2, = —/3,
Ty =3, 13 = —1, 24 = 3. Therefore B = {—\/5, -1, \/5,3}.

4 1 1000

Solution: Since f(1 —z) = S i 2 fle)+ f(l—2)=
e Zlce N T ™
o g, g g o))
Moo /oo + o ger) (o) T L ot

500

3 3 -
6.42 %% %  Given vectors @ = (cos 2% sin 59&), b = (cos g, —sin g), and z € [0, g]

3
If the minimum value of f(z) = ab— 2\|a + b is —3 Find the value of .
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. 3 .3 x . T 3z x . 3T .z
Solution: ab = (cos =x,sin —x)(cos =, —sin =) = cos — cos = — sin — sin — = cos 2z,
2 2 2 2 2 2 2

2
3 3
la + b| = \/(Cos ; + cos 5)2 + (sin ; — sin %)2 = v/2(1 4 cos2x) = 2| cosz|. Since

S [O,g], then cosz > 0. Thus |a + b] = 2cosz. Hence f(z) = ab — 2\|a + b| =
08 2x—4\ cos T+2X2—2)? = 2(cos x—\)?—1—2A2. Since x € [0, g], then 0 < cosx < 1.

(1) If A <0, f(x) reaches the minimum value —1 if and only if cosx = 0. It is contra-
dicting to the given condition.
(2) If 0 << A < 1, f(x) reaches the minimum value —1 — 2)? if and only if cosz = .

3 1
Since —1 — 2)\? = —5 then A = 3
(3) If A > 1, f(z) reaches the minimum value 1 — 4\ if and only if cosz = 1. Since
3 5
1—4)\= —5 then \ = 3 It is contradicting to A > 1.

As a conclusion, A = 1.

6.43 %% Given f(z) = 2 + (Iga + 2)x + Igb, and f(—1) = —2. f(z) > 2«
holds for all z € R. Evaluate a + b.

Solution: Since f(—1) = =2 = 1—(lga+2)z+lgh= -2 = lga = 1g 10b = a = 10b. S-
ince f(z) > 2z holds for all x € R, then 2%+ (Iga+2)z+1gb > 22 = 2°+(Iga)z+1gb >
0. Since the efficient of 22 is 1 > 0, then A =1g*a — 41gb < 0 = lg*a — 4(lga — 1) <
0= (Iga—2)?<0. Since (Ilga —2)* > 0, then (Iga —2)*> = 0. Thus a = 100, b = 10.
Therefore a + b = 110.

6.44 Y%  Let the equation of the curve C is y = 2 — 2. The graph of C shifts
t (t # 0) units to the positive x direction and then shifts s units to the positive y
direction. Then we obtain the curve C;. (1) Write the equation of the curve Cy. (2)

t
Show the curves C' and C are symmetric about the point A(§, %) (3) If there is only

3
one intersection between the curves C' and C}, show s = i t.

(1) Solution: The equation of the curve Cy isy = (z —t)3 — (x —t) +s (¢ #0).
(2) Proof: We choose an arbitrary point By (z1,y;1) on the curve C. Assume By(z2, y2)

t t
is the symmetric point of B; about A(é, g), then 2t ;IQ = -, % ;yQ = % Thus

1 =1t — 29, Y1 = S — yo. By substituting them into the equation of C, we have
s —1yy = (t —x9)> — (t — ). This means yo = (x5 — t)> — (z2 — t) + 5. Then we
show that the point Bs(zs,ys) is on the curve C;. Similarly, we can show that the

symmetric point of C; about A(E’ g) is on the curve C. Therefore the curves C' and

t s
(' are symmetric about the point A(§, 5)
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(3) Proof: Since the curves C' and C have a unique intersection point, then the equa-
3

. y=x"—-
tion system{ Y= (z—t)* — (—t)+s

obtain 3tz? — 3t%z + (1> —t — s) = 0. Then A = 9¢* — 12¢(¢3 — t — s) = 0. This means
t3
t(t3 — 4t — 4s) = 0. Since t # 0, then ¢3 — 4t — 45 = 0. Thus s = 7! (t #0).

has only one solution. By eliminating y, we

6.45 %%  Given f(z) =lg(z + V22 + 1), show f(z) and f~(z) are both odd func-

tions.

Proof: Let y = f(z) = lg(z + Va2 +1) = o+ Va2 +1 = 10V = 22 + 1 = 2> +

1y_1—y 190_1—90
10% — 22 - 10Y = z = u Thus f’l(x) = %

2
f=2) = lg(—2+ V2 +1) = Ig ﬁ — gz + V@ +1) = —f(x), then f(z)

is an odd function.
107* —10" 10" —-10""

,(z € R). Since

Since f!(—x) = 5 = — 5 = —f(z), then f~!(z) is an odd function
on R.

: r+1—u .
6.46 %k *  Given f(z) = E— (u € R). (1) Is the grapy of the function

y = f(x) centrally symmetric? If it is centrally symmetric, please point out its sym-
metric center. (2) Find the range of f(x) for z € [u+ 1,u + 2].
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Solution: (1) From the given condition, we have f(z) = —— = —1 — )
1

then the graph of y = f(z) can be obtained by shifting the graph of g(x) = —— in the
x

1
horizontal direction. Since the graph of g(z) = —— is centrally symmetric about the

original point, then the grapy of the function y = f(x) is centrally symmetric about
(u, —1), the symmetric center is (u, —1).

r+1—u u+l—ux 3 z+l—-u 3 u+2-—x
2) Si Q=" 42=—"""- S t- e _Zts 2
(2) Since f(x)+ —z u—x ,f(x)+2 w—z 2 2(u — )

3, u+l—z ut+2—-z (r—u—1)(z—u—2)

Th 2 =] = : = . On th
other hand, since z € [u+1,u+2|, (u—z)? > 0, then (r —u—1) 20, (x —u—2) < 0.

Thus [f(z) + 2][f(z) + g] < 0. Hence —2 < f(z) < —;.

t 1+1¢
6AT hk T M = {2z = i j deRtA -1t 40NN = {2z =
V2[cos(arcsint) + i - cos(arccost)],t € R, [t| < 1}. Determine how many elements in

MNON.

t
r=—
Solution: The points of the set M are on the curve M: %i% (t € Rt #
Yy = e
—1,t #0).
: r=+/2(1 —12)
The points of the set N are on the curve N: (te Rt <1).
y =2t

The general equations of the curves M and N are zy = 1(z # 0,1), 22 + y?> = 2, (0 <
z < V/2), respectively. Thus the x-coordinates of the intersection points of M and N

1
satisfy z2 + — = 2. This means z = +1. Obviously, M N N = ¢. Hence, M N N has
x

zero elements.

0,(x <a)
6.48 %k *  Given f(z) = (2:2)2,@ <x<b) . (1) Show f(x) > i always
1, (z > b)
a+b a+b

7 It

holds for arbitrary z > — (2) Is there a real number ¢ such that f(c) >

c exists, find its range. If ¢ does not exist, please explain the reason.
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a+b a+b 1

(1) Proof: When z > 5 @ if 5 <z < b, then f(z) = = b)z(x —a)? is
an increasing function. Thus f(z) > L (a—i—b —a)? = 1 @ if x > b, then
& ‘ Z a-02" 2 s !

a+b

1 1
flx)y=1> 7 Thus f(x) > ) holds when z >

(2) Solution: When a + b < 0, since f(z) > 0, then f(c) > always holds for

b
> 1, since f(x) < 1, then ¢ does not exist. When

arbitrary real number c. When

2
0< 0 <1 ife> b then f(2) = 1. Ifa < c < b, then f(c) — EC 222“;5.%
a_
b b b
get that (b—a) a—21— +a<c<b. Hencef(c)}cH_ when ¢ > (b—a) %%—a.

b
After all, when a + b > 2, the real number ¢, which satisfies f(c) > %, does not

b
exist. When a + b < 0, the real number ¢, which satisfies f(c) > %, exists. When

0<a+b<2,c€[(b—a)\/aT—i_b+a,+oo] makes f(c) > a;—bhold.

1 1
6.49 %%  Determine how many elements in the set {(z,y)|lg(z® + =y* + =

3 9)
lgx +1gy}.

Solution: From the properties of the logarithmic function, we get x > 0,y > 0. Then

1 1 1 1 1 1 1 .1
lg(2®+=y°+ lgz+lgy = 2®+<y’+= =2y = °+5¢° +— 3¢/ 23(= y3)9

3V tg) = 3Y 79 3 -

x° ==
the equation holds if and only if { 4 9 . Thus z = \/7 \/7 Hence there
. . : s/ 1 51 .
is a unique point ( 9’ §) in the set. Therefore the set has one element.

6.50 %%  Given the functions f(z) = 3% — 1 and g(z) = loge(3z + 1). (1) If
1

[~ Y(x) < g(x), find the range D of z. (2) Let the function H(z) = g(z) — §f’1(x).

What is the range of H(z) when x € D?

Solution: (1) Since f(z) = 3% — 1, then f~1(x) = logg(z + 1). Since f~!(z) < g(z) =

1)2<3 1
logs(z + 1) < loge(3x + 1) = logg(z + 1)? < logg(3z + 1) = { ;x—:—l )> 0 Tl
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Then 0 <z < 1. Thus 2 € D = [0, 1].
1. 1
(2) H(z) = g(x) —§f Y(z) = loge(3z+1) —§log3(x+1) = logy(3z+1) —logy(z+1) =
3 1 3 1 2
loggi,x € [0,1]. Let t = vl 3
x

+1 r+1 T+
interval [0, 1], then 1 < ¢ < 2. Hence 0 < H(z) < logg 2. Therefore the range of H(z)

is {y|0 <y <log, 2}.

T Obviously, ¢ is increasing on the

6.51 %% %  The function f(z) = logy(z + m), and the numbers f(0), f(2), f(6)
form an arithmetic sequence. (1) Find the value of the real number m. (2) If a, b, ¢ are
distinct positive numbers, and they form a geometric sequence, determine the order of

f(a) + f(c) and 2f(b).

Solution: (1) Since f(0), f(2), f(6) form an arithmetic sequence, then 2log,(2+m) =
log, m + logy(m + 6) = (m + 2)? = m(m + 6), and m > 0. Thus m = 2.

(2) Since f(z) = logy(x + 2), then 2f(b) = 2log,(b + 2) = log,(b + 2)%, f(a) + f(c) =
log,(a+2) +1ogy(c+2) = logy[(a+2)(c+2)]. Thus (a+2)(c+2) =ac+2(a+c)+4>
ac+ 4y/ac+4 =b*+4b+ 4 = (b + 2)2. Hence logy[(a + 2)(c + 2) > log,(b + 2)?. This
means log,(a + 2) + logy(c + 2) > 2logy (b + 2). Therefore f(a) + f(c) > 2f(b).

[ ]
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6.52 %%  Given the function f(z) = 2 ¥ *++2 (k € Z) and f(2) < f(3). (1)
Evaluate k. (2) Is there a positive number p such that the range of the function
g(z) =1—pf(x)+ (2p— 1)z is [—4, Y] when = € [1,2]. If p exists, find its range. If
p does not exist, please explain the reason.

Solution: (1) Since f(2) < f(3), then —k* + k+2 > 0. Thus k? — k —2 < 0. S-
ince k € Z, then k =0or k = 1. ,
(2) From (1), we have f(z) = 2%, g(z) =1 — pz® + (2p — ) = —p(x — 21)2 4 241

2p 4p
2p—1 1 4p*+1 17
P € [—1, 2] which means p € [~, +00), then P 2T We have p=2
2p 4 4p 8

1 1
or p = —. Since p € [Z,—l—oo), then p = 2. Thus g(—1) = —4, g(2) = —1. When

When

2p—1 2p — 1
p2 € (2,+00) Since p > 0, then such p does not exist. When p2 € (—o0,—1)
p p
1 17
which means p € (0, Z)’ then g(—1) = 5 g(2) = —4. Thus such p does not exist.

After all, p = 2.

6.53 %%k %  Suppose f(z) is an increasing function defined on (0, +00), and f(%) =

f(z) — f(y), f(2) = 1. Solve the inequality f(z) — f(x i 3) < 2.

Proof: Since 1 = f(2), then 2 = f(2)+ f(2). And f(g) = flx)—fly) = f(y)—i—f(g) =

F(2). Lety = 2, g = 2, we have = = 2y = 4. Then f(2)+ f(2) = f(4). Thus f(4) = 2.

Hence f(x) — f(%_g) < 2 = flz(x —3)] < f(4). Since f(x) is an increasing func-
z(r—3) <4

tion on (0,400), we have ¢ = >0 . Solving the equation system to obtain
r—3>0

3 < & < 4. Therefore the solution set of the inequality is {z|3 < z < 4}.

6.54 %% Let f(z) = 2% + ax + beosz, {z|f(x) = 0,z € R} = {z|f(f(x)) =
0,z € R} # ¢. Find all values of a and b which satisfy the conditions.

Solution: Let zy € {z|f(x) = 0,2 € R}, then b = f(0) = f(f(z0)) = 0. Thus
f(x)=z(x+a), f(f(x)) = f(2)(f(z) +a) = z(z + a)(z* + az + a). Obviously, a =0
satisfies the problem. If a # 0, since the roots of 22 + ax + a = 0 are neither 0 nor —a.
Hence 22 + ax + a = 0 does not have real roots. Therefore A = a? — 4a < 0. We have
0<a<d4.

After all, all @ and b which satisfy the conditions are 0 < a < 4, b= 0.
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6.55 %% %  Suppose a,b,c € R, and their absolute values are no more than 1.
Show ab+ bc+ca+1 > 0.

Proof: We introduce the function f(a) = ab+ bc + ca + 1. Since a € [—1,1], then
we only need to show f(—1) >0, f(1) > 0. Then we show f(a) >0

When a = —1, then f(—1) = —-b+bc—c+1=(b—1)(c—1). Since b, c € [—1, 1], then
(b—1)(¢c—1) > 0. Thus f(—1) > 0.

When a = 1, then f(1) =b+bc+c+1= (b+1)(c+1). Since b,c € [—1,1], then
(b+1)(c+1) > 0. Thus f(1) > 0. Therefore ab+ bc + ca+1 > 0.

227 —1
6.56 %%  The function f(z) = (123:?(& € R) is an odd function. (1) Evalu-

ate a. (2) Find the inverse function of f(x). (3) For arbitrary k € (0, +00), solve the
1+

inequality of f~(z) > log,

a—1

Solution: (1) Since the f(z) is an odd function, we have f(0) = 0. Then = 0.

2*—-1 27*—-1 2*-1 1-2°
Thus a = 1. While f(z) + f(—z) = + = + = 0 satisfies

241 2741 2*41 1427
that f(z) is an odd function.

2t —1 2 1
(2) Since y = f(x) = il 1—2$+1,then 2 = i—z,(—l <y < 1). Thus
1
fl(x) = log21+i,(—1<x<1).
1+z 14+
. _ 1+ I+ > r>1—-k
(3) Since f(z) = log, >log2—:>:> l1—=z k :>{ .

When 0 < k < 2, the solution set of the inequality is {z|1 —k < x < 1}. When k > 2,
the solution set of the inequality is {z| — 1 <z < 1}.

6.57 %%  The function f(x) is defined for real numbers, and f(z +2)f(1 — f(x)) =
1+ f(x). (1) Show that f(z) is a periodic function. (2) If f(1) = 2 4 /3, find the
value of f(2013).

(1) Proof: Since f(x + 2)(1 — f(z)) = 1+ f(x) holds on R, then f(1) # 1. Thus

L+ /(@) L+ f@+2) L+ P
flx+2)= 1= f@) Hence f(x +4) = fl(x +2) + 2] = 1— fz+2) 1— 1+f§§§
2 1 L
) = ) On the other hand, f(z+8) = f[(x +4)+4] = NCET = f(x),

then f(z) is a periodic function with the period 8.
(2)Solution: Since f(1) = 2++/3 and f(z) is a periodic function with the period 8, we
have f(8k +1) =2+ /3, (k € Z). Thus f(2009) F(251x 841) = f(1) =2+ V3,

£(2013) = £(2009 + 4) = f(QéOQ) 2+\/_—\/§ 2.
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6.58 %%  Find the range of the function y = z + V22 — 3z + 2.

Solution: From the given condition, we have va? —3x+2 = y — 2 > 0. Then we
square both sides of the equation to obtain 2% — 3z 4+ 2 = y? — 2xy + 22. This means

3 22
(2y — 3)x = y*> — 2. From the above equation, we have y # B and x = g 3 Ad-
y —
2_9 2_3 2 -1 -2
ditionally, since y > z, then y > Y = Y Yy > 0= w > 0.
3
Then1<y<§ory>2.
. . yg -2 yg -2
Now we have y € [2,+00) arbitrarily. Let zq = , then 7y — 2 = —2=
2yp — 3 2yp — 3

— 92)2
M}O. Thus x¢ > 2. Hence 22 — 3z9 + 2 > 0, and yo = o + /22 — 320 + 2.

2y0 -3
3 5 —2 0~ 2
We have y € [1,5) arbitrarily. Let z, = nyoo 3 then zp — 1 = 2yy00 —3 1 =

—1)2
(‘;JZO/O—_;)g(). Thus 7o < 1. Hence 22 — 3x9 +2 > 0, and yo = o + /22 — 320 + 2.

3
As a conclusion, the range of the function y = + v2? — 3z + 2 is [1, 5) U [2, +00).
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6.59 %%  Given the coefficient of the quadratic term of the quadratic function f(z)
is a, and the solution of the inequality f(x) > —2x is (1,3). (1) If the function
f(z) 4 6a = 0 has two equal roots, find the analytic form of f(z). (2) If the maximum
value of f(z) is a positive number, find the range of a.

Solution: (1) Since the solution of the inequality f(x) > —2zis (1,3), welet f(x)+2z =
a(z—1)(z—3) and a < 0. Then f(z) = a(z—1)(z—3) -2z = az*— (2+4a)z+3a .
By substituting the equation f(z)+6a = 0 into (D), we have az®—(2+4a)z+9% =0 @.
Since the equation @) has two equal roots, then A = [—(2 + 4a)]? — 36a® = 0. Thus

a=1ora=——. Since a < 0, then a = ——. By substituting a = — into (0), we have

1 3

6
— T2 T
f(z) = FY T . o
(2) Since f(x) = az® — 2(1 + 2a)x + 3a = a(z — i a)z_a rhat and a < 0,

a

a
2

2 g+ 1 _a”+da+1

then the maximum value of f(z) is —M. Since a >0 , then

a a<0

a < —2—+3or -2+ 3 < a < 0. Therefore the range of a is (—o0, =2 — \/5) or
(=24 1/3,0) when the maximum value of f(z) is positive.

6.60 %%  Given f(z) = (2" + o)™, g(x) = (az™ + 1), h(z) = (b2 + 1), and
f(z) = g(x)h(x) where m,n are both positive integers. Compute |a + b+ ¢|.

Solution: Since f(z) = g(z)h(zx), then (z" + ¢)™ = (ax™ + 1)(ba™ + 1). Compar-
ing the leading terms, we have mn = m +n = (m — 1)(n — 1) = 1. Since m,n are
both positive integers, then m = 2, n = 2. Thus (22 + ¢)? = (az® + 1)(b2* + 1) =

ab=1
rt+ 2’ + A =abrt + (a+0)2* +1= ¢ a+b=2c . Thena=1,b=1,c=1or
=1

a=—-1,b=—1,c=—1. Hence |a+ b+ c| = 3.

6.61 %%  Given the function f(z) = az® +4x +b (a < 0,a,b € R), the two
real roots of the equation f(z) = 0 with respect to z are xy, x5, and the two real roots
of the equation f(x) = x with respect to x are a, .

(1) If |o — 8| = 1, Find the relation formula between a and b. (2) If a and b are
both negative integers, and |o — | = 1, find the analytic expression of f(z). (3) If
a<l1l<pf <2 show (1 +1)(z2+1) < 7.

Solution: (1) Since f(z) = ax?® + 4z + b and f(x) = z, then az® + 3z + b = 0.

3
o+ ﬁ = —5
From the given condition, we have aB = é . Then a? + 4ab = 9.
a
la—pl=1
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(2) Since a,b are both negative integers, then a + 4b is also a negative integer, and
a+4b < —5. Since a® +4ab = 9, then a(a+4b) = 9. Thus a = —1,a+4b = —9. Then
b= —2. Hence f(z) = —2* + 4z — 2.

(3) Let g(x ) = ax?+3z+b, then the sufficient and necessary condition of « < 1 < 3 < 2

g(1) > . a+b+3>0 . 4 b
9(2) < , that da+b+6<0 Since x1 + 19 = o T1Ty = o then
b 4 —6a+b—4 Rg(1)—Ig(2
($1+1)($2+1) 7:.%’1.1'24‘(33‘14‘372)—6:5———6: @t = 39() 39( )

a a a
Since g(1) > 0,¢(2) < 0,a < 0, then (21 + 1)(xe +1) — 7 < 0. Thus we show that
(Zlfl + 1)(1‘2 + 1) < T.

6.62 %% Let f(z)=az’+bz+c (a>b>c), f(1)=0, g(x) =azx +0.

(1) Show the graphs of y = f(z) and y = g(x) have two intersection points.

(2) Let the two intersection points of the graphs of y = f(x) and y = g(z) are A, B,
their projections on x-axis are Ay, By. Find the range of |4, B;]|.

a+b+c=0
a>b>c
az?+br+c = ax+b, then ax®+(b—a)r+c—b =0, A = (b—a)*—4a(c—b) = (b+a)*—4ac.
Since a > 0,¢ < 0, then A > 0. Thus the graphs of y = f(z) and y = g(z) have two
intersection points.

(2) Solution: Let the two roots of az®* + (b — a)r + ¢ — b = 0 are xy,22, then

(1) Proof: From the given condition, we have = a > 0,c<0. Let

a—>b c—b
T, + Ty = p T1XTy = . Thus |AlBl| = |l'1 - l'2| = \/(1'1 +$2)2 —41‘1&72 =
b 2_4 2 4
(b+a) . Since b = —(a + ¢), then |AB,| = e (2)2 _4(2) -
a a a a
c L ‘ o a>—(a+c)
<a 2)2 — 4. Since b (a+c)anda>b>c,a>0,c<0,then{_(a+c)>c :

1 3
Solve the equation system, then —2 < €< ~3 Thus 5 < |A1By| < 2v/3. Hence the
a

range of |A; By| is (2,2\/3)

6.63 %%  The function f(z) is defined for real numbers, and for arbitrary z,y € R,
f(z)+ fly) = f(r +y) —zy— 1. Since f(1) = 1, Find the integer number n such that

f(n) =n.

Solution: For the given equation, let y = 1, then f(z + 1) = f(z) + = + 2. Thus
flx +1) > x+ 1 when z € Z. For the given equation, let x = y = 0, then
2f0) = f(0) —1. Thus f(0) = —1. Let 2 = —1,y = 1, then f(—1)+ f(1) = f(0). Thus
f(=1) = f(0) = f(1) = =2. Let x = =2,y =1, then f(—2) + f(1) = f(—1) + 1. Thus
f(=2) = f(-1) = f(1)+ 1= —2. When z € Z,z < —3, then f(x) > x. Therefore the

integer number n such that f(n) =nisn=1orn=-2.
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6.64 %%  Given the odd function f(x) defined for real numbers, and f(x) > 0 when
x > 0. Does there exist a real number A such that f(cos20—3)+ f(4A—2Acosf) > f(0)

hold for all 6 € |0, g]7 If yes, find its range. If no, please explain the reason.

Solution: Since f(z) is an odd function and is an increasing function on [0, +00),
then f(x) is an increasing function on R, and f(0) = 0. Since f(cos20 — 3) + f(4\ —
2Acosf) > f(0) = 0 = f(cos20 — 3) > —f(4\ — 2Xcosf) = f(2Acosf — 4)\) =
c0820 — 3 > 2\ cos ) — 4\ = cos? f — A cos O + 2\ — 2 > 0. If the inequality hold for ar-

. T . , 2 — cos? 0
bitrary 6 € [0, 5], we should have A is lager than the maximum value of y = 5 ol
— oS
2

Let t = cosd € [0,1], then y = 2_t =2 —yt4+2y—2=0, A=¢y>*—8y+8>0.
Thus Ypmaz = 4 — 2v/2. Hence X € (4 — 2¢/2, +00).

6.65 %% If the quadratic function f(r) = az®* + bz +1 (a,b € R,a > 0),
and the function f(x) = 2 has two real roots xy,xe. (1) If 1 < 2 < x5 < 4, let the
symmetric axis of f(z) is = xo. Show zo > —1. (2) If |z1| < 2, |z2 — 21| = 2, find the
range of b.

(1) Proof: Let g(z) = f(z) —x = az®+ (b— 1)z + 1, then the two roots of g(z) = 0 are
9(2) <0 da+2b—-1<0
9(4) > 0 16a+4b—3 >0

T1,xa. Since a > 0 and 71 < 2 < 79 < 4, we have {
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b 3
343-———<0 @
a

b b
= 2a, 4 By @+ @), we have — < 1. Thus zyp = —— > —1.
4-2.— 12 <0 @ 2a 2a
2a  4da . A
(2) Solution: (w1 — 29)? = (21 + ) — 4x129 = ( — Y —==4=2a+1=
a a

1
V(b —1)2+1. Since x1x9 = — > 0, then the signs of x, 25 are same. Thus |z;| <
a

2, |zg—x1| = 2 are equivalent to{ 0o <2< or{ T2 —2<a1 <

: 2 +1=/(b—12+1 2 +1=/(b—12+1
o(2) <0 o(~2) <0 1

=< ¢9(0)>0 or ¢ ¢(0)>0 . Then we haveb<zl
2 +1=/b-12+1 2% +1=/(b—12+1

OI'b>Zl.

6.66 %% %  Given a linear function f(x) =kx+h (k#0). f(m)>0and f(n) >0
when m < n.

(1) Show f(z) > 0 holds for arbitrary € (m,n). (2) By applying the condition of
(1), show if a,b,c € R and |a| < 1, ]b] < 1,|¢| < 1, then ab+ bc+ ca > —1.

Proof: (1) When k£ > 0, then the function f(x) = kz + h is an increasing function
onz € Rm<ax<n, f(x) > f(m) > 0. When k < 0, then the function f(z) = kz+h
is a decreasing function on x € R, m < x < n, f(z) > f(n) > 0. Thus f(z) > 0 holds
for arbitrary x € (m,n).

(2) Rewrite ab + bc + ca + 1 as (b + ¢)a + bc + 1. Introduce the function f(x) =
(b+c)x +bc+ 1. Then f(a) = (b+c)a+bc+ 1. f(a) =bc+1 = —c*+1 when
b+ ¢ = 0 which means b = —c. Since |¢| < 1, then f(a) = —c* +1 > 0. When
b+c#0, then f(x) = (b+c)r+bc+ 1 is a linear function. Since |b| < 1, |c| < 1, then
f()=b+c+bc+1=(1+b)(1+c) >0, f(-1)=—=b—c+bc+1=(1-b)(1—c) > 0.
From (1), we obtain all f(a) > 0 for |a| < 1. Thus (b+c)a+bc+1 = ab+bc+ca+1 > 0.
Hence we show that ab + bc + ca > —1.

6.67 %k  Let P(z + a,y1), Q(z,92), R(2 + a,y3) be the three distinct points on
the graph of the inverse function of the function f(x) = 2% 4 a. If there is one but the
only one real number x such that y;, 1o, y3 form an arithmetic sequence, find the range
of a. And Compute the area of APQR when the distance from the origin to the point
R is smallest.

Solution: From the given condition, P(x + a,v1), Q(x,y2), R(2 + a,ys) are on the
graph of the function f~(z) = logy(z — a). Then y; = log,x, y» = log,(z — a),

x> a

ys = 1. Since y1 +ys = 2y, then logyx + 1 = 2logy(z — a) & { (x—a)? =2z "
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From the given condition, the equation z? — (2a + 2)z + a> = 0 has an unique

1
root. Then A = (2a + 2)* — 4a*> = 0. Thus a = —gora > 0. Additionally,

1
|OR|? = (24 a)*+ 1. When a = ~3 then |OR| reaches the minimum value, for which

T = %’ P(0,—1), Q(%,O), R(;,l). Since |PQ| = \/(% -0+ (0412 = ?, the

distance from the point R to the straight line PQ :2x —y—1=0isd =

1 1
SAPQR = §‘PQ| -d = Z

Hence

Bl

6.68 %%  Given the function f(x) = 2% — %. (1) The graph of y = g(z) is the

graph of y = f(z) shifted to the right by 2 units. Find the analytic expression of

g(z). (2) The graph of y = h(z) and the graph of y = g(x) are symmetric about the
1

line y = 1. Find the analytic expression of h(z). (3) Let F(z) = —f(x) + h(z), the
a

minimum value of F(x) is m, and m > 2 ++/7, find the range of the real number a.

Solution: (1) g(x) = f(z —2) =2""2 — Ia/_Q

(2) An arbitrary point on y = h(z) is P(z,y). Then the symmetric point of P about
the linear line y = 1 is Q(x,2 — y) and the point ) is on the graph y = g(x). Thus
h(z)=2-2"24+ =

2x—2
1 a a 1 1 1
F(x)=~=(2°— —)+2—2v2 =(=—2)24+ (4a—1)— + 2.

1
@O When a < 0, — — 1< 0, 4a — 1 < 0, then F(z) < 2. It is contradictory with
a
m > 2+ /7. L
@ When 0 < a < a1 >0, 4a — 1 < 0, then F(z) is an increasing function on R.
a

Thus F(x) has no minimum value.

1 11 1—a)(da—1
@When1<a<4’__z_1>0 4a—1 >0, thenF(x)>2\/( a)(da—1)
a

4qa

+2=m.

—<a<4 1
Sincem>2+\/7, then ?‘4 .Then§<a<2.
>7

6.69 %%  If an odd function f(z) is defined on R, and f(x) = 2z — 2* when z > 0.
11

Let the range of the function y = f(z),x € [a,b] be [5 -], (@ # b). Find the values of

a,b.

Solution: Since y = f(z) is an odd function, then f(z) = 2% + 2z when z < 0.

f2e—2*(z20) . 11

Thus f(z) = { 22 —|—2x (z<0) Since [a,b] and [Z’ E]

a # b, then a < b '3 < —. Thus the signs of a, b are same.
a

exist at the same time, and
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1
20 —a® = - (a—1)(a*—a—1)=0
@D When 1 < a < b, since 2b_b2:f j{(b—l)(bQ—b—l):O We have
b
azl,bzl—i_\/g.
2
2a + a® L ( )(2 )
. - a+1)(a*+a—-1)=0
_ < _
@) When —oco < a < b < —1, since 2b+b2:f :{(b—I—l)(bz—I—b—l):O We
b
11—
haveaz—\/g,b:—l.
. 1
2a —a® = ~
@ When 0 < a < b < 1, since , lb . The equation system has no solution.
20 —b* = —
a
20+ a* =

@ When —1 < a < b < 0, since . The equation system has no solu-

2b+ b =

8 | Fe =

tion.
1

® When 0 < a <1< b< 400, since — =1, then a = 1. It is contradicting to a < 1.
a

1
® When —oo < a < —1 < b < 0, since ;= —1, then b = —1. It is contradicting to
b> —1.
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a=1 —1-+5
As a conclusion, we have ; 1++/5 org @7 9 )
- b= —1
2

6.70 %%  Given a function f(x), and f(x +y) — f(y) = (z 4+ 2y + 1)z holds for
all z,y, and f(1) = 0.
1

1
(1) Evaluate f(0). (2) If f(z1)+2 < log, x5 holds for arbitrary x; € (0, 5), x5 € (0, 5),
find the range of a.

Solution: (1) Let z = 1 and y = 0 in the formula f(x +y) — f(y) = (z+2y + 1), then
f(1) = f(0) = 2. Since f(1) =0, then f(0) = —2.

(2) Let y = 0 in the formula f(z +y) — f(y) = (v + 2y + 1)z, then f(z) — f(0) =
1
(r + 1)z. From (1), we have f(0) = —2. Then f(z) + 2 = 2* + z. Since z; € (0, 5),
1 1 1
then f(z,) +2 = 23 + 2, = (z1 + 5)2 1 is increasing when z; € (0, 5) Thus
1
flz1) +2 € (0,%). To make f(x;) + 2 < log,x2 hold for arbitrary z; € (0,5),

1 1
xs € (0, 5), when a > 1, log, 72 < log, 3 obviously the inequality does not hold. when
0<a<l1

1
0 <a<l,log,zs > logGE, then { 1

3 . Solving the inequality system to
1Oga 5 > 4_1

3
generate e <a< 1.

6.71 %% %  If on the interval [1,2], the function f(x) =2*+px+q (p € [-4,-2])
1

and g(r) = r + —; reach the same minimum value on the same point. Find the maxi-
T

mum value of f(x) on the interval.

1 1 1 3
Solution: When z € [1, 2], g(x) :ZL’—i-? = g%—g—&—; >3.¢2. 2. = = 5;@, and
the equation holds if and only if g = le x= V2 € [1,2]. Thus g(2)min = 5\3’/5

x
On the other hand, f(z) = 2° + pr + ¢ = (z + g)z + . Since f(z) and g(z)

4q — p? 3
reach the same minimum value on the same point, then P V2, a—r _ 5\3/5

2 4
3
Thus p = —2V/2,¢ = 5\‘75—1— V4.

Since the symmetric axis of f(x) = 22 + pr + ¢ is * = /2 and the coefficient of the
quadratic term is positive, then the function f(z) is decreasing on the interval [1, v/2].

s

2
Thus f(1) =1— 5 + V4 when z = 1. The function f(z) is increasing on the interval

4q — p?

[v/2,2]. Thus f(2) = 4 — 2\3/5—1— V4 when z = 2. Since f(2) > f(1). Therefore the

5 .
maximum value of f(z) on the interval [1,2] is fuax(x) = f(2) =4 — 5\3/5 + V4.
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6.72 Y%  Suppose the function y = f(z) is a periodic function defined on R
with the period 5. The function y = f(z) is an odd function on the interval [—1,1].
y = f(x) is a linear function on the [0, 1], and it is a quadratic function on the interval
[1,4]. The function reaches its minimum value -5 occurring at = = 2.

(1) Show f(1)+ f(4) = 0. (2) Find the analytic expression of y = f(z) when = € [1,4].
(3) Find the analytic expression of y = f(x) when z € [4,9].

(1) Proof: Since f(x) is a periodic function with the period 5, then f(4) = f(4 —5) =
f(=1). Since y = f(x) is an odd function on the interval [—1, 1], then f(1) = —f(—1) =
—f(4). Thus f(1) + f(4) = 0.
(2) Solution: According to the given condition, we assume f(z) = a(z —2)? —5(a > 0)
when z € [1,4]. From (1), then f(1)+ f(4) = 0, that is a(1—2)*—5+a(4—2)*—5 = 0.
Thus a = 2. Hence f(z) =2(z —2)? —5,(1 <z < 4).
(3) Solution: Since y = f(z) is an odd function on the interval [—1, 1], then f(0) = 0.
Since y = f(z) is a linear function on the [0, 1], we choose f(z) = kx (0 <z < 1).
Since f(1) = 2(1 —2)> =5 = —3, then ¥ = —3. Thus, when 0 < x < 1, then
f(z) = =3xz. When —1 < 2 < 0, then f(z) = —f(—2z) = —3z. when —1 < z < 1,
then f(x) = —3x. Hence, when 4 < z < 6, which is equivalent to —1 <z —5 < 1,
then f(z) = f(x —5) = =3(x — 5) = =3z + 15. when 6 < x < 9, which is equivalent
tol <z —5<4, then f(z)= f(x —5) =2[(x —5) = 2]* =5 =2(z — 7)* — 5.
31415, (4 <z < 6)
Thus f(z) = { 2z —T7)2—-5,(6<x<9)"

6.73 %% %  Given the function f(x) = |r — al, g(x) = 2? + 2ax + 1 (a is a pos-
itive constant). The y-intercepts of the graphs of f(z) and g(z) are equal.
(1) Evaluate a. (2) What is the monotone increasing interval of f(z) + g(x). (3) If

4
n € N*, show 10/ . (g)g(") < 4.

(1) Solution: From the given condition, we have f(0) = ¢(0). Then |a|] = 1. S-
ince a > 0, then a = 1.

(2) Solution: f(z) + g(z) = |x — 1|+ 2* + 2+ 1. When z > 1, then f(z) + g(z) =
z? + 3z. It is monotonous increasing on the interval [1 + co). When z < 1, then

f(x) + g(x) = 22 + x + 2. Tt is monotonous decreasing on the interval [—5, 1).

4 T, .
(3) Proof: Let T, = 109™ . (5)9("). Solving the inequality T+1 < 1 with 7,, > 0 to
" 3
—— =~ 3.7. Si
21508 2 e
’TLEN*, thenn > 4. Thus 177 <15 <T3<T4, WhﬂeT4>T5>T6>

4 4 4
Therefore 10/ . (S)QW < 10/@. (5)9“) =10% - (5)25 < 4.

4
obtain 10(5)2"+3 < 1. By solving the inequality, we have n >

6.74 Y%  If the symmetric axis of the quadratic function f(z) = z? + bx + ¢ is
on the right of y-axis. Its y-intercept is P(0,—3), and its x-intercepts are A, B. Its
vertex is ). If the area of AQAB is 8, find the analytic expression of the quadratic
function.
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Solution: Let A(x1,0), B(zz,0), then z1, x5 are the two roots of the equation z* + bx +
¢ =0. Since z1 + xo = —b, 11 - 3 = ¢, then AB = |x] — 25| = \/(:cl + x9)? — dzy29 =

4¢ — b? 1
Vb2 — 4c. The vertex of the parabolic curve is ¢ R Thus Sagas = 5\/ b% — 4c -

4c — b? 1
\ ‘ | which is equivalent to 8 = g\/ b2 — dc-(b*—4c). Then b2 —4c =4 (D). Since

the intersection of the parabolic curve and y-axis is (0, —3), then substituting ¢ = —3

into (D to generate b = +2. When b = 2, then the symmetric axis is x = —3 ="

which is on the left of y-axis. It is contradicting to the given conditions. Thus b = —2.
When b = —2, the analytic expression of the quadratic function is y = 2% — 22 — 3.
675 kkk 1Tk e R fa) = BT L w0 ), F(e) form three sides of
: x) = ——. f(a ¢) form three sides of a
) ;C4 _"_ :L_2 _"_ 1 ) )

triangle for arbitrary real numbers a, b, c. Find the range of k.

Solution: To have f(z) > 0, we only need z* + kz? + 1 > 0.

x* 4+ kx? 41 > 0 holds when k£ > 0. We need A = k? —4 < 0 when k < 0. This means
—2 <k <0. Thus f(z) > 0 when k£ > —2.

(D When k =1, then f(x) = 1 which satisfies the given conditions.

k—1)x?
@Whenk:>1,thenf(x):1+¢

TS > 1 and the equation holds when x = 0.
+x
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k—1)a? E—1Da? k42
—( )z <1+ ( )2 _ T and the equation holds
42241 B 23552 3
when = 1. Thus fim(2) =1, fiax(z) = %

According to the property that the sum of two sides is larger than the third side, we

Additionally, f(x) =1+

k+2
have 2 x 1 > % Then k£ < 4. Thus 1 < k < 4 satisfies the given condition.

k+2
@ When —2 < k < 1, similarly with @), we have fuax(z) = 1, fun(z) = % Since

k+2

1 1
2 X > 1, then k& > —3 Therefore —3 <k<l1.

As a conclusion, the range of k is —3 < k<4

A ¥
D
C B -
E 0 x
A
Figine &

6.76 %% %  As shown in Figure 5, in the Cartesian coordinates, the points B, C are
on the negative x-axis, the points A is on the negative y-axis. The circle with diameter
AC' intersects the extended line of AB at the point D. C'D = AO. If AB = 10, and
the lengths of AO and BO are the two roots of the quadratic function x2 4 kz 448 = 0,
AO > BO > 0.

(1) Find the coordinates of D. (2) If the point P is on the straight line AC, and

1
AP = ZAC. Is the point (—2,—10) on the straight line DP? Please explain the rea-
son.

Solution: (1) Since the lengths of AO and BO are the two roots of the quadratic
function 22 + kz +48 = 0, then AO-BO =48 (. In RtAABO, AB?* = AO? + BO?.
Since AO > BO > 0, AB = 10, then AO? + BO? = 100 @. From D and @), we
have AO =8, BO = 6.
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Since CD = AO, then /BAC = /BCA which means CDO = AOD. Thus AB =
BC =10, AD = CO = CB+ BO = 16. Then DB = AD — AB = 6. We draw
DFE 1 BC at the point E through the point D as shown in Figure 5, then RIADEB

RtANAOB. Thus bE DB _EB This means DE = A0-DB = 8x6 _ %

DB-OB 6 76A3187 OB T 5

. X

EB = — — =% Since EO = EB+BO = — +6 = — then D i

1B 10 F Since FO + BO 5+6 5,ten is
48 24

=5 %)

1
(2) Since the point P is on AC, AP = Z_LAO’ A(0,-8), C(—16,0), P(—4,—6). Let
the straight line passing through the points D and P is y = kx + b. Substituting the

48 24
coordinates of D and P into the linear function to generate _Ek +tb= ‘5 . Then
—dk+b=—6
27 96 . . . . .
k= _ﬁ’b =0 Hence the straight line passing through the points D and P is
27 96
y=-7f By substituting —2, the x-coordinate of the point (—2, —10), into the

69
equation of the straight line DP, we have y = = # —10. Thus the point (-2, —10)

is not on the straight line DP.

6.77 %k *  Let M = {(z,y)||lzy| =1,z > 0}, N = {(z,y)| arctan z + arccot y = 7}.
Show M UN = M.

Proof: In the set M, |zy| = 1. This means zy = 1 or zy = —1. Since = > 0,
then the graph of the reciprocal function is in the first and fourth quadrants.
In the set N, arctanx + arccoty = m, then arctanz = m — arccoty. Thus z =

1 1
= ——. Then zy = —1. Thus
cot(m — arccot ) Yy

tan(m —arccot y) = — tan(arccoty) = —
™
the reciprocal function is in the second and fourth quadrants. Since —3 < arctanx <

T ) 7 7
5,0 < arccoty < m, if x < 0, then —5 < arctanz < 0, y > 0, 0 < arccoty < 5 At

T T
this time —— < arctan x 4 arccot y < —. It is contradicting to arctan x + arccot y = .

Thus > 0. Then N = {(z,y)|zy = —1,z > 0} is the reciprocal function xy = —1 in
the fourth quadrant. Hence N C M. therefore M UN = M.
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b
6.78 %% %  The real numbers a,b, c satisfy ¢ + + - 0 where m
m+2 m+1 m m
is a positive integer. For f(z) = ax?® + bz + ¢, (1) if a # 0, show af( n 1) < 0. (2)
m
If a # 0, show the equation f(z) = 0 has real roots on the interval (0, 1).
Proof: (1) From the giver; condition, we have af(mlﬂ) = a[(z(m n 1)2 + bmlﬂ +
c @. Since mj_ 5+ o + % =0, then ¢ = _(maT1 + mTl). By substifuting
m m m

it int h ——) =a’ 2 - = a'm’ - :
it into (D), we have af(m—|—1> a [<m+1> m—i—l] a‘m [(m+1)2 m2—|—2m]
Since (m + 1)* > m? 4+ 2m > 0, then ! - ! < 0. Thus af( o ) <0

’ (m+1)2 m2+2m m+1 '

(2) If @ > 0, from the conclusion of (1), we have f( nj_
m

one of f(0) and f(1)islarger than 0. Since f(0) = ¢, f(1) = a+b+c, then f(0) > 0 holds
if ¢ > 0. We prove the conclusion. If ¢ < 0, we only need to prove f(1) =a+b+c > 0.

1) < 0. We only need to prove

b 1 1
By applying mC—LI—Z + e +% = 0, we have b = _[a(n?—jZ) + clm + )] Thus
1 1
f(l):a—a(m+ )—C(er )+c: @ _ < Since a > 0,m > 0,c¢ < 0, then
m+ 2 m m+2 m

f(1) > 0. We prove the conclusion. Hence when a > 0, the equation f(x) = 0 has
real roots on the interval (0,1). Similarly, when a < 0, the equation f(z) = 0 also has
real roots on the interval (0, 1). Therefore, the equation f(z) = 0 has real roots on the
interval (0,1) when a # 0.

360°
thinking
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2
107 +1

are symmetric about the straight line

6.79 Yk %  If the function f(z) is the inverse function of y =

-1 (z € R),

1
the graph of g(z) and the graph of y = — —
T

x=—=2. Let F(z) = f(z) + g(x).

(1) Find the analytic expression and the domain of F'(z). (2) Determine whether there
exist two distinct points A, B on the graph of the function F(z) such that the straight
line AB is perpendicular to y-axis. If yes, find the coordinates of A, B. If no, please
explain the reason.

2 1—
Solution: (1) Since y = 1 1, then its inverse flunction is f(x) = lg 1 +i.
Additionally, the graph of g(x) and the graph of y = — ) are symmetric about the
x

1—=x 1

—1,1).
. T oyt €LY
(2) Let the two distinct points A, B on the graph of the function F(x) be A(z1,v1),

1
straight line x = —2, then g(z) = s Thus F(z) =g
x

1
B(za,y2), —1 < 21 < 29 < 1, then y; — yo = F(x1) — F(x9) = 1g

+ —
1+ZE1 ZL‘1—|—2

lgl—l’g_ 1 :lg(1—$11+$2 i 1 _ 1 ):lg(1—$11+$2)+
1-'-.1'2 QE2+2 1+$11—ZL’2 l'1+2 QE2+2 1+ZC11—SC2

To 1—x

To — X1 .
.S -1 < < < 1, th >
(o1 + 2)(12 1 2) nce Ty < T2 , then 1+ g

1—$11+ZE2 To — I
0,(z1 + 2)(xg +2) > 0. Thus lg(1 Tl —Iz) > 0, 01+ 2 (52 £ 2)
Y1 > Yo, which means F'(x) is monotone decreasing on (—1,1). Therefore there do not
exist two distinct points A, B on the graph of the function F(z) such that the straight
line AB is perpendicular to y-axis.

> 1,.172—1‘1 >

> 0. Hence

6.80 %%  Given the function f(z) = ax® + (b+ 1)z +b—2 (a # 0). If there
is a real number zy such that f(xg) = x¢ holds, then z( is called the fixed point of
f(z). (1) Find the fixed point of f(z) when a = 2,b = —2. (2) If for an arbitrary
real number b, the function f(x) has two distinct fixed points. Find the range of the
real number a. (3) On the condition of (2), if the x-coordinates of the points A, B on

the curve of f(x) are the fixed points of f(z), and the straight line y = kx +

2a% 4+ 1
is the perpendicular bisector of the line segment AB, find the range of the real number b.

Solution: (1) Since f(z) = az®> + (b+ Dz +b—2,(a # 0), a = 2,b = —2, then
f(x) = 22% — x — 4. Assume z is a fixed point, then 222 — 2 — 4 = x. Thus ; = —1,
19 = 2. Hence the fixed points of f(x) are 22? — 2 —4 = x are x; = —1 and x5 = 2.
(2) Since f(z) = z, then az®+ bx +b—2 = 0. Since the function f(z) has two distinct
fixed points, then A > 0. Thus v* — 4a(b —2) > 0 = b* — 4ab + 8a > 0 always holds
for arbitrary b € R. This means A, < 0, 16a® — 32a < 0. Hence 0 < a < 2.
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(3) Let A(xy,x1), B(x2,22). Since the straight line y = kx + is the per-

1
20 + 1
pendicular bisector of the line segment AB, then k = —1. Let the midpoint of

b
AB is M(zg,x¢). From (2), we have zy = ~5a Since M is on the straight line
a

ket — 1 b_o, 1
= RX - a— en —— = —
y 242 + 1’ 2 2a @ 2a2+1
B a 1 1

__2a2+1:_2a+i>_ / 1
a 2 20/'5

V2 V2

a= Hence b € [—T,+oo).

By simplifying the equation, we have

2
= R and the equation holds if and only if

6.81 %% % The curve of the quadratic function y = 22 — (2m + 4)x + m? — 4 passes
through y-axis, and its y-intercept is below the origin. The curve of the quadratic
function y passes through x-axis, and its two x-intercepts are A, B. A is on the left
of B. The distances from A, B to the origin are |AO|,|OB|. |AO| and |BO| satisfy
3(|OB| — |AO|) = 2|AO| - |OB|. The intersection of the straight line y = kx + k and
the curve of the quadratic function is P. the tangent function of acute angle ZPOB
is 4.

(1) Find the analytic expression of the quadratic function. (2) Find the analytic ex-
pression of the linear function y = kz + k. (3) Find the coordinates of P.

Solution: (1) Let the coordinates of A, B be A(x,0), B(x2,0), and z; < xo, then
11,29 are the two real roots of the equation 22 — (2m + 4)z + m? —4 = 0. A =
[—(2m + 4)]?> — 4(m? — 4) > 0, then m > —2. On the other hand, since the quadratic
function has y-intercept below the origin, and z; < w9, then z; < 0,25 > 0. S-
ince 3(|OB| — |AO|) = 2|AO||OB|, then 3[xs — (—x1)] = 2(—x1)xe. 3(2m + 4) =
—2(m? —4) = m?+3m+2=0. Thus my = —1, my = —2. Since m > —2, m; = —1.
Hence the analytic expression of the quadratic function is y = 2% — 22 — 3.

(2) Since y = x? — 2z — 3, then A(—1,0), B(3,0). Since the straight line y =

2
. . y=x°—2r—3 Ty =—1
kx + k intersects the quadratic curve, then { Y= kz + k . Thus { i =0

or { T2 =k +3 . Since ZPOB is an acute angle, then the point is on the right of y-

Yo = k‘2 + 4k
. . ) : |k + 4k|
axis. Thus, P is (k+3, k*+4k), and k+3 > 0. Since tan ZPOB = 4, then i3 4
k% + 4k| .
When i 3 = 4, we solve the equation to get k; = 2v/3, ko = —2v/3. We can

validate that k; = 2v/3 and ky = —2+/3 are both the solutions of the equation. Addi-

k2 + 4k
tionally, ks +3 < 0, then k;, = 2v/3. When +

ks = —2, ky = —6. We can validate that k3 = —2 and k; = —6 are both the solutions
of the equation. Additionally, ks + 3 < 0, then k3 = —2. Thus the analytic expression
of the linear function is y = 2v/3z + 2v/3 or y = —2x — 2.

(3) From (2), the analytic expression of the linear function is y = 2v/3x + 2v/3 or
y=—2x—2.

= —4, we solve the equation to get
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23z + 2v/3
When y = 231 + 2\/3, then M

A
Hence, P is (2v/3 + 3,12 4 8v/3).

=4. Thus z = 23+ 3, y = 12+ 8V/3.

95 29
When y = —27 — 2, then ——~ = = 4. Thus x = 1, y = —4. Hence, P is (1, —4).
—X
by
v=hi(x}
X
Figure 6

6.82 %% If the quadratic curve y = fi(z) has the origin as its vertex and passes
through the point (1,1). The distance between the two intersection points of the re-
ciprocal curve y = fo(z) and the diagonal line y = x is 8. Let f(z) = fi(z) + fo(2).
(1) Find the analytic expression of f(x). (2) Show the function f(x) = f(a) with
respect to x has three real roots when a > 3.

(1) Solution: From the given condition, we let fi(z) = az? Since f(1) = 1, then
k

a=1. Thus fi(z) = 2. Let fo(x) = — (k> 0). The intersection points of its graph
T

and the diagonal line y = z are A(Vk, vk) and B(—v'k, —Vk). Since |AB| = 8, then
\/(\/E—l— VE)?2 + (Vk+Vk)2 =8. Thus k = 8. Then fo(z) = 2 Hence f(x) = x2+§.

8 8 8
(2) Proof: Since f(x) = f(a), then 2* + — = a® + — which is equivalent to — =
x a T

8 8 8
—2% + a* + —. The curve fy(z) = — and the curve f3(z) = —2® + a® + — are sketched
a T

a
in Figure 6. From the figure, we observe that fo(z) and f3(z) have one intersection
point in the third quadrant. Then f(x) = f(a) has a negative solution.
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8
Since fo(2) = 4, f3(2) = —4 4+ a® + —. When a > 3, the point (2, f(2)) on the curve
a

f3(z) in the first quadrant is above the curve fy(x). Thus the curves fo(z) and f3(z)
have two intersection points in the first quadrant. Hence f(x) = f(a) has two positive
solutions. Therefore f(z) = f(a) has three real solutions.

6.83 %k K%k If the domain of the function f(x) is symmetric about the origin
but does not include zero. For an arbitrary real number x in the domain, there exist
x1, T2 in the domain such that = = x1 —xs, f(z1) # f(x2), and the following conditions
hold: (A) If 0 < |z — @a| < 2a, then f(zy —x2) = % (B) fla) =1 (ais a
positive constant). (C) f(z) > 0 when 0 < z < 2a. Show (1) f(x) is an odd function.
(2) f(z) is a periodic function. And evaluate the period. (3) f(x) is a decreasing

function on (0, 4a).

Proof: (1) From the given condition, we have f(x) = f(z; — x2) = %

—f(zy —x1) = —f(—x). Thus f(z) is an odd function.

802() Si)r}c(e )fial 1, then f(—a) = —f(a) = —1. Thus f(-2 )f(:)j]:(( g)—_l_a)1 =
f(al) F—a) =0. If f(z) # 0, then f(x+261L):f[ac—(—2a)] F(—2a) — f(2) =
f(x)’f( z+4a) = f[(x+2ﬂ)+2a]=—m:f(x)-
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If f(x)=0, thenlf(x +a) = flr — (—a)] = J;,(f_);}:g__a;(;)l =f<—1, fg(x);?)a)): J;[(x +
T+ 3a)f(—a)+

a)+2a) = “Tata =1. f(x+4a) = fl[(xr+3a) — (—a)] = F(—a) = f(z+30) =0.

Thus f(z + 4a) = f(z).

Hence f(z) is a periodic function, and the period is 4a.

(3) When 0 < 1 < x9 < 2a, then 0 < x5 — 27 < 2a. Thus f(x1) > 0, f(xz) > 0

(f(zg) = —f(—2a) = 0 when zo = 2a). and J(wa)f () + 1 = f(xe — x1) > 0. Hence

f(z1) — f(z2)
f(x1) > f(x2).
When 2a < x; < 29 < 4a, then 0 < x; — 2a < x93 — 2a < 2a. Thus f(z; — 2a) >
f(za — 2a) > 0. Hence f(z) = f[(z — 2a) + 2a] = — . Then f(x1) — f(z2) =
1 1
_f(xl — 2a) * f(zy — 2a)

Therefore, f(x) is a decreasing function on (0, 4a).

1
f(z — 2a)

> 0. Hence f(z) is a decreasing function on (2a,4a).

6.84 %% K% If the inverse function of the function f(z) = log,(x++v22 —2) (a >
2 n —-n
0,a#1)is f~'(x) and let g(n) = %fl(nﬂoga V2). If g(n) < % (n e N¥).

Find the range of a.

Solution: Since  + V22 —2 > 0, then the domain of f(x) is [v/2,+00). Thus

T+ V22 —2>2.

When a > 1, the domain of f~*(x) is [log, V2, +00). When 0 < a < 1, the domain of

f~Y(x) is (—o0,log, v/2]. Since y = log,(z + V22 — 2), we have x + 22 —2 =a? (.

Rationalizing the numerator of D to obtain x — V2?2 —2 = 2¢7Y @). From O
Yy -y

@2 Since n + log, V2 € [log, v/2,400), then a > 1,

2
4 2a™" 2

and ), we have z =

and then f~'(z) = (z > log, V2). Hence g(n) =

2 2
21 2 2 ” -
i_[anﬂogaﬂ + 2q~ (ntlog, \/5)] = L_[\/_an + 2a*”\/__] = u. Since g(n) <
32 23 4 2 2
n_|_ —n

5 then a" +a™" < 3"+37" = 30" +3" < 3"a" +a" = (3"a" —1)(a"—3") <

1 .
O=>§<a<3. Since a > 1, then 1 < a < 3.
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6.85 Y%  The straight line [ with dip angle 45° passes through the point A(1—2)

and the point B where B is in the first quadrant and |AB| = 3v/2.

(1) Fine the coordinates of the point B. (2) If the straight line [ passes through the
2

X

hyperbolic curve C': — — y?> = 1(a > 0) at the two points F and F, and the middle

point of the line segment FF is (4,1). Evaluate a. (3) For an arbitrary point P in the
plane, when @ is moving on the line segment AB, we denote the minimum value of
|PQ| as the distance from the point P to the line segment AB. If the point P moves
on the x-axis, find the function for the distance h(t) from the point P(t,0) to the line
segment AB.

Solution: (1) Let the equation of the straight line [ is y = tan45%z + b = x + b. Since
the straight line passes through the point A(1 — 2), then —2 = 1 4+ b. Thus b = —3.

. . y=x—3
And y = 2 — 3. Let the point B = (z,y). Since { (2= 12+ (y+2)° = (3v2)? and
x>0,y >0, then z =4,y = 1. Hence, the coordinate of B is (4,1).
y=x—3 1
(2) Since ¢ 2?2 , then (= — 1)a® + 62 — 10 = 0. Let E(x1,31), F(x2,12).
Pl A 1 a
: : : : 6a?
Since the middle point of EF is (4, 1), then xq + x5 = e 8. Thus a = 2.

(3) Let the coordinates of an arbitrary point () on the line segment AB is (x,z — 3).
|PQ| = /(t —2)? + (z — 3)%
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t t—3)2
Denote f(z) = \/(t —2)2+ (z — 3)% = \/2(3:— —53)2+< 23) (1 <t<4). When
1< ? <4, ie. —1<t<5, then |PQ|min:f(tJ2rS) _ =3l When¥ > 4,

ie. t > 5, then f(z) is monotonous decreasing on [1,4]. Thus |PQ|mn = f(4) =
t+3
V(t—4)2+ 1. When % < 1, ie t < —1, then f(x) is increasing on [1,4). Thus
[PQlmin = [(4) = V(L —1)2 + 4.
(t—1)2+4 (t<-1)
|t = 3]
(—1<t<5)

V2

t—42+1 (t>5)

As a conclusion, h(t) =

-2
6.86 %k %  Let the function f(z) = a® + x_H (a > 1). Show (1) The func-
x

tion f(z) is increasing on (—1, 4+00). (2) The equation f(z) = 0 has no negative roots.
1 — 2 za To — 2 .
T+ 1 To + 1 n

Proof: (1) Let —1 < 1 < @, then f(z1) — f(x2) = a™ +

3z —
a®t—a"?+ (71 — 22) . Since —1 < 11 < x9, then z1+1 > 0, 20+1 > 0, 27—22 < 0,
(1 4+ 1)(x2 + 1)
() —
then (21 — 22) < 0.

(w1 + 1) (22 + 1)
Since —1 < x7 < 9 and a > 1, then a™ < a™2, ™ — a”™ < 0. Thus f(z1) — f(z2) <0
which is equivalent to f(z1) < f(x2). Hence f(x) is increasing on (—1, +00).
(2) Assume zy is a negative root of the equation f(z) = 0, and zy # —1, then

22y 3—(ro+1) 3
SL’O+1 “ .T0—|—1 $0—|—1 .’13‘0—|—1 @ o

9 < 0,ie. 0 <xzg+1<1, then

— 1 > 2. Since a > 1, then a™ < 1, then
$0—|—1

the formula ) does not hold. When zy < —1, i.e. g+ 1 < 0, then

Since a™ > 0, then a™ < 1, then the formula (I) does not hold.
As a conclusion, the equation f(x) = 0 has no negative roots.

3
-1< -1
Zo 1

6.87 %k kk Let f(z) = ax®+br+c (a#0). If|f(0)| <1, [f(D)] <1, |f(=1)| <1
Show |f(x)| < Z holds for any x € [—1,1].

Proof: Since f(—1) =a—b+c¢, f(1)=a+b+c, f(0) =c, then a = %(f(l)jtf(—l)—i—
21(0)), b= =(f(1)— f(=1)), ¢ = f(0). Substituting a, b, c into f(r) = ax*+bxr+c and

simplifying the equation to obtain f(z) = f(l)(x2 ;— x)+f(_1>(x2 2_ x)—i—f(O)(l —z?).
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x2+m 2 —x

When —1 < 2 <0, then [f(z)] < [f(1)]| |+ DI+ Ol = 2% <
e N N 4+ -z
e e L U P
2 ] 52 5 2 2
2

— Z s

(B3 353 ) )

Tt +x Tt =
When 0 < @ < 1, then |f(2)] < [f(D[[=—| + [/ (=DII==—| + [FO)IL = | <
R A ?+r -2+ 1, 5
1—22| — 1o — _ 2 1= —(2—=)2+2 <

\ 5 |+ 5 |+[1—27| gt Ttz T 4x+ (z 2)+4
o
4 5
As a conclusion, |f(z)| < 1 holds for any = € [—1, 1].

6.88 k% k% (1) If z is an arbitrary positive integer, and the values of the quadrat-
ic function f(x) = ax® + bz + c are all integers. Show 2a, a — b, ¢ are all integers.

(2) Write the inverse statement of the above statement. Judge the inverse statement
is true or false and provide your reason.

Proof (1): From the given condition, the values of the quadratic function f(z) =
ax? + bz + c are all integers when z is an arbitrary positive integer, we have f(0) = c is
an integer when z = 0. Similarly, when # = —1, then f(—1) = a — b+ ¢ is an integer.
Thus a —b = f(—1) —cis an integer. When x = —2, then f(—2) = (=2)%a+ (—2)b+c
is an integer. Thus 2a = f(—2) — 2f(—1) + ¢ is an integer. Hence 2a, a — b, ¢ are all
integers.

(2) The inverse statement is that if 2a, a — b, ¢ are all integers, then the values of the
quadratic function f(z) = ax? + bz + c are all integers when x is an arbitrary positive
integer. This inverse statement is true and the proof is provided below.

If 2a, a — b, ¢ are all integers, then f(x) = az?® + bx + ¢ = az’ + ax — ax + bx + ¢ =
ax(x+1)— (a—b)x+c. When z is an integer, then z(z + 1) is an even function. Thus

5(17(:6‘ +1) is an integer. Additionally, 2a is an integer, then 2a - 595(1' +1) is an integer.

Since a — b, ¢ are integers, then —(a — b)x + ¢ is an integer. Hence the values of the
quadratic function f(z) = ax? + bz + c are all integers when z is an arbitrary positive
integer.

An alternative proof: If 2a, a — b, ¢ are all integers, then when z is an even number
(let = = 2k), we have f(2k) = a(2k)? 4+ b(2k) + ¢ = 2a - 2k* + [2a — 2(a — b)]k + c is an
integer.

When x is an odd number, let z = 2k—1, we have f(2k—1) = a(2k—1)?+b(2k—1)+c =
(4k? — 4k)a + +a + 2kb — b + ¢ = 2a(2k? — 2k) + [2a — 2(a — b)] + (a — b) + ¢ is an

integer. Therefore, the inverse statement is true.

Download free eBooks at bookboon.com



6.89 Yk *k*Kk*k Let the function f,(x)(n € N*) satisfy fi(z) = 2, fori(z) =
zfn(x) + 1. Find the analytic expression of f,(z) and prove the conclusion.

Solution: Since fi(x) = 2, fui1(x) = xf,(z) + 1, then fo(z) = v fi(x) + 1 = 2z + 1,
fs(x)=afo(x)+1=222+2+1, fulz) =xfs(x) +1 =223 +2>+2x+1,---. Thus we
have f,(z) = 22" '+ 2" 2+ ...+ 2+ 1 and the proof is provided below.

(1) When n = 1, then f;(z) = 2z = 2. Thus p(1) holds.

(2) Assume p(k) holds when n =k, ie. fi(z) =221 + 252+ .+ 2+ 1.

When n =k + 1, we have fyy1(z) = 2fp(x) + 1 =222 + 2" 2+ 42 +1)+1=
20F + 2" 1+ 4o+ 1. Thus fypi(z) =228 + 21+ + 2+ 1. p(k + 1) holds.
fo(z) =22""1+ 2" 2+ ... + 2+ 1 holds for all n € N*.

6.90 Yk Kk k% If the function f(x) is defined on R, f(0) = 2008, and for any
re€R, flr+2)— f(r) <3-2% and f(z +6) — f(z) = 63 - 2" both hold. Compute
£(2008).

Solution: From the given condition, we have f(z + ) flx) = =[flz+4) — f(x +
D) — [ +6) — f( + )] + (& +6) — [(2)] > —3- 2742 — 3.2 163 9% =
—12.2748.2°463-2% = 3.2, Since f(x+2)— f(z) < 3 2%, then f(z+2)— f(z) = 3-2°.
Thus £(2008) = £(2008) — f(2006) + f(2006) ~ F(2004) +--- + (2) — £(0) + F(0) =

41004 _ g
3(22900 422000 ... 1 22 1 1) + £(0) = 3— 7 +2008= 22098 1 2007.

—_
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6.91 %%k %% If the function f(z) is defined on (0, +-00) and satisfies f(z)+ f(y) =
f(zy), and f(x) < 0 when x > 1. If the inequality f(\/2%+ y?) < f(/zy) + f(a) al-

ways holds for any z,y € (0, +00), find the range of the real number a.

Solution: Let z1,z2€ (0,400), and z; < xq, then 221 We get f(xy) — f(z2) =
€
X2

f@ﬁ—ﬂazy=fun—umn+fﬁ%r=<ﬂﬂ>>osmwx>1t@nﬂm<o.
Thus f(z1) — f(x2) > 0. Hence f(x;) > f(x2). We obtain that the function f(z)
is decreasing on (0,400). Then f(v/2%2+y?) < f(y/zy) + fla) = f(V2?+9y?) <

/22 2 | .2
flay/Ty) = /2?2 +y? > a/xy. Thus a < —+) Since /Ty Tty

/Ty

, then

2+ y? . .

4 > V2. Hence a < V2. Additionally, since a > 0, we have 0 < a < V2.
\VIY

After all, the range of the real number a is (0, v/2].

6.92 kkkkk Given f(z) = ——(z # —1).

r+1
(1) Find the intervals on which f(x) is monotone. (2) If a >b >0, ¢ = rlb)b’ show
f@)+ 1) > 2,
(1) Solution: Since f(z) = ’ 1= =1- # then f(x) is an monotone function
on the interval (—oo,—1) U ( 1,400 ) Let —o00 < 71 < 29 < —1U-1 < 27 <
x9 < +00, we have f(:pg) flz1) = % -1+ . 1+ = o f?l)—(;1+ 5 > 0.

Thus f(xz2) > f(x1). Hence f(z) is a monotone increasing function on the intervals

(—o0,—1) U (=1, +00).
) Y y+ry+xr+y ry+r+y
2)Ifx >y > 0, since f(x)+ = + = >
) Y @)+ y) r+1 y+1 ry+r+y+1 ry+r+y+1
flry+z+vy). And 2y +x +y > x +y. From (1), Wehavef(xy+x+y)>f(x+y)
1 1

Thus f(z) + f(y) > f(x +y). On the other hand, C_(a—b)b>(aTb+b) _a > 0,

4 4 4
thena+02a+§:g+g+$ > 3¢ g'g.aQ = 3. Therefore f(a) + f(c) >
fla+o)>f(38) =1

6.93 Yk *k k% If the monotone function f(z) defined on R satisfies f(3) = log, 3,
and for any xz,y € R, f(z +y) = f(x) + f(y). (1) Determine f(z) is odd or even. (2)
If f(k3")+ f(3" — 9" — 2) < 0 holds for any = € R, find the range of the real number
k.
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(y) (z,y € R). Let « = y = 0, then

f
Let y = —=x, then f(0) = f(z) + f(—x), ie.
holds for any z,y € R. Therefore f(z) is an

Solution: (1) Since f(xr + y) = f( ) +
f(0) = f(0) + f(0). Thus f(0) =
F(x) + f(=z) = 0. Hence f(—z) = —f()

odd function.

(2) Since f(3) =log,3 >0, f(3) > f(0). Since f(x) is a monotone function, then f(x)
is an increasing function on R. And Since f(x) is an odd function according to (1),
we get f(k3%) < —f(3* —9* —2) = f(—3"+ 9"+ 2). Hence k3" < =3 +9" 4+ 2 =
32% — (k4 1)3* 4+ 2 > 0 holds for any = € R. Let t = 3%, the question is equivalent to
the following: t* — (k + 1)t +2 > 0 holds for any ¢ > 0. Let f(t) = > — (k + 1)t + 2,

k+1 k
the symmetric axis is © = ;_ When % < 0,ie k< —1, then f(0) =2>0
. . kE+1 .
satisfies the given problem. When >0,ie k> —1 forany t >0, f(t) >0
E+1 S0
always holds < 9 7 & —1<k<—1+2V2
A=(k+1)?-8<0

As a conclusion, when k < —1+2v/2, f(k3%) + f(3* — 9" —2) < 0 holds for any = € R.
Therefore the range of the real number k is (—oo, —1 + 2v/2).

0 (x =0)
6.94 %k k%% Let the function f(z) = —%x (4t ol <24 ke 2)

2 (241 Lo <4k ke 2)
(1) What is the domain of f(z)? (2) We rotate the curve of y = f(x) around the origin
by g to obtain the curve of y = g(z). Find the analytic expression of g(z). (3) For the

function f(z) defined on R, if we rotate the curve of y = f(x) around the origin by g

to obtain the same curve, show that the function f(z) = x has a unique solution.

(1) Solution: Let the domain of the function f(x) is D. For any z € R, x € D when
x = 0; when z # 0, then |z| > 0. There exists an integer k such that 4*~! < |z| < 4,
then # € D, which means R C D. Hence D = R. Therefore the domain of f(z) is
T € R.

(2) Solution: We rotate an arbitrary point (zg,yo) on y = f(x) around the origin by

g, then the coordinates of the new point is (—yg, o). f(0) = 0 when g = 0, then
g(0) = 0. When 4*1 < |2] < 2- 4% then f(xq) = —%xo. Thus g(%wo) = x9. Let
%xo = x1, then g(z;) = 2z;. Thus 2 x 4872 < || < 4¥71. When 2 x 4571  |zg| < 4F,
f(zo) = 2z,. Thus g(—2z9) = zo. Let —2x¢ = x1, then g(z;) = —%xl. Thus
4% oy | < 2 x 4%,
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0 (z=0)
k=2 k-
As a conclusion, g(z) = Qxl 242 <ol <4 ke 2)
—57 4F < e[ <245 ke 2)

(3) Proof: Let f(0) = yo, then (0, o) is on the curve of the function f(x). We rotate
the point twice (by g each time) in the same direction around the origin to obtain the
point (0, —yo) which is still on the curve of y = f(z). Since yo = f(0) = —yo, then

yo = 0, f(0) = 0. Hence = = 0 is a solution of the equation f(x) = x.
Assume f(z9) = g, then the point (z¢, o) is on the curve of y = f(x). If it rotates

three 5 around the origin to generate the point (x¢, —zp). And the point is also on

the curve of y = f(x). Hence zy = f(x¢) = —xo. Then x5 = 0.
After all, the function f(x) = z has a unique solution xz = 0.

6.95 k%% Let N be the set of natural numbers, and k& € N. If the func-
tion f: N — N is strictly increasing, and for every n € N, f(f(n)) = kn. Show for

kQ—_i]_fl” < fn) < k+1

Proof: Let a,b € N, and a < b. Since f : N — N is a strictly increasing, we
have f(a+1) — f(a) > 0. Thus f(a+1)— f(a) = 1. Then f(b) — f(a) = [f(b) — f(b—
DI+[fo—=1)—=fO0—-2)]+ ---+[fla+1)—fla)) 214+1+---+1=b—a.

an arbitrary n € N,

n.
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From the above conclusion, we have f(f(f(n)))—f(f(n)) = f(f(n))—f(n) = f(n)—n,
which is equivalent to kf(n)—kn = kn—f(n) > f(n)—n. Since kf(n)—kn = kn— f(n),
then f(n) > k2—fln Since kn — f(n) = f(n) —n, then f(n) < s 1n.

Therefore for any n € N, k‘24]—£1n < f(n) < s 1n holds.

6.96 %%k k% *  Given the function f(z) = a — |—b| (x # 0). (1) If the function
x

f(z) is increasing on (0,+400), find the range of b. (2) When b = 2, if f(x) < x holds

n (1, 400), find the range of a. (3) If the range of f(x) is also [m,n| when x € [m,n],

we call f(x) as the closed function on [m, n]. Find the conditions that a, b should satisfy.

b b

Solution:(1) When z € (0, +00), then f(z) =a— Tl = a— — is an increasing function.
x x
b b bzy—
Let 0 < x1 < g, then f(z1) < f(xg). Thus f(xe)—f(z1) = ——+— = (g — 1) < 0.
x I T1X2

2
Since 0 < x1 < @9, then 29 — x1 > 0, x9x; > 0. Thus b > 0 which is equivalent to
b e (0,+00).
b 2
(2) When b = 2, f(z) = a — Tl < z holds on (1,+400), i.e. a < x + —. Since
x x

2 [ 2 2
2+ = > 2y/22 = 2v/2 and the equation holds if and only if z = — which is equiva-
x x x

2
lent to x = v/2 and V2 € (1,+00). Thus the minimum value of z + — is 2+/2 when
T

z € (1,400). Hence a < 2v/2. Therefore the range of a is (—o0, 2v/2].

b
(3) From the given condition, we know that the domain of f(x) = a— Tl is {z|x # 0}.
x

Let f(x) be a closed function on [m,n], then mn > 0, and b # 0.
(i) If 0 < m < n, when b > 0, then f(x) = cL—i

]

f(m)=m . b .

(0,400). We have fn)=n - Thus the equation a — — = z has two distinct roots
= T

on (0,+00). This means z? — ax + b = 0 has two distinct roots on (0, +0c). Hence

A=a?>—4b>0, 21 +x2=a>0, 21209 =b>0. Then a > 0,b > 0 and a® — 4b > 0.

is an increasing function on

b —b
When b < 0, then f(z) =a — — = a+ — is an decreasing function on (0, +00). We

kd x
b
_ a——=mn —
have{bj;gm))__n = mn é{a_g_b.Thusa:(),b<O.
n)=m a2 mn =

" b b

(ii) If m < n < 0, when b > 0, then f(x):a—ﬂ:a—i——isadecreasing function on

x x
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b
— a+_ =n g
(—00,0). We have f(m) =n = m = X . Thus a = 0,b > 0.
fn)=m b _ mn = b
at+—=m
b
When b < 0, then f(z) = a — — = a + — is an increasing function on (—o0,0). We

|z] z
flm)=m : b L
have { Fn)=n Thus the equation a + =7 has two distinct roots on (—o0, 0).
This means 2% — ax — b = 0 has two distinct roots on (—o0,0). Hence A = a®+4b > 0,
1+ 2o=0a<0, 229 =—b>0. Then a < 0,b <0 and a® + 4b > 0.
After all, a =0,b# 0 ora < 0,b<0and a®>+4b > 0or a > 0,b > 0 and a® — 4b > 0.
Thus a, b should satisfy the conditions: a = 0,b # 0 or ab > 0 and a® — 4[b| > 0.

6.97 sk ** The function f(t) satisfies f(z +y) = f(z) + f(y) + zy + 1 and
f(=2) = —=2. (1) Evaluate f(1). (2) Show f(¢) > t always holds for any positive
integer ¢ larger than 1. (3) Compute the number of integers which satisfy f(t) = t,
and explain the reason.

(1) Solution: Let z =y = 0, then f(0) = —1. Let v = y = —1, since f(—2) = —2, then
f(=2) =2f(=1)+2. Thus f(—1) = —=2. Let = 1,y = —1, then f(0) = f(1)+ f(-1).
Thus £(1) = £(0) — f(~1) = 1.

(2) Solution: Let z =1, then f(y+1) = f(y)+y+2. Thus f(y+1)—f(y) =y+2 (%)
When y € N, then f(y+1) — f(y) > 0. Since f(y +1) > f(y) and f(1) = 1, then
f(y) > 0 holds for any integer y. Thus wheny € N, f(y+1) = f(y)+1+y+1>y+1.
Then f(t) > t always holds for any positive integer ¢ larger than 1.

(3) From (x) and (1), we have f(—3) = —1, f(—4) = 1. Now we can show that f(t) > ¢
when t < —4.

Since t < —4, then —(t+2) > 2 > 0. From (%), we have f(t)— f(t+1) = —(t+2) >0
which is equivalent to f(—5)—f(—4) > 0, f(=6)—f(=5) > 0,---, f(t+1)—f(t+2) > 0,
f(t)— f(t+1) > 0. Adding the above inequalities to generate f(t) — f(—4) > 0. Thus

f(t) > f(—4) = 1. Hence t < —4.
Therefore, the number of integers ¢ which satisfy f(t) =t is two, and t = 1 or t = —2.

6.98 %% %% % The function f(x) is defined on (—1, 1), and f(%) =1. f(x)—f(y) =

1 S,
f(lx:zyy) for x,y € (—1,1). The sequence {x,}, x; = 5 Tntl = H—% (1) Show f(x)
xn
is an odd function on (—1,1). (2) Find the analytic expression of f(x,). (3) Is there a
LIS Sk e N*. If
— or any n :
flzr) ~ f(z2) S (@n) 4

m exists, find its minimum value. If m does not exist, please explain the reason.

natural number m such that
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(1) Proof: Let x = y = 0, then f(0) = 0. Let x = 0, then f(0) — f(y) = f(—y).
Thus f(—y) + f(y) = 0. Hence for arbitrary = € (—1,1), f(—z) + f(z) = 0 holds.
Therefore f(z) is an odd function on (—1,1).

Tn

(2) Solution: Since the sequence {z,}, 1 = 37 Tpa1 = et then 0 < z, < 1.
(- 2
Since f(an) — f(—2n) = f[fiT((_Z))] - f(lf’;%). Additionally, since f(z) is an

odd function on (—1,1), then f(z,41) = 2f(x,). Thus f(@ni1) = 2. Since f(%) =1,

f(zn)
T = %, then f(x1) = 1. Hence the sequence {f(z,)} is a geometric sequence with the
first term 1 and the common ratio 2. Thus f(z,) = 2"
(3) Solution: —— + .. Loy Ly L 1 Lo _
fx)  f(a2) f(xn) 2 2 2n1 1- %
2 — T (n € N™).
Assume there is a natural number m such that ! +L+- o+ ! <= 8 for
fla)  fla2) f(an) 4

arbitrary n € N*. Then 2 — 1 < m4— 8 holds. Thus m=8 > 2. We have m > 16.

. 1 1 1 m—8
Therefore there is a natural number m, and ) + ) + -+ T < 1

holds when m > 16 for arbitrary n € N*. The minimum value of m is 16.
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6.99 %%k %% The domain of the function f(x) is R*, for arbitrary =,y € R™,
f(zy) = f(x) + f(y) holds. (1) Show f(é) = —f(z) when z € RT. (2) If f(z) <0

holds when z > 1, show f(z) has an inverse function. (3) Let f~!(z) is the inverse
function of f(x). Show that in the domain of f~(z), f~'(x1 +x2) = f~H(zy) - f~ (22).

1 1 1
(1) Proof: Let y = — in the given equation, then f(z) + f(—=) = f(z-—=) = f(1).
T x T

Let © = y = 1, then f(1) = f(1) + f(1). Thus f(1) = 0. Hence f(z) + f(i) =
Therefore f(i) = —f(z) when z € R™.

(2) Proof: Let 21,20, € RY, and x; < x9, then 2 - 1. Thus flza) — fx1) =
X1
o)

flaa) + () = 722

f(z) has an inverse flinctlon
(3) Proof: Since xzq, 2,21 + :z:2 are in the domain of f I(x), then f~
/- (I1+I2) € k™. Thus f[f Han) - fHw2)] = fIf M @)] + IS
fUf M@+ 2)]. Hence f~H(z1 + 22) = f7H(@1) fH (@2).

) < 0. Hence the function f(z) is decreasing in R™. Therefore

(1), fH(22),

1
1($2)] =21+ X2 =

6.100 Y% * The function f(z) =22*+ (m —z)> (m € N*).
(1) If 21,22 € (0,m), show f(x1) + f(z2) > %ﬁ””%.mrmmzﬂm (n =

2
1,2,-+- ,;m—1), show a; + a;,—1 > as + ap_o. (3) For arbitrary a, b, c € [%, gm}, can

the values of f(a), f(b), f(c) form the three side lengths of a triangle? Please explain
the reason.

(1) Proof: From the given condition, we have z1,x9 € (0,m), f(z1) = 223} + (m — z1)?,

3
f(zs) = 223 4+ (m — x2)3. Since 2% + 23 — 2(371;%)3 = Z(Il + ) (w1 — 29)7,
3
x1,22 € (0,m), then Z(xl + 29)(z1 — 29)* > 0. Thus 7 + 25 > 2($1 —|—x2)3 which

is equivalent to 2z% + 225 > 2 x Q(M)?’. Similarly, (m — x1)* + (m — 25)* >

o) 1B = 2(m — 298 Therefore f(ay) + f(a) = 2f (2 ),

(2) Proof: From (1), we have a; + a3 > 2aq, as + ay > 2as, az + a5 > 2a4, -
Am—3 + Q1 = 20,,_2. Adding the above (m — 3) inequalities to generate aj + a,,—1 >
Qg + Q2.

(3) Solution: Since f(z) = 223 + (m — x)3, then f'(z) = 62? — 3(m — x)? = 32% +

6mx —3m?. Obviously, f'(z) > 0 when z € [%, gm] This means f(z) is an increasing

m—x;+m— Tg

3 3
3
function on [%, gm] The minimum value of f(x) is f(Z)min = 2 X % + % = §m3
1 17
when =z = % The maximum value of f(x) is f(2)maee = 2 X ﬁm?’ + — 57 m3 = Em?’
hen z = 2m
W = —m.
3
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We let @ < b < ¢, then gmg < fla) < f(b) < f(e) < HmB. Thus f(a) + f(b) >

27
3 . . 3 ., 17T .,
Smd =" L3 > f(c).
m > f(e)

Therefore f(a), f(b), f(c) can be the three side lengths of a triangle.

6.101 %k kk*k Given f(z) = \/% and f,(z) = f(f---if(w))),n € N*. Find
the analytic expression of f,(x) and prove it.
Solution: From the given condition, we have fi(z) = f(x) = \/%, fa(z) =
—x

N iC) N _ _ -
) = L = = s ) = U@ = ) = - =
L, ---. Then we generalize f,(z) = S (ne N7).
N VI—nat
Now we prove the conclusion by mathematical induction.
(1) When n = 1, fi(z) = h = #(z). p(1) holds.
(2) Assume p(k) holds when n = k. This means that fi(x) = \/% holds.

— kx
fr(2) \/1+W
When n = k+1, fra(e) = f(f - (f(2))) = f(fe()) = = — =
—n V19— fi(z) \/l—lfw
x x

. Then xr) = . Hence p(k + 1) also holds.
e e S = e plk+1)
x
Therefore, for all n € N*, f,(x) = f(r) = ——= always holds.
In(@) = f@) = i —— alway

6.102 %% % Kk Let the function f,(0) =sin" 0+ (—1)"cos" 0, 0< 0 <
is a positive integer.

(1) Determine the monotonicity of fi(f) and f5(f). Prove your conclusions.

(2) Show 2fs(0) — f4(0) = (cos*§ — sin* §)(cos? @ — sin? f).

(3) For an arbitrary given positive integer n, find the maximum value and minimum
value of the function f,(0).

T
—. where n
4 )

(1) Solution: We can show that fi(0) and f5(f) are both increasing functions on [0, —].
Now we provide the proof for the monotonicity of fi(6).

Since f1(0) = sinf—cos b, let 0,05 € [0, %], and 0, < 0y, then f1(01)— f1(05) = (sin; —
cosfy) — (sinfy — cosby) = (sinfy — sinfy) + (coshy — cos ). Since sinf; < sinbsy),
cos By < cosb), then fi1(0;) — f1(02) < 0. Thus f1(6;) < f1(02). Hence fi(0) is increas-

T
] 0, —|.
ing on | ,4]

|
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Similarly, f3(6) is increasing on [0, Z]

(2) Proof: The left-hand side of the equation 2fs(6) — f4(8) = 2(sin® 6 + cos® ) —

(sin® 6 + cos® §) = 2(sin? @ + cos? #)(sin* § — sin? f cos? § + cos* #) — (sin® 6 + cos* ) =

sin® § — 2sin? § cos § + cos” 6 = (sin? 6 + cos® §)* — 4sin® f cos® § = 1 —sin® 20 = cos® 26.

The right-hand side of the equation = (cos? § + sin® §)(cos? 6 — sin? #)2? = cos? 26.

Thus, The left-hand side of the equation equals the right-hand side.

(3) When n = 1, the function f;(#) is increasing on [0, g], then f1(0)max = fl(g) =0,

fl(‘g)min = fl(O) = —1. When n = 2, fg(e)max = f2(9)nlin = 1. When n = 37 the func—

tion f3(#) is increasing on |0, Z]’ then f3(0)max = fg,(%) =0, f3(0)min = f3(0) = —1.
1

When n = 4, the function f4(0) = 1— ) sin? 26 is decreasing on [0, %], then f4(0)max =

1
f4(0) =1, f4(0)min = f4(%) =3 Now we discuss the case n > 5.

When n is an odd number, for arbitrary 6;,60, € [0, %], and 6, < 0o, since f,(01) —
fn(02) = (sin™ 61 —sin™ O3) + (cos™ Oy —cos™ 0;), and 0 < sinfy < sinfy < 1,0 < cosly <
cosf; < 1. Thus sin” 0; < sin” 0y, cos™ Oy < cos™ 01. Hence f,,(01) < f.(02). Then f,(0)
is increasing on [0, 7). We have fu(0)uax = fu(7) = 0, ful)uin = fu(0) = —1.

When 7 is an even number, on one hand, f,(f) = sin™ @ + cos™ 0 < sin?@ + cos?6 <

1 = f,(0), and on the other hand, for an arbitrary positive integer [ > 2, we have
1
2fo1(0) — for_2(0) = (cos? 20 —sin® 2 0)(cos? § —sin? ) > 0, then f,(0) > ifn_g(e) >
1 1 T s
= 951 f2(9) 951 fn(4) Thus fn(e)max fn(o) L fn(e)mln f(4)
1
24/ (=)™
()

As a conclusion, when n is an odd number, the maximum value of f,(#) is 0, the min-
imum value of f,(#) is —1. When n is an even number, the maximum value of f,, () is

1
1, the minimum value of f,(0) is 2 (5)”
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